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This book, the first edition of which appeared in 1909, was originally 
intended to serve as a short, elementary text for classroom use. That a 
demand for such a text existed was shown by its wide adoption among 
the technical schools of this country, and by the fact that its printing 
totaled many thousand copies. 

In succeeding years, it passed through three revisions and in 1934 was 
expanded to include a discussion of hydraulic turbines and centrifugal 
pumps. The last complete revision was made in 1925 and, during the 
sixteen years that have since elapsed, much progress has been made in 
developing the laws of fluid flow by rational analysis. The result has been 
a better understanding of flow phenomena and of existing correlations. 
Profiting by this advance, the author presents this new and fifth edition. 
The first ten chapters have been completely rewritten, and the oJiapters on 
hydraulic machinery brought abreast of modern practice. New material 
has replaced old where deemed desirable, and the order of presentation 
has been changed to produce a more logical development of the subject. 

Although the text is devoted mainly to hydraulics, the flow of other 
liquids and of compressible fluids is briefly discussed in order that the 
student may be familiar with such common problems, and grasp the 
identity of the basic principles controlling all fluid flow. The material 
on compressible fluids has been included in .such a way as to permit its 
omission by the instructor or student whose allotted time is limited. 

The limitations imposed upon the amount and .scope of subject matter 
treated are the result of more than thirty years of teaching experience 
with students in different brandies of engineering. The material does not 
cover the field of aero-dynamics, nor does it infringe upon the field of 
thermodynamics. The book is designed to meet the needs of students and 
engineers whose professional work requires a sound knowledge of the 
fundamental principles of fluid flow, particularly those relative to the 
field of hydraulics and hydraulic engineering. 

^ . G. E. R 

October, 1941 
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CHAPTER I 


Properties of Fluids 


1. General 

The word hydraulics by its derivation signifies the flow of water in a 
pipe, but is generally used to designate that branch of mechanics which 
deals with the laws governing the behavior of water and other liquids 
in the states of rest and motion. Hydrostatics, hydroHnetics and hydro- 
dynamics are terms applied to subdivisions of the subject — statics, pure 
motion and forces involved in motion, respectively. However, hydro- 
dynamics has been commonly used to indicate that particular branch 
of mathematics dealing with the motion of an idealized fluid which is 
frictionless (non-viscous), cohesionless, inelastic and sometimes assumed 
weightless. For two hundred years, by such an approach, mathema- 
ticians and mathematical physicists attempted to solve the problems of 
fluid motion without producing results of much value to the engineer. 
The fluid properties which they neglected were the very ones which 
largely control a fluid’s motion; and only by a process of reasoning which 
takes these factors into account can reliable conclusions be reached and 
relationships established. 

Since the beginning of the present century, our knowledge of fluid mo- 
tion has made rapid progress owing to a combined use of strict analytical 
reasoning and the valuable results of experimental research. We have 
learned tiiat certain fundamental laws apply to all fluids, whether gaseous 
or liquid; that fluids differ in behavior because of differences in such 
properties as density, viscosity, cohesion and compressibility, that it is 
possible to analyze and correlate the effects of these properties and pro- 
duce a unified discussion of general fluid motion, which we may cadi fluid 
mechanics. 

The present volume makes use of the principles of fluid mechanics to 
present some of the common problems which confront hydraulic and other 
engineers. The discussions will center upon the one liquid, water; but 
the importance of oil, air and gas flow in pipe lines, and through orifices, 
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warrants the inclusion of other fluids and makes a general treatment oi 
basic principles necessary and desirable. 

2. Definition of a Fluid 

We shall define a fluid body as one which readily changes its shape un- 
der the action of very small forces. If confined, it can withstand com 
pression, but under ordinary conditions can withstand tension only to a 
negligible degree. Its inability to withstand shear stress also differentiates 
it from a solid. Under the action of such a stress, however small, a fluid 
deforms and continues to do so as long as the stress is present. A fluid 
at rest, therefore, cannot have a shear stress on any plane, real or imag- 
inary, passing through it. It follows that the fluid pressure on such a 
plane is always normal to the plane. 

3. Properties of Fluids 

Although a fluid yields under the action of a very small shear stress, il 
offers a resistance which is said to be due to its viscosity. The greater 
the viscosity, the greater must be the stress intensity to perform a stated 
deformation in any given time. Fluids differ widely in their viscosities, 
and the viscosity of any one fluid varies with temperature. 

Fluids are also characterized by their weight, mass and density. 

Weight is the earth’s gravitational pull upon a body and varies for a 
given body with its position on the earth’s surface, that is, with elevation 
above sea level and with latitude. The variation is directly proportional 
to the variation in g, the acceleration produced by gravitational pull in a 
freely falling body. However, the extreme variation in g, and therefore 
in weight, is only about one-half of one per cent as we go from the earth’s 
equator to the poles at sea level. Weight decreases with elevation above 
sea level, the variation being approximately one-twentieth of one per 
cent for each mile increase in elevation. Evidently changes of weight 
with location may be neglected in all but precise computations. 

Specific weight is the weight of a unit volume of a substance and will 
be designated by w. It has the dimensions of force divided by volume, 

F 

or ^ 3 ) where L denotes length. In the American system of units its 

value is expressed in pounds per cubic foot ; in the metric absolute units, in 
dynes per cubic centimeter ; and in the metric gravitational units, in grams 
per cubic centimeter. For all fluids, specific wdght varies with tempera- 
ture and pressure, more markedly for gases and vapors than for liquids. 

Mass is a quantitative measure of the amoimt of matter in a given 
body, and in all systems of measure is computed by dividing the body’s 
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weight by g. The mass per unit volume is said to be its density, desig- 

w 

nated by the Greek letter p (rho). It is equal to — in all systems of 

g 

measure, being expressed in slugs per cubic foot in the American system 
and in grams per cubic centimeter or in metric slugs per cubic centimeter 
in the metric absolute and metric gravitational systems, respectively. 

M FT^ 

In all systems it has the dimensions of yi or • 

All fluids are more or less compressible, gases and vapors being notice- 
ably so. Liquids are compressible but their change in volume, hence in 
density and specific weight, is so slight, save under great pressure, that 
it may be neglected in most computations. The subject will be discussed 
in more detail later. 

The specific gravity of a fluid is the ratio of its density to that of some 
other standard substance. For liquids the standard substance is pure 
water at the temperature of maximum density (39.2° F. or 4° C.). Fre- 
quently water at 60° F. is specified. For gases the standard for comparison 
is either hydrogen at a temperature of 32° F. (0° C.) under a pressure of 
14.7 pounds per square inch, or air free of carbon dioxide at the same 
temperature and pressure. Specific gravity should not be confused with 
density. The former is a numerical ratio, while the latter is the mass per 
unit of volume and has dimensions. It is worth noting, however, that in 
the metric absolute system the density of a substance is numerically the 
same as its specific gra\n[ty since, in this system, pure water at 4° C. 
(39.2° F.) has a density of unity. The mass of one cubic centimeter of 
water at this temperature is almost exactly one gram, and density in this 
system of units is measured in grams per cubic centimeter. 

Other properties of a liquid are those of cohesion and adhesion. Cohe- 
sion refers to the intermolecular attraction by which the separate par- 
ticles are held together and enable it to withstand an almost negligible 
amount of tension. Adhesion refers to the attractive force between the 
liquid molecules and any solid substance with which they are in contact. 
Both properties are discussed in detail in Art. 7. 

4. Specific Weight of Water 

The specific weight of water varies with its temperature, purity and 
the pressure under which it is held. As one would expect, water near 
the boiling point is much lighter than at 39.2° F. (4° C.) where it 
has its maximum density. The accompanying table, based on the work 
of Rossetti, gives the specific weight of pure water at various degrees of 
temperature and under standard atmospheric pressure (14.7 pounds per 
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square inch). It will be noticed that for ordinary ranges in temperature 
the specific weight is not far from 62.4 pounds; and even at 100** the 
value varies from this figure by only two-thirds of one per cent. In a 
majority of engineering problems, 62.4 pounds is sufficiently exact for 
ordinary temperature variations. 

Salt water is heavier than fresh due to the impurities present. Its 
specific weight varies with temperature and, to certain extents, with 
geographical locality. An average value that will suffice for general com- 
putations is 64.0 pounds per cubic foot. 

Speotic Weight of Pure Water 


°Fahr. 

w 

°Fahr. 

w 

°Fahr. 

w 

32 

62.42 

90 

mBM 

155 

61.11 

35 

62.42 

95 


160 

61.00 

39.2 

62.426 

100 

62.00 

165 

60.90 

40 

62.425 

105 


170 

60.80 

45 

62.42 

no 


175 

60.69 

50 

62.41 

115 

61.79 

180 

60.59 

55 

62.39 

120 

61.71 

185 

60.48 

60 

62.37 

125 

61.63 

190 

60.37 

65 

62.34 

130 

61.55 


60.25 

70 

62.30 

135 

61.47 


60.14 

75 

62.26 

140 

61.39 


60.02 

80 

62.22 

145 

61.30 

210 

59.89 

85 

62. 17 

150 

61.20 

212 

59.84 


Fresh water in its natural occurrences is never absolutely pure. Being 
a great solvent, it contains inorganic, as well as organic, substances. The 
effect of these on its specific weight is geaerally too small, however, to 
consider, save in precise computations. 

5. Compressibility of Water 

Water has practically perfect elasticity of volume. It suffers sensible 
compression under great pressures, but apparently regains its original 
volume, if pure, upon removal of the pressure. By using a pressure of 
65,000 pounds per square inch, Hite obtained a reduction in volume 
amounting to approximatdy 10 per crat. The early experiments of 
Grass! showed that a pressure of 14.7 pounds per square inch, applied 
to a volume of water at 32° F., caused it to lose about 0.000052 of its 
original volume. This figure decreases with increase in pressure at con- 
stant temperature. At constant pressure, it decreases with increase in 
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temperature until a temperature of about 120“ F. is reached, beyond 
which it gradually increases. Within ordinary ranges of pressure and 
temperature, a value of 0.000048 may be used to express the decrease 
in volume with each added atmo^here of pressure. On this basis an in- 
crease in pressure of 1500 pounds per square inch (approximately 100 
atmospheres) would decrease the volume by 0.48 per cent; and, since 
specific weight varies inversely as volume, the specific weight would be 
increased by the same amount. It is apparent that variation in speci&c 
weight and density may be neglected save at very high pressure or in 
precise computations. 

Example. — Assuming a cubic foot of Sea water to weigh 64.0 pounds 
per cubic foot at sea level, determine its specific weight at a depth o{ 
30,000 feet. 

Let w = specific weight at the surface. 
w' =* specific weight at 30,000 ft. depth. 

V « volume of a given ma.ss at surface. 

V' *= volume of same mass at 30,000 ft. depth. 

Since specific weight varies inversely as volume, 

w' £ 

w ” r’ 

Assuming 0.000046 as the coefficient of volumetric compression, 

Y' “ (F — 0.000046Y X pressure in atmospheres). 

At a depth of 30,000 feet, it will be shown later that the pressure is 
30000 

approximately ~rrr- atmo^heres (here 33.1 represents the dq>th of 

< 3 < 3 « 1 

salt water necessary to give a pressure of one atmosphere). 

We may therefore write 

, wY 

” %-0.000046KX»’ 

33. 1 

or, since V m this example is 1 cubic foot, 

64 

w' * » 66.8 lb. per cu. ft. 

1.3o 


It may be noted that this figure is obtained under the assumption that 
an increase in pressure of one atmosphere follows each 33.1 feet of incre 
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meat in depth, whereas in reality the gradual increase in specific weight 
would cause this increment to decrease gradually as we descend Irom the 
surface. The involved error is about one per cent. 


6. Modulus of Elasticity of Water 


On the basis of the foregoing discussion we may compute the volume 
modulus of elasticity of water. It will be the ratio of the stress per unit 
area to th^ change per unit of volume. Using 0.000048 as an average 


value for , 


AV 


14.7 

0.000048 


306,000 lb. per sq. in. 


This value will vary from about 290,000 at a pressure of one atmosphere 
at 32° F., to 330,000 for a pressure of 1500 pounds per square inch at 
68° F.* A value commonly used is 300,000 pounds per square inch, for 
which value water is 100 times more compressible than mild steel. 

7. Cohesion, Adhesion and Surface Tension 
The molecules of all liquids arc held together by an intermolecular 
attraction which, although slight in amount, enables the liquid to with- 
stand a small tensile stress. It is particularly noticeable among the mole- 
cules which lie in the free surface of the liquid, or in a surface which is 
in contact with another liquid but with which the given liquid does not 
mix. On any one molecule, so situated, the resultant attractive pull 
must be normal to the surface; but among the molecules making up the 
surface there exist tensions which are everywhere tangent to the surface 
and which tend to reduce the surface to a minimum possible area, con- 
sistent with other conditions present. Thus a drop of water, placed in a 
liquid with which it does not mix, tends to become spheroidal in ^pe. 
The phenomenon is spoken of as surface tension. In all but a few in- 
stances, some of which will be mentioned later, its part in engineering 
problems is insignificant. Its intensity, a (Greek sigma), in pounds per 
linear foot of surface has been measured by several invei^tigators for a 
number of liquids; but, due to difficulties involved, discrepancies exist 
among their results. For water in contact with air, a has a value which 
ranges from 0.005 -f at 32° F., to 0.004-1- near 212° F. For mercury, the 
value is approximately 0.036 at room temperature. 

* For detailed values see “Some Physical Properties of Water and Other Fluids’" Iqf 
R. L. Daugherty, Trms. AS.M.E., vol. 57, no. 5. 1935. 
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Most liquids adhere to solid surfaces, the adhesive force varying with 
the nature of the liquid and of the surface. If the adhesive force is greater 
than that of cohesion, the liquid tends to spread out over and wet the 
surface. If the cohesive force is the greater, a small drop of the liquid, 
placed on the solid surface, will remain in the drop form. Water wets 
solid surfaces while mercury does not. Free surfaces of these liquids 
therefore exhibit a difference in form at the point where they contact 
solid surfaces. Fig. 1 shows vertical glass tubes placed in water and mer- 
cury. At point of contact with the glass, the water surface rises, while 



that of the mercury falls. Within the tubes, the water surface stands 
higher, and the mercury surface lower, than the outside level. This phe- 
nomenon is generally described as capillary action, and the distance h 
is the capillary rise or depression. Its value varies with d, the diameter 
of the tube, and may be determined by the following simple analysis: 

The adhesion of the water to the glass being stronger than the cohesive 
forces, the water wets and spreads over the glass, creeping up the sides 
of the tube and raising the surface film of the water within the tube by 
>drtue of cohesion. The rise of the film lowers the pressure just beneath 
it and water from below follows the film as long as its movement con- 
tinues. If the angle at which the film meets the glass be $, we may as- 
sume that the upward motion will cease when the vertical component 
of the surface tension around the edge of the film, 5 cos 0, equals the 
weight of the raised water. Neglecting the small volume of water above 
the base of the curved meniscus, we may write 

(.S cos ff) *= “ dFwh, 

4 


where S has the value avd. 
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Accordin^y, 


, 4tr cos 0 


«)■ 


all dimensions being in feet. 

For water in contact with glass and air, Gibson gives the value of 0 as 
25° 32' and that of a we may assume as 0.005. If h and d be expressed 
in inches, (1) reduces to 


, .0416 . 

h = — — m. 
a 


( 2 ) 


A similar analysis of the mercury tube shows that the top of the column 
is depressed by the amount. A, given by equation (1). For mercury 6ib- 
son gives 1 28° 52' as the value of 0, and the specific gravity and surface 
tension may be assumed as 13.55 and 0.036- respectively. With h and d 
both in inches, (1) becomes 


. .0154 . 

h = — ; — m. 


( 3 ) 


In the following table are given values of h and d for water and mer- 
cury as computed from these equations. 

Capillary Rise of Water and Mercury in Clean Glass Tubes 




Dimensions 

in inches 


Tube diam 

A 

i 

\ 


\ 

1 

Water 


lEI 

0.167 

0.083 

0.056 


Mercury 

■ 

■ 

-.062 

-.031 

-.020 

-.015 


The above values must be considered as approximate in view of the 
assumptions made in their determination. Glass tubes filled with water 
or mercury are frequently used to measure the pressure of confined 
fluids, the height of the column maintained being indicative of the pres- 
sure. The table indicates that, for precise work, tubes of small diameter 
should be avoided. The interior surface should be k^t clean, as the 
presence of dirt affects the capillary rise. 

8. Viscosity 

This has already been defined as that property by which a fluid offers 
a resistance to a change of shape under ^e action of external forces. All 
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fluids are more or less viscous^ highly viscous liquids approaching the 
condition of solids. Such liquids may offer a considerable resistance to a 
sudden change of shape, but will gradually yield under the action of com- 
paratively small forces, if the latter continue to act for a period of time. 
That is, the time element, as well as the force applied, enters into the de- 
termination of the relative ease with which different liquids, (^r fluids, 
change their shape. 

Let it be assumed that a highly viscous liquid be enclosed between two 
parallel plates, as shown in Fig. 2. The bottom plate is fixed, and the 
top plate moves slowly to the right under the applied force F. The liquid 
is assumed to be entirely homogeneous and to adhere to both plates. At 



Fig. 2 

the end of the time interval /, the top plate has advanced through a dis- 
tance cc\ and the liquid has deformed as indicated by a^he'd. The total 
deformation has been cc' in a total distance and the strain per unit of 
cc' 

distance is accordingly — This was accomplished in the time, /, hence 

X 

cc' , cc' 

the rate of strain, or deformation, has been — • Since — is the vclocitv, 
' ' xt t 

V, with which the top layer of the liquid moved over the lower layer, 

V 

the rate of deformation has been - • 

X 

The rate of deformation must be proportional to the force, F, and 
hence proportional to the intensity of the shear stress, r fCireek tau), 
exerted on the top surface of the liquid. We may therefore write 

r-M-, 

M (Greek mu) being the constant of proportionality. 

In the figure used, the liquid between the plates may be imagined as 
divided into numerous layers parallel to the plates. The velocity of any 
layer, relative to the one adjoining it, will be the same for all layers, 
since equal increments of velocity follow equal increments in distance 
along the x direction. The intensity of the shear between layers is like- 
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wise the same for all layers. Later when problems of fluid flow are studied, 
it wUl be found that the relative velocity of adjacent layers varies con- 
tinually in the direction normal to motion, so that r varies likewise and 
its value at any point must be computed from 


T 



(4) 


which is the general expression for the intensity of viscous shear. 

To ti is given the name coejicient of viscosity, and its value is used as 
a measure of a fluid’s viscosity. It is also called the absolute or dynamic 
viscosity of the fluid in order to distinguish it from the fluid’s kinematic 
viscosity, a quantity to be explained later. As to the dimensional value 


of M, 


M “ 


X F , T FT 
^ v~ 


F, T and L representing force, time and length. The numerical value 
of M is therefore expressed in pound-seconds per square foot. 

Experiment shows that the viscosity of fluids varies with tempera- 
ture, the viscosity of liquids decreasing, and that of gases increasing, 
with increase in temperature. Change in pressure produces no notice- 
able change in viscosity, except for very high pressures and in the case 
of some mineral oils. 

For water, the experimeitts of Poiseuille and Reynolds indicated that 
/i may be computed from 

0.00003716 pound-seconds . . 

0.4712 -I- 0.01435r -f- 0.0000682r® square foot ’ ^ ^ 

T being the water temperature in degrees Fahrenheit. 

If the metric system of units be used, u is measured in dyne-seconds 
per square centimeter and may be computed from 

_ 0.01779 dyne-seconds . . 

1 -f 0.03368r -t- 0.00022 IT® square centimeter ’ 

T bong temperature in degrees Centrigrade. The unit of viscosity in 
this system is the poise, named in honor of Poiseuille, and is equal to 
one dyne-second per square centimeter. Numerical values are generally 
given in centipoises, a smaller, more convenient unit, one poise equalling 
100 centipoises. 

9. Kinematic Viscosity 

In studying the motion of fluids in a state of flow, it wfll be found that 
the densUy of the fluid and its relation to the viscomty are important 
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factors. For this reason the ratio of ^ to p will often appear, and be desig- 
nated by V (Greek nu). It is called the kinematic viscoaty of the fluid. 
Since p is mass per imit volume, the dimensions of r are 

_ M _ FT _ M FLT 

~ p~ ‘‘ M ' 


If for F be substituted its equivalent, Afa, expressed dimensionally 

ML 
by j ,2 » 


V “ 


t' 


In American units v will be measured in square feet per second, and 
in the metric system in square centimeters per second. 

The common use of the American and metric units in viscosity meas- 
urements makes the following relations useful: 


1 pound = 444,823 dynes 

1 dyne-second per sq. cm. = 1 poise » 100 centipoises 

1 pound-second per sq. ft. * 478.69 poises 

1 foot ~ 30.48 centimeters 

1 square foot = 929 square centimeters 

fi in Ib.-secs. per sq. ft. = /n in centipoises -r 47869 

V in sq. ft. per sec. == v in sq. cm. per sec. -t- 929 

centipoises 

V m sq. ft. per sec. = 0.000672 : — 

pounds per cu. ft. 

(g assumed as 32.17 ft. per sec. per sec., or 980.7 cm. per sec. 
per sec.) 

The table on page 12 gives values of absolute and kinematic vis- 
cosity for pure water, computed from data obtained by Bingham and 
Jackson.* Very close agreement will be found to exist between given 
values of /x and those computed by the Poiseuille equation. 

Example. — ^A fuel oil having a viscosity of 0.0062 pound-seconds per 
square foot flows through a circular 6-inch pipe. At the center of the 
pipe the velocity of the oil is 4 feet per second and decreases to a 
minimum value at the pipe wall. The value of the velocity at any point 
in the cross-section a distance, x, from the center, is 


V 


0.4 




» 


* Bulletins 14, 75, 1917, U. S. Bureau of Standards. 
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f being the radius of the pipe. Compute the intensity of viscous shear 
at a point midway between the center and the wall. 


Solution . — From given expression for v, 

V = 0.4 = 4.04 - 64.Sx». 

0.0062 

dv 

— - -129JC 
dx 

the minus sign indicating a decrease in v with increase in x. For x = 0.125, 
dv 

— = 16.14 
dx 

T ^ 0.0062 X 16.14 = 0.10 lb. per sq. ft. 

dX 


Values of h and p for Pure Water 
(Based on data from Smithsonian Tables) 


Temp. 

° Fahr. 

fx in 

Centipoises 

fx in 

Ib.-secs. per sq. ft. 

p in 

sq. ft. per sec. 

p in 

sq.cm, per sec. 

32 

1.792 

0.374 X 10-< 

1.93 X 10 

0179 

39. 2 

1.567 

0.327 

1.69 

.0157 

40 

1.546 

0,323 

1.67 

.0155 

50 

1 . 308 

0 273 

1.41 

.0131 

60 

1 124 

0 235 

1.21 

.0113 

70 

o 

p 

C 209 

1.08 

.0100 

80 

0.861 

0 180 i 

0.929 

.00863 

90 

0 766 

O.loO 

0.828 

.00769 

100 

0.684 

0. 143 

0. 741 

.00688 

no 

0.617 

0 129 

0.670 

.00623 

120 

0.560 

0.117 

’ 0.610 

. 00567 

130 

0.511 

0. 10/ 

0.559 

.00519 

140 

0 469 

0.0979 

0.513 

.00477 

150 

0.432 

0 0905 

0.475 

. 00442 

160 

0.400 

0.0835 

0.440 

.00409 

170 

0,372 

0 0777 

0.411 

.00382 

m 

0.347 

0 0725 

•0.385 

.00358 

m 

0.325 

0.0679 

0.362 

.00336 

200 

0.305 

0.0637 

0. 341 

.00317 


i 
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10. Viacosimetry 

While ft for water may be readily computed from Poiseuille’s formula, 
the viscosity of other liquids is usually determined by use of an instru- 
ment known as a viscosimeter, of which there are several well-known 
makes. The one used for water, gasoline, kerosene and other liquids of 
very low viscosity is the Ubbelohde viscosimeter. For liquids of higher 
viscosity the one in common use in the United States is the Saybolt. 
The Saybolt Universal is for liquids of medium viscosity, the Saybolt 
Furol for those of high viscosity. The essential part of each one is a 
short tube of small bore through which the liquid to be tested passes 
from an open vessel into the air. Certain conditions relative to the head, 
under which flow occurs, are maintained. The time of efflux for a quantity 
of 60 cubic centimeters is noted and the viscosity stated as so many 
Saybolt seconds. The relation between Saybolt seconds and n is given 
by the following empirical equations: 

For Saybolt Universal Viscosimeters, 


ft, in poises 


H, in poises 


^0.00226/ — X specific gravity 
for t up to 100 sec. 

^0.0022t — X specific gravity 


( 7 ) 


( 8 ) 


for t more than 100 sec. 


For Saybolt Furol Viscosimeters, 

H, in poises = ^0.0224/ — X specific gravity (9) 

for i from 25 to 40 sec. 

H, in poises = ^0.021 6f - X specific gravity (10) 

for t more than 40 sec. 

The value of n, in poises, may be divided by 478.69 to obtain pound- 
seconds per square foot. Specific gravity is to be computed as the ratio 
of the specific weight of the liquid, at the tested temperature, to that of 
water at 39.2** F. (4° C.). It is then numerically the same as density in 
the metric absolute system; and, ance ft » vp, the parenthetic quantity 
in the above equations equals p in square centimeters' per second. 
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Example. — ^An oO has a specific gravity of 0.925 and a viscosity ol 
400 Saybolt Universal seconds. What are the values of /u and v? 

( 1.30\ 

{ 0.0022 X 400 - — ) X 0.925 
\ 400/ 

M - 0.87675 X 0.925 = 0.811 poises 

= 81.1 centipoises 

V = 0.877 sq. cm. per sec. 

In American units, 

IX = 0.811 + 478.69 = 0.00169 Ib.-secs. per sq. ft. 

V = 0.877 -5- 929 = 0.000944 sq. ft. per sec. 

The value of n for water at 68.72° F. (20.4° C.) is one centipoise. 
The viscosity of a fluid in centipoises therefore expresses its viscosity 
in terms of that for water at this temperature. The oil in the above 
example is 81.1 times more viscous than water at 68.72° F. 

Viscosity and density, therefore kinematic viscosity, play an impor- 
tant part in many problems of fluid flow, as will appear in following 
chapters. 

11. Baume and A.P.I. Gravity 

Specific gravity of a liquid, as defined in Art. 3, may be determined 
for ordinary purposes by the use of a floating hydrometer, the scale 
graduations on the stem reading values directly. In certain fields of in- 
dustry the scale graduations are arbitrarily made and marked in de- 
grees. This is notably so in the petroleum and chemical industries, where 
the A.P.I. (American Petroleum Institute) and Baum6 scales are used. 

As marked for A.P.I. gravity, 10° on the scale corresponds to a speci- 
fic gravity of 1.00, and 60° correqwnds to a specific gravity of 0.7389. 
To convert degrees A.P.I. into specific gravity, the following relation is 
used: 

Specific gravity, relative 141.5 > . 

to water at 60° F., “ 131.5 + Degrees A.P.I. ^ ^ 

The specific gravity relative to water at 39.2° F. may be computed 
from 

Specific gravity, 39.2° F. = Specific gravity, 60° F. X 0.99907. 

Since the gravity of a liquid changes with temperature, the A.P.I. 
gravity is determined for an oil temperature of 60° F., and 60°/60° is 
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often written after the stated gravity to indicate the temperatures of 
the oil and wato: for which the gravity is true. 

Since the flow of oil, as through pipe-lines, takes place at temperatures 
other than 60° F., it becomes necessary to know the speciflc gravity 
at the indicated temperature. This may be determined from a knowledge 
of the coefficient of expansion for oils of different A.P.I. gravity. The 
following table gives values sufficiently precise. 


Coefficients of Expansion per De- 
gree Fahr. for Oils of Different 
A.P.I. Gravity 


Up to 14. 9° A.P.I. 

C = 0.00035 

15° to 34. 9° 

0.00040 

35° to 50. 9° 

0.00050 

51° to 63-9° 

0 00060 

64° to 78.9° 

0.00070 

79° to 88. 9° 

0.00080 


Example.— Determine the specific gravity of an oil having an A.P.I. 
gravity of 40° if its temperature be raised to 1 10° F. 

o ... . /'60°\ 141.5 

Sp«.4c gravity - 0.825. 

Increase in volume from 60° to 110° F. = 0.0005 X 50 = 0.025. 

/ 110 °\ 1 

Specific gravity j = 0.825 X = 0.805. 

/ 110°\ 

Specific gravity ( “ 0.805 X 0.99907 = 0.804. 

Industrial chemistry employs several different gravity scales of which 
the Baum6 is one. It was devised by a French chemist of that name 
during the eighteenth century. Like the A.P.I. scale, it is graduated in 
degrees, two scales being used, — one for liquids lighter than water, one 
for those heavier. On the former, the scale begins at 10°, corresponding 
to a specific gravity of 1.00, and at 60° corresponds to a specific gravity 
of 0.7368. The converrion equation is 

140 

Specific gravity, relative to water at 60° F., - (^2) 
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For liquids heavier than water, the scale begins at 0°, corresponding 
to a specific gravity of 1.00, and at 66® corresponds to a specific 
gravity of 1.8354. 

The conversion equation is 

145 

Specific gravity, relative to water at 60® F., »■ — — — =r — : (13) 

145 UcgrGCS Jdc 


It will be noticed that there is but little difference between Baum^ light 
gravity and A.P.I. gravity. 


12. Properties of Air 

The wide use of air in engineering and industrial work warrants brief 
discussion of its properties, especially those which enter into calcula- 
tions related to flow measurement. Since air is a fluid, it has all the prop- 
erties discussed in Art. 3, but differs from liquids in that its density and 
specific weight vary widely with changes in pressure and temperature. 
It closely follows the pressure-volume-temperature law for a perfect gas, 
thereby permitting values of w and p to be computed readily. 

P"or a perfect gas 

pv 

— = K, a. constant, 


or 


T To ’ 


(14) 


/>, V and T representing simultaneous values of absolute pressure, volume 
and absolute temperature. (Absolute zero = —459.4° F. or —273° C.) 
Since volume is inversely proportional to specific weight, 


« P- ■ 

wT WcTo 


(15) 


At a temperature of 32° F. under 14.7 pounds per square inch pres- 

P 

sure, the value of w for air is 0.08071 pounds per cubic foot, and — 
has the value of 53.34 feet per degree Fahr. Accordingly, 


and 


P P 

P = dugs per cu. ft. 

53.34gr 1716r ^ ^ 


(16) 

( 17 ) 
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If a gas be compressed or allowed to expand without the loss of heat 
through the walls of its container (perfect insulation provided), the 
change in voliune is described as adiabatic. If the walls absorb the heat 
of compression or furnish the heat loss due to expansion, the change in 
volume is described as isothermal. The above etjuations hold for both 
conditions. Special relationships for isothermal and adiabatic conditions 
are as follows: 


For isothermal, 
PV = PoVo, 
For adiabatic, 

* PoVj^, 




P 

Po 


(18) 

(19) 


The value of k depends upon the molecular structure of the gas, its value 
for air, hydrogen, oxygen and nitrogen being 1.40.* 

The viscosity of gases, like that of liquids, changes with temperature 
but is practically imaffected by pressure. The kinematic viscosity, de- 
pending as it does on density, varies with boch temperature and pres- 
sure. Values of n for air at various temperatures arc given in the accom- 
panying table, and for temperatures not given may be computed by 
Holman’s equation, 

M = 1.7155 X 10“^ (1 -f- 0.00275/ - 0.00000034/*) poises, in which / is 
in degrees Centigrade. 


Viscosity of Air at Various Tkmperatures 


Temp. 

i 

fi in poises 

fji in Ib.-sec. 
per sq. ft. 

32”?. 

w 

1 

o 

X 

0 362 X 10-» 

59*^ 

1.807 


120° 

1.945 

0 406 

210° 

2.203 


360° 

2.559 

0. 535 

576° 

2.993 

0.626 


The tabular values are from the Smithsonian Tables and differ slightly 
from those computed by Holman’s equation. 

* For proof of ^ and a dbeuSHon of it. see anv standard reference on thermo 

dynamics. 
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Values of v, kinematic viscosity, may be obtained from v = - with 

P 

the aid of equations (17), (18) and (19). Both ft and v enter into certain 
problems of air flow, as was pointed out in Art. 9. 


13. Fluid Transmission of Pressure 


One of the marked characteristics of a fluid is its ability to transmit 
pressure, applied to its surface, equally in all directions and with undi- 
minished intensity. Thus in Fig. 3, if a pressure of 10 pounds per square 
inch be applied to the water surface ab by means of a force exerted upon 
the piston, then this pressure will exist in all parts of the contained 


J 



Fig. 3 


liquid and upon all parts of the reservoir walls 
in addition to any pressure that may previously 
have existed by virtue of the weight of the water 
itself. 

This principle finds an application in the hydrau- 
lic press. Here a comparatively small force, existing 
on the face of a piston in a small cylinder filled with 
water, or oil, is transmitted by a pipe to a larger 
cylinder, where it acts upon the face of a larger 
piston and exerts a total force in proportion to the 
face area. The ratio of this total force to that 


acting on the small piston will be as the ratio of the respective piston 


areas. 


14. Numerical Computations 

In all numerical work in this book, except as noted, the American 
system of measuring units will be employed, and the practice should be 
followed in making formxilary substitutions. The pound, foot and second 
will measure force, length and time, and the corresponding unit of mass 
will be the slug. " 

In measuring viscosity, as already mentioned, the dyne, centimeter 
and second are sometimes used and the frequent citation of values for 
H and V in these units warrants a certain degree of familiarity with the 
metric system. In Appendix 11 will be found a full description of the four 
systems of units in existence and should be carefully read by the student 
to whom they are confusing. 

Pressure intensity, when appearing in formulas, should be expressed 
in pounds per square foot, although it is common practice to quote it 
in poxmds per square inch due to the smaller, more convenient number. 
Likemse volumes are to be computed in cubic feet, although gallons 
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are often quoted in given data. In this connection the following relations 
are useful. 

1 cu. ft. =« 7.48 U. S. gals. 

1 U. S. gal. = 231 cu. in. 

1 U. S. gal. = 0.8331 Imperial gals. 

The Imperial gallon is mostly used in countries of the British Empire. 

The value of g may be taken as 32.17 feet per sec. per sec., this being 
the approximate value at seadevel and latitude 45° and designated as 
standard g. The variation of g, and its effect on weight, is discussed in 
Art. 3 and in Appendix II. 

The U. S. Coast and Geodetic Survey use the formula, 

g - 32.08783 (1 + 0.005294 sin^ - 0.000007 sin^ 20), 

for the determination of g, 0 being the latitude of the place in degrees. 
The correction for elevation above sea-level is 

c = —0.000003086 ft. per sec. per sec., per ft. of elevation. 

No better way to familiarize oneself with the principles discussed in 
this book can be found than in the working of numerical problems. To 
this end numerous problems are given and should be worked out by the 
student. Habits of neatness and accuracy should be acquired in their 
solution; and the problems, done in ink and bound into one convenient 
volume, will prove of great value to him, not only in the training re- 
ceived while making it, but for later reference. In general the use of the 
slide rule is recommended in numerical calculations, its accuracy cor- 
responding to the use of four-place logarithms. 

PROBLEMS 

1. If a body of water has a temperature of 40° F., what decrease in volume 

will follow the application to it of 588 lb. per sq. in.? What will be its final 
specific weight? Ans. AV = 0.00203 F; w = 62,56 lb. per cu. ft. 

2. Determine the increase in volume of a mass of water, which at 50° F. 
contains 120 cu. ft., resulting from raising its temperature through 100° F. 

Ans, 2.4cu. ft. 

3. A hydraulic press contains 30 cu. ft. of water. The areas of the small 

and large pistons are i sq. in. and 100 sq. in., respectively. How much total 
travel will the small piston be obliged to make, following the application to it 
of a force of 100 lb., if the large piston moves through a distance of 0.5 m.? 
K =s 300,000 lb. per sq. in. Ans, 39.7 it 
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4« If a vertical, cylindrical column of water contained in a standpipe is 
100 ft. high, what would be its height (cross-section constant) if water were 
incompressible? Assume K = 300,000 lb. per sq. in. Ans. 100.011 ft. 

5. A fuel oil has an A.P.I. gravity of 36 degrees. What will be its specific 

gravity at 80 degrees? Ans. 0.836. 

6. An oil has an A.P.I. gravity of 30 degrees and a viscosity of 200 Saybolt 
secs. Compute its specific gravity, also p, p and if in English units. 

Ans. Sj^. gr. = 0.875; p = 0.793 X 10’* Ib.-secs. per sq. ft. 

p = 1.7 slugs per cu. ft.; v = 0.466 X 10'® sq. ft. per sec. 

7 . If air weighs 0.08071 lb. per cu. ft. at 32® F. under a pressure of 14.7 lb. 

per sq. in., what will be its specific weight at 100® F. under a pressure of 60 lb. 
per sq. in. (absolute)? Ans. 0.29 lb. per cu. ft. 

8. If a cubic foot of air at 60® F. and under a gauge pressure of 10 lb. per 
sq. in. be reduced to one-half its volume and its temperature be raised to 
100® F., what will be the resulting pressure? Ans. p = 53.3 lb. per sq. in. 

9 . An oil has a viscosity of 800 Saybolt econds and a specific gravity of 0.90. 

What is its viscosity relative to that of water at 68.72® F.? Ans. 158.3. 

10. A liquid has a viscosity of 1.305 poises and a kinematic viscosity of 
1.484 sq. cm. per sec. Compute the equivalent values in English units. 

Ans. p = 2.73 X 10 “* Ib.-secs. per sq. ft. 

V = 0.0016 sq. ft. per sec. 
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ydrostatics 


15. Intensity of Pressure 

By intensity of pressure we denote the pressure per unit of area. If 
dA represents a very small part of an area .1, and dP the total pressure 
upon it, then the intensity of pressure is 


dP 



If the intensity be the same for the entire area A, we may write the 
total pressure on A as 

P=fp- dA = pA, 

from which 

P - ^ ( 20 ) 

The student will see that if p is not the same over the entire area, equa- 
tion 20 gives an average value of p. 

16. General Relation between Pres- — 
sures at Different Points in a 
Liquid 

In Fig. 4 let m and n be any two 
points arbitrarily chosen in the liquid 
whose upper or “free” surface is ab. 

Between m and n is shown an imagi- 
nary prism of liquid whose end faces 
contain the points in question. The 
cross-sectional area dA of the prism 
being infinitely small, the pressure on 
these faces may be assumed as of uni^ 
form intensity. Denoting these intensities by p\ and p 2 , the tf)tal end 
pressures are pidA and p 2 dsA respectively. The other forces acting upon 

21 
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the prism are the pressures on its side faces and its own weight, which 
may be written wldA, Since all these forces form a balanced system, 
they may be resolved into components along rectangular axes and the 
algebraic sum of each set put equal to zero. With axes as shown in 
Fig. 4, we may then write (remembering that the side pressures have 
no X comps.) : 

SX * pidA — p 2 dA — wldA cos a =» 0 

from which 

pi - P2 = wh, ( 21 ) 

h being equal to I cos a, the vertical distance between m and n. From 
(21) wc see that the difference in pressure is dependent solely upon the 
difference in elevation between the two points. 

Note. — IJ the points lie in the same horizontal plane, then the pressures 
are the same. 

Had the point m been chosen in the surface ah, p 2 would have been 
the pressure of the atmosphere above the liquid, or pa, and for the value 
of the pressure at any point lying a distance k below the surface, we 
should have 

p = pa + wh. ( 22 ) 

The appearance of pa in this expression is an illustration of the princi- 
jde of free transmission of pressure. 

The above relations hold for all liquids. Pressure variation in compres- 
sible fluids (gases or vapors) is treated in Art. 21. 

17. Illustration of the Foregoing Principles 

In Fig. 5 the reservoir M is connected by the tube CD with the reser- 
voir at the lower level N. All portions of the tube are assumed filled 
with water. 



The weight W on the piston at N is just' heavy enough to maintain 
the water in iif at a constant lev^l. For the pressure at any point such 
as we may write 

px » pa + wku 
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and for a point jB at a depth A 2 below A the pressure is evidently P\ 
increased by wh 2 - 

This value of inust hold good for points C and D as they lie in the 
same horizontal plane. For a point E we have 

p2 + it’Aa, 

and for the pressure at beneath the piston, 

Pa = Pz ^ 

which may be^written, by aid of the previous equations, 


or 

or 


Pa - pa + + wh2 + ~ wh^, 

= + A2 + //3 — A4) 

pA ^ pa + w/l 


This last might have been at once derived from equation (22), since h 
is the distance of the point at N below the free water surface. 


18. Relative and Absolute Pressure. Pressure Head 

In the previous problem, p 4 is tlie pressure on each unit area of the 
under side of the piston at which is open to atmosphere on its upper 
side. It is clear that, as far as the effectiveness of the water pressure in 
sustaining the w^eight W is concerned, pa need not enter into the dis- 
cussion, as it acts on both sides of the piston and produces no resultant 
force. Eliminating pa, we obtain a value for p^ which mea.sures the excess 
of the pressure over, or above, the atmospheric. We call this relative 
pressure^ or hydrostatic pressure. 

If pa be included in p^y the pressure is measured above vacuum, or 
absolute zero, and is called absolute pressure. This latter need be seldom 
used in the simple problems of statics, as atmospheric pressure generally 
appears on a body as a set of balanced forces which may be discarded. 
Thus, if we are finding the pressure against a reservoir wall, we are not 
concerned with the absolute pressure, since the atmosphere is acting on 
the opposite face of the wall also, and has no effect upon its stability. 

Equation (22), therefore, becomes for most cases 


p = wh. 


(23) 


In either equation (22) or (23) it should be remembered that, in sub* 
stituting numerical values, care must be taken to see that the units usSd 
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are consistent. If w be in pounds per cubic foot, then h must be measured 
in feet and p will result in pounds per square foot. Similarly h may be 
in meters; v, the weight, in kilograms per cubic meter; and p will be 
in kilograms per square meter. 

Example. — Let it be desired to find the intensity of pressure at a 
depth of 75 feet in fresh water. 

p = wh = 62.4 X 75 = 4680 lb. per sq. ft. 

In order to avoid the use of large figures, it is quite common in prac- 
tice to e.Ki)ress hydraulic pressures in pounds per square inch, in which 
case the above may be written 

P - 2 jj- - 32.4 lb. per sq. m. 


That is, to find the pressure in pounds per square inch corresponding to 
any head in Jeet^ divide the head by 2.31. This is a very convenient rule 
and i)oints out the fact that 2.31 feet of water causes a pressure of 1 
pound per square inch. 

Pressure //cdrf. — The quantity h has l)een used to represent the ver- 
tical distance from the free surface to the point in question. The dis- 
tance is commonly called the head on the point, and because it causes 
the pressure p, it is also known as the pressure head. The same name is 


applied to its equivalent, - , and it is advisable to become at once familiar 
w 


with this way of expressing pressure head inasmuch as it constantly 
occurs in this form when discussing problems of fluid flow. 

If we are using absolute pressure units, the pressure head will be 
(// + 34) feet, since atmosi)heric pressure is equivalent to that produced 
by a head of water measuring 34 feet. (See Art. 20.) Whenever the pres- 
sure {po) on the free surface varies from the atmospheric, the pressure 
head in absolute units will be the sum of the hydrostatic head and that 
corresponding to the pressure p^. That is, 


P 


w 



19. Definition and Form of a Free Surface 

We have already referred to the water surface in contact with the 
atmos])here as a free surface. Properly speaking, if a liquid has a free 
surface, then upon that surface there is no pressure. It is common, how- 
ever, to regard a surface upon which there is only atmospheric pressure 
as a free surface. 
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It is at once evident that a free surface is one of equal pressure and 
hence is horizontal (Art. 16) if the liquid be at rest. 

20. Atmospheric Pressure, Water Barometer and Vapor Pressure 

* The atmosphere, being a fluid, exerts a normal pressure upon all sur- 
faces with which it is in contact. The intensity of the pressure has been 
experimentally found to be 14.7 poimds per square inch, at sea level, 
under normal barometric conditions. Its existence may 
be demonstrated by the following device; A long tube, 
closed at one end, is completely filled with water and 
the open end stoppered. It is then placed in an in- 
verted position with the stoppered end beneath a 
water surface and the stopper removed (Fig. 6). If 
the height of the tube be greater than 34 feet, it will 
be found that water remains in it up to a point, c, 
being maintained to that height by the atmospheric 
pressure on the base of the column. Assuming a per- 
fect vacuum above c and a pressure of 14.7 pounds per square inch at d, 
the height of the column is found from 



Pd - Pc = it)h 

(14.7 X 144 - 0> = 62.4A, 
or 

h = 33.92 ft. 

This is said to be the height of the water barometer and is stated 
usually as 34 feet. The computation assumes a perfect vacuum above . 
and a specific weight of 62.4 pounds per cubic foot. As a matter of fact, 
the space above c would be filled with water vapor formed by the con- 
stant movement of water molecules away from the free surface. With 
vapor confined, as in the present case, its pressure increases until it at- 
tains a definite value dependent only on the temperature of the water. 
Accordingly, the top of the water column at c would be subjected to the 
vapor pressure and its height decreased. Substituting />, for Pe in the 
above equation, we find that 

14.7 X 144 p, 

h 

w w 

Values of vapor pressure for water at different temperatures are given 
in the table on page 26, and values of w may be taken from the table in 
Art. 4. 
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From the table, Pv has a value of 0.178 pounds per square inch at 50^ F.; 
the value of w is 62.41 pounds per cubic foot (Art. 4), and k is found to 
be 33.59 feet. At 100® F. the value of h decreases to 31.94 feet. 

Pressure of Water Vapor * 


Temperature, T, in degrees Fahrenheit 
Pressure, p,, in lb. per sq. in. (absolute) 


T 

pv 

T 

pv 

T 

pv 

32 

.089 

95 

.815 

■■ 

4.74 

35 

.100 

100 

.949 


^ 5.34 

40 

.122 

105 

1.10 

■bh 

5.99 

45 

.148 

no 

1.27 

175 

6.72 

50 


115 

1.47 

180 

7.51 

55 


120 

1.69 

185 

8.38 

60 


125 

1.94 

190 

9.34 

65 

.306 

130 

2.22 

195 

10.39 

70 

.363 

135 

2.54 


11.53 

75 

.430 

140 

2.89 


12.51 

80 

.508 

145 

3.28 

208 

13.57 

85 

.596 

150 

3.72 

210 

14.12 

90 

.698 

155 

4.20 

212 

14.70 


If mercury be substituted for water in Fig. 6, 

, pd - pc 14.7 X 144 - 0 

'“—i, Mij — 

h = 2.49 ft., 29.92 in., or 760 mm. 

The height of the mercury column will not be sen^bly affected by 
vapor pressure at ordinary temperatures. The above values of h corre- 
spond to a mercury temperature of 32® F., at which its specific gravity 
is 13.595. 

A knowledge of the vapor pressure is important in a number of hy- 
draulic problems. If a pump be placed above the level of the water it is 
to lift, its operation depends upon atmospheric pressure to force the 
water up the suction pipe, while the pump creates a partial vacuum 
there. The amount of vacuum produced varies with each type of pump, 
but it also depends upon the vapor pressure and hence the wato' tem- 
peratiure. Under no condition could a pump be set 34 feet above water 

* Keenan and Keyes, Thermtdynmie Prof 0 $ies vfSttam. Tohn WTilqr and Son, Inc.. 1936 
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levd and operated. Li a few instances a suction lift of 28 feet has been 
attained with satisfactory operation, but a good working lift should not 
exceed IS to 18 feet (depending upon the type of pump) at ordinary 
temperatures. 

21. Pressure Variation in a Compressible Fluid 

The law for pressure variation with elevation, as derived in Art. 16, 
does not apply to a compressible fluid, inasmuch as its specific weight, 
w, is not constant but changes with pressure and therefore with eleva- 
tion. For a small increase in elevation, dz, we may write 

dp =« —wdz (24) 

as the decrease in pressure. To find the det-rease in pressure from Po, at 
elevation Zo, to p at elevation z, we may integrate to obtain 



The integration cannot be completed without a knowledge of how w 
varies with z. In general the hydraulic engineer is not concerned with 
problems where the variation of pressure in a body of gas, or vapor, is 
important. Usually the variation is very small, because of the small 
specific weight and difference in elevation involved, and may be neg- 
lected. When large vertical distances are involved, as in the earth's 
atmosphere, the variation becomes important. Aeronautics, meteor- 
ology, and barometric levelling require means for its computation. The 
subject is really outside the scope of this book, but one special case will 
be considered. 

The assumption will be made that the air temperature is constant 
throughout the range in elevation considered, so that 

— * (see Art. 12), 

w V), 

and 

p 

W “ Wof" 

p» 

This value of w substituted in (24) gives 

W„ P 
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tl 

Wc 


being a constant. Integrating, 




2 


- ^ (log, p - log. po) 
Wo 


= ^ (logo po - log, p) 

Wo 


(25)* 


The equation may be used for computing the height, in which a pres- 
sure change from />. to p will occur, or for finding the pressure /> at a 

Po 

stated height above a point, knowing — at the point. Actually the tem- 

perature of the atmosphere decreases with altitude and a correct solu- 
tion necessitates a knowledge of the temperature variations with alti- 


tude and the use of the equation of state for a perfect gas, — = a 


constant. 

Example. — ^What would be the pressure in the atmosphere at a height 
of 6200 feet above sea level, assuming temperature constant at 60° F.? 


For t = 32° and p = 14.7 lb. per sq. in., 
w = 0.08071 (Art. 12). 

For I = 60° and p = 14.7 Ib. per sq. in.. 


w = 0.08071 


459.4 -H 32 
^ 459.4 -f 60 


0.07636 


p 14.7 X l U 

- = — - 27,710 ft. (constant). 
w .07636 . 

By equation (25), 

6200 = 27,710 (log, Po — log, p) 
log, po = log. (14.7 X 144) - 7.65671 
log, p = 7.65671 - 0.22366 - 7.4330S 
p = 1691 lb. per sq. ft. 

*= 11.75 lb. per sq. in. 

*Lok of number to base e » 2.302585 X log of number to base 10 
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Had the solution been made assuming a constant value for u* of 0.07636, 
14.7 X 144 - = 0.07636 X 6200 

P = 1643 lb. per sq. ft. 

= 1 1 .4 lb. sq. in. 

rhe discrepancy between the two results would have been more notice- 
able, had the difference in elevation been greater. 

22. Open Piezometers 

A piezometer, as the name implies, is an instrument for the measure- 
ment of pressure. The open type generally consists of a straight glass 
tube inserted in the side of a vessel, containing a liquid under pressure, 
and extending vertically upward to a height sufficient to prevent over- 
flow (Fig. 7). The height h of the free surface in the tube, above any point 



Fig. 7 Fio. 8 


m in the vessel, exactly measures the pressure at that point, since p = wh. 
It is obvious that the location of the point of insertion makes no differ- 
ence in the height to which the liquid will rise in the tube and ah marks 
the level of all such piezometer coliunns. Of course h measures the rela- 
tive pressure at rn only, since the top of the tube is open to the atmos- 
phere. In the use of such a tube, care should be taken, espedally at small 
pressures, that the internal diameter of the tube be large enough to pre- 
vent capillaty action from affecting the height h. From the discussion in 
Art. 7, it would appear that tubes having a diameter less than 0.5 inch 
should not be used with water, and for precise work at low heads the 
author recommends a diameter of one inch. 

If the pressure in the reservoir (Fig. 7) be maintained at less than the 
atmospheric, no column will rise in the piezometer and air will enter con- 
tinuously at the top. If the top be bent over and downward into a vessel 
of water (Fig. 8), the atmosphere will cause a column of the water to rise 
to a height in the tube, from which a measure of the pressure is ob- 
tained. Nf^ecting the weight of the air caught in the portion ab of tbl 
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tube, the pressure on the free surface in the reservoir is the same as that 
at c. This latter, from (21), we know to be 

p fa- wh, 

w being the specific weight of the water. 

23. The Mercurial Gauge 

With open piezometers as shown in Fig. 7, pressures of relatively small 
intensity require too long a tube for convenient use. To obviate this, 
mercury is often employed and the form of the tube changed. One ar- 
rangement is shown in Fig. 9. The tube is bent into a U-shape and mer- 
cury is poured into the U-portion. A petcock 
at c permits the expulsion of all air from the 
reservoir end of the tube. For the pressure 
at a point m in the liquid, 

p„ = w'z - wh, 

w' and w being respectively the specific 
weights of the mercury and the liquid. If 
the liquid be water, 

Pra = w (s« - h), 

f being the specific gravity of the mercury, or the ratio of u/ to w. li 
the position of the U-tube is such that a is c^me m, then the negative 
sign in the above expression becomes positive. 

For ordinary computations, 13.6 may be used for the value of s, but 
if greater refinement in evaluating p^ be sought, the value of s may be 
taken from the following table. Strictly speaking, s should be the ratio 


Specific Gravity of Mercury at Various 
Temperatures 
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of the specific wdght of the mercury, at its temperature, to that of the 
water at its temperature. 

Mercury may be used in the tube of the vacuum gauge shown in Fig. 8 
and the height, A, of the column reduced to a convenient value. For the 
pressure on the free surface (either at c or in the vessel) we should then 
have 

p Pa — 13.6aiA. 

24. The Bourdon Gauge 

For the measurement of high pressure, use is often made of the ordi- 
nary type of steam gauge as invented by Bourdon. Its construction is 
such that the pressure of the fluid is communicated to a coiled tube hav- 



B 

Fio. 10. The Bourdon Gauge. 


ing its inner end closed and cormected by a ^ple rack and pinion to a 
hand which is free to move back and forth over a graduated dial. The 
pressure of the fluid tends to uncoil the tube, resulting in a movement of 
the hand. The dial is calibrated by applying known pressures to the 
gauge and noting the position of the hand. The zero reading corresponds 
to atmospheric pressure. The accuracy of the gauge will depend on the 
care with which it is calibrated, and in careful experimental work it is 
desirable to calibrate it before and after use. Fig. 10 shows the gauge as 
manufactured by the Crosby Steam Gage & Valve Company of Boston. 

25. The Differential Gauge 

A differential gauge is one used to measure differences in pressvre, the 
general arrangement being similar to that shown in Fig. 11. In this case, 
two separate vessels containing water under pressure are connected 1^ 
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tubing, the central U-shaped portion being of glass. A liquid heavier 
than water, and immiscible with it, occupies the lower part of the U, 
and petcocks at b and e permit the expulsion of air from the rest of the 

tube. Because of a difference in pressure at 
jX iX the points m and n, there exists a differ- 

“ level, z, between the two mercury 

I \ ;■ columns. From this difference we may cal- 

i c : 4 I i ^ 

: "rl" 'I I : By commencing at m where the pressure 

« : ic i ; is pm, and noting the changes in pressure as 

? ;■ , we pass to points c, d and «, the following 

A I ; ^ expression for Pn is obtained. 


pm — wx — w'z + Tvy 




Pm - pn = w(x - y) + w'z. 

Fio. 11 Reference to the figure shows that 

and by substitution, * ^ ~ ^ *’ 

pm — Pn V/Z — WZ — Wh 

=» w [z (5 — 1) — h], (26) 

where r is the specific gravity of the liquid in the U-tube. If points m 
and n he in the same horizontal plane, h is zero and 

Pm - Pn = WZ(S - 1). * (27) 

Mercury is often used in this gauge, in which case 

Pm — Pn 12.6 wz. 

If the equation be written 

P” -^2= 12.6Z, 
w w 


it is seen that the difference in pressure heads at the points m and n is 
12.6 times the deflection, z, of the gauge. The use of mercury is advan- 
tageous where the pressure difference is large; but, with small pressure 
differences, mercury makes precise measurements diflicult if not impos- 
sible. In the latter case it is common to use a liquid which is only slightly 
heavier than water. If, for instance, a mixture of carbon tetrachloride 
and kerosene having a specific gravity of 1.25 be used, 

^ ^ » 0.25z. 

w w 
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or z is four times larger than the actual difference in pressure heads 
(assuming A » 0). 

If in place of using a liquid only slightly heavier than water, we use 
one ligAUr than water and change the tube as indicated in Fig. 12, large 
deflections on the gauge will correspond to small pressure differences. 
Valves at a and b permit the partial filling of the tube with water from 
the vessels. The auxiliary liquid is then poured iu 
at e imtil the tube is filled and all air expelled. 

Commencing at m and continuing around to n, 
as done in the previous gauge. 

Pm - + w'z + wy » pn, 

Pm ~ pn ^ W {x - y) - w'z, 

X — y = z — h, 

Pm - Pn = w[z - S) - h]. (28) 

For A = 0, 

pm - Pn ^ loz {i - s). (28a) 

Using kerosene with a specific gravity of 0.79, 

Pm ~ pn — 0.2lm Fio. 12 

and the deflection, s, is approximately 5 times the difference in pressure 
heads. 

Frequently in using a differential gauge, the points m and « will be 
found to have the same level, and equations (27) and (28a) may be 
used. Equations (26) and (28) were derived for the special conditions 
shown in Figs. 11 and 12. If the relative elevations of m and n, or of c 
and d, were reversed, the equations would not apply, but similar ones 
could be derived easily for any given conditions. 

When the gauge is used to measure pressure differences in liquids other 
than water, s must be computed as the specific gravity of the auxiliary 
liquid relative to the liquid in the vessels. 

The diameter of the tube used in the gauge is not important from the 
viewpoint of avoiding capillary rises of the menisci, since both menisci 
are similarly affected. *' 

With points m and n at the same level, equation (27) shows that an 
auxiliary liquid having a specific gra>dty of 2 will give a deflection, z, 
just equUl to the difference in pressure-head. The deflection will be less, 
or greater than the difference, according as the specific gravity is greater 
or less than 2. 
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Care must be taken to expel all air from the gauge and connecting 
tubes, otherwise the readings obtained will be of little value. The amdli- 
aty liquid should not contain a volatile element, since the partial evapo- 
ration of it would change its specihc gravity over a period of time. Too 
great a magnification of the pressure difference should not be attempted 
by using a specific gravity close to unity, as any error in determining the 
specific gravity tends to cause a large error in the calculated pressure 
difference. The differential gauge is much used in experimental work, 
especially in connection with Pitot tubes, Venturi meters, pump test- 
ing and flow measurements in pipe lines. 

« 

26. Pressure Measurement in Fluid Flow 

All the gauges described in the previous articles may be used to measure 
the pressure of fluids in ntolion through closed conduits. Fig. 13a shows 
an open piezometer tube inserted through the side-wall of an ordinary 



Fig. 13 


pipe in which a liquid flows under pressure. The liquid in the column 
above the pipe wall is at rest and its height measures the pressure at its 
base. That the pressure at a point in the moving stream, directly be- 
neath the column, is measured by the height of the piezometer column 
above the point, may be seen if we consider the motion of the elemen- 
tary prism of liquid directly under the column. Since the latter is moving 
in a direction at right angles to the column, it has no acederation in the 
direction of the column; and the algebraic sum of all forces in this di- 
rection must be zero. Reference to the figure, in which these forces are 
shown, enables us to write ' 

pia — pa — wda ■ 0, 

Pi P + v>d, 

a being the cross-sectional area of the prism. The {n-essore, Pi, is greater 
than at the bottom of the piezometer col umn by vid, which also weidd 
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be true were the pnsm at rest. Evidently the pressure varies uniformly 
across the pipe, and later we shall see that under this condition the 
average pressure will be found at the center of the pipe (Art. 27), and 
will be measured by the height of the piezometer column above this 
point. The foregoing statements apply equally well to pressure condi- 
tions across the piezometer section of the pipe in Fig. 136. 

When inserting a piezometer into the wall of a conduit, certain pre- 
cautions must be taken if its indications are to be dependable. The hole 
must be drilled normal to the interior surface of the wall and no part of 
the inserted tube should project beyond the surface. Any burr caused 
by the drill must be removed and the surface of the wall immediately 
upstream from the tube must be smooth; otherwise, turbulence and ed- 
dies produced by the irregularities will diminish the pressure at the open- 
ing and also the height of the piezometer column. If the hole be not 
drilled normal to the surface, the column will stand either too high or 
too low depending upon the direction of obliquity. These pertinent facts 
were first proved by Hiram F. Mills* in 1878 as a result of more than one 
thousand observations. Probably the most comprehensive investigation 
of piezometers was that of Allen and Hooper in 1928.t They employed 
various methods of construction and gave specific recommendations as to 
details. For small pipes they advocated holes one-eighth of an inch in 
diameter, and for larger pipes one-quarter of an inch. Rounding of the 
inner edge of the opening, using a radius one-quarter that of the opening, 
did not alter the accuracy of the piezometer. 

27. Total Normal Pressure on Plane Surfaces 

If a plane surface be immersed in a horizontal position, it follows from 
Arts. 15 and 16 that the total normal pressure on it will be 

P = Ap = Awh, 

A being the area of the surface. It will now be shown that for a plane 
surface immersed in any position, the total normal pressure may be 
calculated from 

P = Awhoy 

if Aq be the head on the center of gravity of the surface. 

Figure 14 shows such a surface, lying in the plane XYZ. This plane 
cuts the water surface in the line XY, and the angle between the plane 
and the water surface we shall call a. Selecting a very small part dA of 

• Proceedings of Am Acad, of Arts and Sciences, 1878. 

t C. M. Allen and L. J. Hooper, “Piezometer Investigation,” Trans. A.S.M.E., May 15 
1932, vol. 54. no. 9. 
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the total area, so small that the pressure over it is of uniform intenaQr, 
we have, as the total presstu-e upon it, 

dP ^ pdA ^ wh dA. 


For total pressure on the entire area, 


P = J" wk dA = J' wxixnadA » w sin a J' x dA. 


The integral of x dA is the moment of the area about XY as an axis 



and may therefore be written x^A where Xf, is the distance from the 
axis to the center of gravity of the area. We may therefore write 

P = sin a XqA, 
or 

P = Awko, (29) 

where /^o is the head on the center of gravity. Hence the following theo- 
rem: 

The total pressure on an immersed area is the product of that area, the 
specific weight of the liquid, and the head upon the center of gravity. 

Example. — Find the total pressure on a vertical, rectangular sluice 
gate, 4 feet wide by 6 feet deep, the head on its upper edge being 10 feet. 

P = Awki = 4 X 6 X 62.4 X 13 * 19500 lb. Ans. 

28. Total PreMure on a Curved Surface 

It can be diown that the above theorem applies with equal exactness 
to any surface, be it plane, curved, or irregular. However, the total pres- 
sure on surfaces of the last two classes is usually of little or no practical 
value to the engineer. It would be the algebraic sum of a syst^ of 
forces all acting in different directions, and in general such a system 
cannot be replaced by a single resultant. 
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More often it is deMied in the case of curved surfaces to find a com- 
ponent of normal pressure in some fixed direction. (See Art. 33.) 

29. Center of Pressure 

An immersed plane surface is pressed upon by a system of parallel 
forces, infinite in number, which may be replaced by a single resultant 
force. The point on the surface at which this acts we shall call the cenkr 
of pressure. As noted in the previous paragraph, the pressures on a curved 
surface do not form a parallel system, hence they cannot, in general^ be 
reduced to a single force. 

The case of the plane surface may be represented by Fig. 14. The re- 
sultant of all the pressures on the surface acts at the center of pressure 
and we are to determine first its distance from XF, the line of intersec- 
tion of the plane containing the surface and the plane of the water surface. 
Considering a very small area dAy we have as the total pressure upon it, 

dP = dA why (a) 

and its moment about A’"F is 

dP X — dA wh X (6) 


If in this way the moment of the pressure on each elementary area be 
found, we may place their sum equal to the moment of the resultant 
pressure by its arm Xc- That is, 

P Xc 

or, from (a) and (6) 



Xc J" dA wh = whx. 


ic) 


From Fig. 14, 


A = a: sin a, 


which substituted in (c) gives 


or 



(30) 


The integral of ** dA will be recognized as the moment of inertia of the 
area, and the integral of * dA is the expressed moment of the area about 
the chosen axis, or its statical moment. 
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It is evidmt that Xe measures only the distance to the center of pres- 
sure down from XY and does not fix it in a lateral position. To do this 
it is necessary to take moments about another axis (not shown in Fig. 14) 
lying in the plane XYZ but at right angles to the previous axis. Uhy y 
we represent the distance from any elementary dA to this axis, we shall 
have as the moment of the total pressure on dA about this axis, 


and as before, 


dP y dA w h y, 
Pyc = J dPy, 

y.fu w h — JiA why, 


and finally, 


h 


yc 


X sin a, 



(31) 


In applying this formula, it is necessary that y be expressed as a 
function of x. 

In general the engineer is concerned only with the vertical position of 
the center of pressure and (31) is seldom used. For some special cases 
the lateral position is easily located, as will be shown in the following 
paragraphs. 

In applying equation (30) it should be noted that 7 and S must be 
computed about an axis formed by the intersection of the given plane 
with the water surface, and that Xe measures the distance from this axis 
to the center of pressure. • 

Reference to the equation also shows that the position of the center 
of pressure is independent of the angle & (Fig. 14) provided it has any 
value other than zero. Hence we may vary a by swinging the surface 
about XY as an axis without the center of pressure changing position, 
provided Xo be unchanged. 

Horizontal Surfaces . — If the surface be horizontal, the head on all 
points being the same, the elementary pressures are all equal and the 
center of pressure will lie at the center of gravity. 


30. Centers of Pressure for Common Figures 

The forms of surfaces most commonly met in engineering work are 
the rectangle, triangle, and circle. For these we shall now derive ^>ccial 
equations for locating the center of pressure. We shall assume each figure 
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in turn to be placed in some inclined plwie, and Figs. 15 to 18 will be 
used to present views of each figure taken normal to its men plane. 

The Rectangle (Fig. 15). — The figure will be assumed to have one side, 
b, parallel to the axis XY. 

From equation (30) 

/ 


and from the prin^ples of mechanics, 

/ = /. + AxJ^, 



I I 

Fig. 15 


lo representing the moment of inertia of the rectangle about an axis 
through its own center of gravity and parallel lo XY. 


Therefore 


Xc 


h + 

AXa 



and 



_ ^ 
\2bdXo~ Uxo 


(32) 


Reference to the figure shows that is the distance between the cen- ' 

ter of gravity and the center of pressure and, because of the simplicity 
of the numerical work involved, the computation of the value of this 
term offers the best method for locating the center of pressure. It will 
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be noted that the center of pressare is bdm the center of gravity. If the 
figure lies in a vertical fdane, Xo in the formula becomes hg. If the upper, 
edge of the rectangle lies in the water surface, 

^ d 

12 *. “ 6 


or the center of pressure lies a distance down from the upper edge. 
This is a very useful fact and should be remembered as it locates the 
center of pressure on the vertical faces of dams, retailing walls and other 
structures exposed to water pressure. 

Example. — A rectangle 10 feet long by 6 feet wide lies in a plane mak- 
ing 45 degrees with the horizontal. Its upf>er 6-foot edge is 10 feet below 
and parallel to the water surface. Locate the center of pressure. (The 
reader should draw the figure.) 




^ ^ 10 X 10 

12*0 “ 12(5 + 14.14) 


0.44 feet. 


The Triangle (Fig. 16). — One side will be assumed horizontal and the 
opposite vertex nearer the water surface. Proceeding as before, 



The similarity of (32) and (33) makes them easily remembered. 
IJ the vertex lies in the water surface, 

dF d 
** “ 18 X " 12 


Xe 




The triangle may have one side horizontal but the opposite vertex far- 
ther from the water surface as in Fig. 17. There results no change in 
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equaticm 33 as the student should verify. If in this position ike hose be 
^aced in the water surface, 



Fic. 17 


The Circle (Fig. 18). — The diameter will be denoted by d. 



Fio. 18 





i&co 


(34) 


Lateral Position of Center of PreS' 
sure in Above Figures . — In each of the 
three figures just discussed, it will be 
seen that if we divide the area into 
elementary sL’ips with lengths parallel 
to the water surface, each strip will 
be subjected to a uniform pressure 
and its center of pressure will lie 


at the middle of the strip. Since the centers of all such strips lie on a 
straight medial line, it follows that the resultant pressure on the entire 


figure lies on the medial line. In each of these figures, therefore, the cen- 


ter of pressure Is exactly located by the formula given and the medial 
line. 


Corollary. — If an area have an axis of symmetry at right angles to the 
moment axis, the center of pressure will lie upon it. 


31. Center of Pressure for Irregular Figures 

When areas of irregular shape are bounded by straignt lines, they may 
be subdivided into rectangles and triangles in such a way that two sides 
of each rectangle and one side of each triangle are parallel to the water 
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surface. The values of I and S for the whole area are then equal to the 
sum of the I and S values for each component area, and equation (30) 
may be used. 

Thus in Fig. 19 the area may Be divided as shown, the values of I and 
j — r ■■ A S for the rectangle being 


^--4 





4 X (3)» 


+ 12 X (S.S)* 


5 - 12 X S.5 - 66, 
and for the triangle, 

5 3 X 6 * 18. 


+ 3 X (6)2 = 109.S 


= 5.73 ft. 


The lateral position of the point may be determined from the fact that 
it must lie on the medial line. If y be its distance from the left edge, then 
frora the geometry of the figure, 

^ a- Q|. y aa 2.58 ft. 


32. Relation between Center of Gravity and Center of Pressure 

The position of the center of pressure is always below the center of 
gravity of a surface. Were the intensity of pressure uniform over the 
surface, the resultant pressure would necessarily be , v ,, 
applied at the center of gravity. But since the pres- ~~ 
sures increase in magnitude as the head increases, 
the resultant pressure is carried downward and is 
always applied below the center of gravity. If we 

pass from moderate to great depths, the variation -y-i * f 

in pressure on a surface becomes less and the center j 

of pressure approaches the center of gravity as a 4' — »* 1- 

limit. On small areas, therefore, located at depths i 
of considerable magnitude, it is quite permissible » 
to consider the positions of these two points as a'-- 

identical. Fio. 20 

Thus in Fig. 20, 

f iP 16 

Xc -- Xo ^ rr— * 0.013 ft., 


Fio. 20 


which is a ne^^igjble distance. 
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33. Components of Normal Preutire 

It is frequently necessary in design computations to find that com- 
ponent of the total normal pressure on a surface which is parallel to a 
given direction. In Fig. 21a, AB is an edge view of a thin plate, or sur- 
face, having rectilinear elements perpendicular to the plane of the draw- 
ing. It is desired to compute the components of the total normal pressure 
which are respectively parallel to the axes, X and F. 



a ly 0 

Fig. 21 

On any elementary area of the siurface the normal pressure-force is 

dP = dA wh, 

and its .Y-component is dA wh cos a. For the entire surface, the A’-com- 
ponent of the pressure-force is 

P, = J i^h cos a. 


h and a being vanable over the surface and having no known relation, 
one with the other. The integration, therefore, cannot be completed. 

If AB be a plane surface, a is constant and 


or 


P, 


w cos a 



P, * w cos a Ahf. 


If the entire area be projected upon the F-plane, its projection, A^, has 
the value, A cos a, and 

Px — Ag who. 
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Similarly, 

P, “ A* wke. 

Therefore, for plane surfaces the area may be projected upon a plane 
normal to the desired component, and the value of the latter will be the 
product of the projected area and tie intensity of pressure at the cen- 
ter of gravity of the original area. 

For curved or irregular surfaces, it is possible to compute the horizon- 
tal component of the total pressure-force by a somewhat similar method. 
Fig. 2lb is like 21a except that tbe Jf-axis is horizontd. The value of 
dPx is dA wh cos a as before, and dA cos a equals dA„, the projection of 
dA upon the F-plane (in this case vertical). Accordingly, 


and 


dPx — dAy wh. 


Px = w 



Although h is the head on any elementary area of the surface, AB, it is 
also the head on the vertical projection of the elementary area. The in- 
tegral of dAyh may be written, therefore, as Ay hm, hm being the head 
on the center of gravity of the projected area, A'B'. 

For any surface, plane or curved, the horizontal component of the 
pressure-force upon it may be computed by projecting the surface upon 
a vertical plane and multiplying the projected area by the intensity of 
pressure at its own center of gravity. 

It should be noted that this rule applies to the finding of the horizon- 
tal component only. 

If the surface be curved, or irregular, and the vertical component of 
the pressure-force be desired, another method must be followed. Refer- 
ence to Fig. 21 J shows that the vertical component of the pressure-force 
on the upper side of the surface, AB, must equal the weight of the prism 
of liquid vertically above AB, The only dfficulty arising in the computa- 
tion of its value is the determination of the prism’s voliune. For some 
surfaces the solution is simple. 

Example. — The sketches on the next page show cross-sections of two 
dams, both of which are exposed to water pressure on their back faces. 
For the one having a plane face, Ph per linear foot of the dam has tbe 
value, 

Ph « SO X 62.4 X 25 = 78000 lb., 
and 

Pv •* 5 X 62.4 X 25 = 7800 lb. 
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For the dam with curved rear face, 

Ph - SO X 62.4 X 25 - 78000 lb., 

as in the previous case. If the area between the vertical line, ab, and the 
curve of the face be 100 square feet by planimeter measurement, 

Pk » 100 X 62.4 « 6240 lb. 



34. Pipes and Cylindrical Shells under Internal Pressure 

Tanks, pipes, boiler shells and numerous other structures are com- 
monly cylindrical in shape. When filled with a fluid under pressure, the 
shell is subjected to a tensile stress, designilted as hoop-tension. If the 
thickness of the shell be small, compared with its diameter, the intensity 
of the stress is practically uniform throughout the wall of the shell. 

If the axis of the shell be considered as 
vertical, the intensity of the fluid pressure 
on the shell is constant at any cross-section. 

If the axis be horizontal, the intensity varies 
uniformly from top to bottom across the 
section, the average pressure being at the 
center of the section. If the pressure-head 
on the section be large compared with the 
diameter, as is usually the case, it is per- 
missible to consider the pressure as uni- 
form around the shell and having an intensity equal to that at the 
center. 

Figure 22 shows a section of the shell and the forces acting. One-half 
of the ring is removed and its action upon the remaining half is indicated 
by the tensile forces, T, which are equal and normal to CD. The shell’s 
length will be assumed as unity. Since the forces are in equilibrium, the 
sum of their .Y-components is zero and 

2r » p6. 
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The thickness of the shell being t, the force T has the value ft, f bang 
the inte^ty of the hoop-tension. By substitution, 


or 



(35) 


For cylinders having thick walls, the intensity, /, b probably a maxi- 
mum at the inside of the wall, and minimum at its outade. Gibson* 
gives an analysis of the stress distribution for thick walls and shows that 
the maximum intensity may be represented by 


ri* + r2® 


fi and being the inner and outer radii, respectively. 

When thin shells of large diameter are placed on their sides and filled 
with a liquid, the weight of the liquid tends to deform the shell and make 
its shape somewhat elliptical. To the direct stress (hoop-tension) must 
be added the secondary stress due to deformation and, if the shell be 
unsupported against deforming, the resultant stress may be very large 
at the point of maximum bending. The stress may be evaluated for a 
particular case by use of the principle of least work, but the problem 
lies beyond the scope of this bbok. 

. In the ordinary problem of design, equation (35) may be used to de- 
termine either f or t for given conditions. 


35. Empirical Formula for Thickness of Cast'Iron Pipe 

The thickness of cast-iron water pipe usually is made greater than that 
indicated by using equation (35), in order to allow for the action of 
forces other than static pressure. Rough handling during transportation 
and weight of the backM in trenches, coupled with uneven bearing on 
the trench bottom, are some of these forces. Several formulas have been 
devised for computing thickness, the following one having been prepared 
originally by the Metropolitan Water Board of Boston. 


t » 


(P + P> 

3300 


+ 0.25 


t B thickness in inches; 

P » static pressure m potmds per sq. inch; 

* A H. (HbaoA, Bydraulics and Ilf Applications, D. Van Nostrand Companv. New Yoik 
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f' » allowance for water hammer in pounds per sq. inch; 
f = radius of pipe in inches; 

0.25 = allowance for eccentricity of shape, deterioration and safety 
in handling. 

The value of p' is taken as follows: 


For diameter 3 to 10 inches, 

It 

K> 

0 

12 '• 

no 

16 “ 

100 

20 “ 

90 

24 “ 

85 

30 “ 

80 

36 “ 

75 

42 to 60 “ 

70 


The formula assumes a strength of 16,500 pounds per square inch and 
a factor of safety of 5. 

36. Buoyancy of Immersed Bodies 

About 250 B.c. Archimedes discovered that the weight of a body, im- 
mersed in a liquid, is apparently decreased by an amount equal to the 
weight of the displaced liquid. This apparent loss in weight is due to the 
buoyant effort of the liquid. The proof is as follows. In Fig. 23, AS is 



Fio. 23 


any such body, through which the vertical plane, CD, (perpendicular to 
the plane of the drawing) is passed. The horizontal components of total 
pressure Ei and H 2 , on the irregular areas mAn and mBn, must be equal, 
as both are measured by the same projected area m-n (Art. 33). If the 
vertical plane C-D were passed through the body parallel to the plane of 
the paper, we should obtain Hz = Ht, these latter forces being at right 
angles to Hi and Hz. Evidently "ZH » 0 for all the normal pressures. To 
investigate the vertical components, asstune a vertical prism e/ with end 



48 


HYDROSTATICS 


areas so small as to give uniform int^sity of pressure upon them. By 
Art. 33, under these conditions we have 

Ki. -* dA whi, 

dA being (he area of the prism’s cross-section. Similarly we obtain 

V 2 “ dA wkii 

and the net resulting vertical force on the prism is 

dR ^ V 2 - Vi dAwihi- hi). 

This latter term is the weight of a volume of liquid equal to thatnf the 
prism. By a consideration of every elementary prism in the body, we 
may conclude that the body as a whole is acted upon by an upward re- 
sultant force equal to the weight of the volume of liquid displaced by the 
body. 

If the body be floating at the surface with only a portion immersed, 
the law still holds good, as a consideration of the vertical pressures on an 
elementary prism will show. In either case we may conceive of two forces 
acting on the body — the weight of the body and the buoyant effort of the 
liquid. The weight acts through the center of gravity of the body, while 
the buoyant effort acts through the center of gravity of the volume of 
displaced liquid. This may be seen by a return to an elementary prism. 
Since the small upward resultant force acting upon the prism is propor- 
tional to its volume, the final resultant of these elementary resultants must 
act through the center of gravity of the total volume. This point is called 
the center of buoyancy. 

37. Depth of Flotation 

To compute the depth to which a floating body will sink into a liquid, 
it is necessarv to remember only that the weight of the displaced liquid 
equals that of the body. A knowledge of the shape and dimendons of the 
under-water portion of the body makes possible the expression of the dis- 
placed volume in terms of the depth, or draft; and the product of this 
volume by the specific weight of the liquid equals the body’s weight. 

The simplest case is that of a body having the shape of a right prism, 
floating with its base horizontal and its sides vertical. A rectangular 
prism, such as a box, caisson or pontoon, having a horizontal base area, 
A, and a weight, W, would, if placed in a liquid of q>ecific wei^t, w, 
float with a draft, d, equal to 


d 


Aw 
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For suck a body, the draft would be proportional to its weight and in- 
versely proportional to the specific weight of the liquid. 

A rectangular caisson, 10 feet square in plan and weighing 10 tons, 
would have a draft in salt water of 


10 X 2000 
100 X 64.0 


3.13 ft. 


If its weight were doubled, the draft in fresh water would be 


d - 3.13 X 2 X :^ = 6.4 ft. 
62.4 



20 


For a body not having a horizontal base and vertical sides, the draft is 
not proportional to weight, nor is it inversely proportional to the liquid’s 
specific weight. 

Example. — A scow, 50 feet long and 20 feet wide, has vertical sides 
and sloping ends, as shown in Fig. 24. Placed in salt water, how much 
will be the draft? 

By geometrical proportions, x will be found to be 15 feet, so that 


50 


15 + d 
25 


or 1 = 30 + 2d, 


I 


being the length of the waterline section. 

Volume of liquid <Bsplaced => ^ ^ X d X 20, 


V = 600d + 20^2. 


Since W, the scow’s weight, must equal Vw, 

IV 

— = 600d + 20d*, 
w 

from which 

It is now seen that d is not directly proportional to W, nor does it vary 
inversely with w. 


I 


IL 

20w 


+ 225 - 15. 
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If the value of lY be 100 tons, then in salt water 

, , / 200000 
^ “ "^20 X 64 


+ 225 - IS, 


d = 4.5 ft. 


Example. — Assume the above scow to have its long sides vertical, but 
the ends shai)ed as in Fig. ^25. 


d 

T 


50 




i. 


20 '->J 


=■ = 

1 r^ - ^ - 

30' — >1 ' 


Fic. 25 

The volume of liquid displaced is found to be 

= 1000 (</ - 1) + 800 cu. ft., 

, . ^ 
and must equal — • 
w 

Therefore, 

lOOOd - 1000 + 800 = — 

w 

and 

W 

d 1- 0.20. 

lOOOw 


Again it is seen that d does not vary directly with W, nor inversely 
with w, since d equals a function of these two factors plus a constant. 

If W be too tons and the liquid be salt water, 

d = 3.13 + 0.20 = 3.33 ft. 

If flotation be in fresh water. 

d = 3.21 + 0.20 = 3.41 ft. 

38. Stability of Immersed and Floating Bodies 

If the weight of a body exceeds the buoyant effort, it will sink. If it 
be less, it will, if placed beneath the surface, rise to the surface and as- 
sume a position according to the above-stated principles. If the weight 
were just equal to the buyoant effort, it would remain beneath the surface 
wherever placed; or, if placed upon the surface, would sink until just sub- 
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merged. Reference to Fig. 26 will show that, when submerged, the body 
will assume a position so that its center of gravity and the center of 
buoyancy will lie in the same vertical line. This is necessary for equilib- 
rium, as otherwise the weight at the center of gravity and the upward 
force at the center of buoyancy form a couple which will rotate the body. 



If the center of gravity is below the center of buoyancy, the couple wfll 
right the body and the equilibrium will be stable. If the center of gravity 
be above, the condition is clearly that of unstable equilibrium; and if the 
two points coincide, the body is in equilibrium for all positions. 



If the body floats, the conditions of equilibrium are not so easily de- 
termined. Figurf 27 is a vertical cross-section through a floating ship. 
The position of the center of gravity of the whole ship is at G, and the 
crater of buoyancy of the whole displaced volume is at B. With G above 
B, as shown, it would appear at first nght as though the ship were in un- 
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stable equiUbrium. However, consider an outside force to be applied 
causing the ship to heel through an angle 0. The portion of B will be 
changed to a point B', lying to the right of cd on the side of greater im- 
mersion. The line of action of the buoyant effort, Vw, cuts cd at a point 
tn above the center of gravity, and the couple formed by W and Vw 
tends to right the ship. The latter is therefore in a state of stable equilib- 
rium. If the angle 0 be increased, the center of buoyancy moves farther 
to the right, the arm of the couple is increased and point m moves farther 
from G along the axis cd. As 0 is decreased, point tn approaches G, but 
it will be found that as 0 approaches zero, the point m approaches a 
limiting position above G which is known as the metacenter. The distance 
from G to the metacenter is the metacentric height. For stability, the meta- 
center must lie above the center of gravity, and a value for the metacen- 
tric height, Gm, may be found as follows. 

Since the total displacement is not changed by the roll through the 
angle 0, the change in shape of the displaced volume is due to the emersion 
of the wedge-shaped volume aoa', and the immersion of the equal volume, 
boV. These wedges represent respectively a loss and a gain in buoyancy 
as indicated by the two equal forces Fi and F 2 . The total buoyant force, 
Vw, in its new position, B', may be considered the resultant of compound- 
ing with Vw, in its original position at B, the forces Fi and Ft, which 
caused Vw to change its position. The moment of a resultant force being 
equal t(\ the algebraic sum of the moments of its components, and B 
being chosen as the moment center. 


or 


Vw X « = Vw X zero -f Moment of Couple F^F^, 


n = 


M. 

Vw 


(36) 


We have seen that F 2 is the buoyant effort of the wedge-shaped prism 
of displaced water, bob', whose length is the length 
of the ship and whose width, ob, varies between 
the bow and stem ends of the ship. If an elemen- 
tary portion of the prism (Fig. 28), having a base 
area dA and lying a distance x from the longi- 
tudinal axis of the ship, be considered, its volume 
is X tan 0 dA, and its buoyant effort is wx tan 0 
dA. (This is true only for a very small angle, 0, 
but the position of the true metacenter we have 
seen to be the limiting position of m as 0 approaches zero.) The 
moment of this elementary force about 0 is wx^ tan 0 dA, the integral of 
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which must represent the moment of about the axis at 0. The moment 
of the couple, F 1 F 2 , will be twice this moment, or 

Fif = 2a» tan 9 J' ** dA. 

Twice the integral of dA equals the moment of inertia (about the lon- 
gitudinal axis of the ship) of the sectional area through the ship, at the 
water-line, when 9 equals zero. Therefore 


7 ^ 2 / = w/ tan 9, 

which value substituted in (36) gives 


From Fig. 27, 
so that 


ft — y tan I 


n = Btn sin 9, 


Bm 


I tan 9 

T^n«‘ 


The true metacenter has been defined as the position which the point 
m approaches as the angle 9 approaches zero. As 9 approaches zero, its 
sine and tangent approach equality and the distance from B to the true 
metacenter is 



Since metacentric height is the distance from the center of gravity to 
the true metacenter, 

Metacentric height — Dist. between c. of g. and c. of b. 

This equation applies to any floating body, I being the least moment of 
inertia of a water-line section through the body, and V the volume of 
displaced water. The plus sign represents the case where the center of 
gravity may be bdow the center of buoyancy. 

PROBLEMS 

1. A gas holder contains illuminating gas under a pressure corresponding to 
2 in. water. If the holder be at sea level (atmospheric pressure 14.7 lb. per 
sq. in.), what pressure in inches of water may be expected in one of its distribut- 
ing pipes at a point 500 ft. above sea level? Assume unit weights of air mid gas 
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to be constant at all elevations with values of 0.08 and 0.04 Ib. per cu. ft. 
respectively. A ns, 5.84 in. 

2. A rectangular plate is immersed vertically with one of its sides in the water 
surface. How must a straight line be drawn from one end of that side so as to 
divide the rectangle into two areas, the total pressures upon which shall be 
equal? 

3. Two vessels, A and B, containing water under pressure, are connected by 
an oil differential gauge of the type illustrated in Fig. 12. If a point w in A is 
4.85 ft. below a point « in B, find the difference in pressure at these points when 
the top of the water column in the tube entering A stands 15 in. below that in 
the tube entering B. Sjiecific gravity of ril is 0.80. Ans, 2.0 lb. per sq. in. 

4. A differential gauge is used to measure the /air pressure in a ship’s stoke- 

hold. It is in the form of a vertical, glass U-tube, partly filled with water, having 
one leg in the stokehold and the other outside where the pressure is atmospheric. 
Oil with a specific gravity of 0.80 fills the inside leg, the line of separation 
between oil and water being in this leg. The upper ends of the lube are enlarged 
so that the sectional area is 10 times that of the rest of the tube, and the top 
surfaces of the oil and water are in the enlarged jiortions. Find what increase in 
pressure (over that of the atmosphere outside) in the stokehold will force the 
line of separation downward 1 in. Ans. p = 0.014 lb. per sq. in. 

5. A liquid whose s]:)ecific gravity is 1.25 partly fills the vessel shown in 

Fig. 8. What will be the intensity of pressure at a point 1.8 ft. below its surface 
if h be 15 in. of mercury? Ans. 8.33 lb. per sq. in. absolute. 

6. Water fills the two vessels shown in Fig. 12, and a portion of the connect- 
ing tube. If the oil has a specific gravity of 0.85, what will be the difference in 
pressure-intensity at the points m and n when h ~ 4 ft. and s = 10 inches? 

Ans. 1.68 lb. per sq. in. 

7. If mercury, instead of water, occupies the vessels and portions of the tube 
shown in Fig. 12, what will be the difference in pressure- intensity at points m 
and n when A = 12 in., 3=18 in., and the oil has a specific gravity of 2.0? 

Ans. 1.64 lb. per sq. in. 

8 . A masonry dam, 70 ft. high, has a triangular cross-section, the up-stream 

side being vertical. The masonry weighs 150 lb. per cu. ft. and the water back 
of the dam has a depth of 60 ft. above the latter’s base. What width must the 
dam have at its base in order that the resultant of the weight of the dam and the 
pressure of the water sliall fall within the base at a distance from the down- 
stream face equal to ^ the base width? " Ans. 40 ft, 

9. Compute the total normal pressure on the interior sides and bottom of a 
cylindrical water tower, 40 ft. in diameter, containing water to a depth of 60 ft. 

Ans. 18,840,0001b. 

10. A tank with plane \ertical sides contains 4 ft. of mercury and 12 ft. of 

water. Find the total pressure on a portion of a side, 1 ft. sqiiare, one half this 
portion being below the surface of the mercury. The sides of the square area are 
vertical and horizontal Ans* 847 lb' 
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11 . A vertical, rectangular sluice gate at the bottom of a dam is 2 ft wide, 

6 ft high, and exposed to water pressure on one side corresponding to a head 
of 50 ft. above its center. Assuming the gate and stem to weigh 500 lb, and the 
coefficient of friction of gate on runners to be 0.25, find the force necessary to 
raise it Am, 9850 lb. 

12. A vertical gate*, 4 ft. wide and 6 ft. high, hinged at the upper edge, is kept 
closed by the pressure of water standing 8 ft. deep over its top edge. What force 
applied normally at the bottom of the gate would be required to open it? 

Am, 8990 lb. 

13. How far below the water surface is it necessary to immerse a vertical 

plane surface, 3 ft. square, two edges of square being horizontal, in order that 
center of pressure shall be but 1 in. from center of gravity? A ns. 9 ft. 

14. An immersed plane surface has the form of a square, 6 ft- on a side, but 

from an upper corner (plane vertical and sides of square horizontal and vertical) 
a piece has been taken by a straight cut leaving the top edge 4 ft. long and the 
vertical edge 2 ft. long. Locate the center of pressure both vertically and later- 
ally. Water is 6 ft. deep on upper edge. Ans. 3.53 ft.; 2,76 ft. 

15. A vertical triangular plate whose height is 12 ft. has its base horizontal 

and vertex uppermost in the water’s surface. Find the depth to which it must be 
lowered so that the ditference in level between the center of gravity and the 
center of pressure shall be 8 in. Am, A ft. 

16. Find the depth to the center of, pressure on a trapezoidal surface, verti- 
cally immersed in water, the upper base being 5 ft. long, parallel to and 10 ft. 
below the water surface. The trapezoid is symmetrical about a vertical center 
line, its lower base being 3 ft. long and 13 ft. below the surface. 

Am, 11.44 ft. 

17. A flat parabolic plate is immersed, with its axis vertical, in water until its 
vertex is 7 ft. below the water surface. Locate the center of pressure. 

Ans, 4.0 ft. down. 

18. Compute the position of the center of pressure on a circular gate, 4 ft. in 
diameter, placed with its center 4 ft. below the water surface and in a plane 
inclined 45 degrees from the vertical. Ans, 0.18 ft. below center of gravity. 

19. A plate shaped as a right triangle is immersed in water with one side 
vertical. If the head on the upper vertex be 3 ft., the length of the vertical side, 
6 ft., and that of the horizontal side, 10 ft., locate the center of pressure. Find 
its lateral position by the calculus method and check by means of medial line. 

Am, 0.29 ft. below center of gravity. 

3.57 ft. from vertical side. 

20. An isosceles triangle, base 10 ft. and altitude 20 ft., is immersed vertically 
in water with its axis of syn^metry horizontal. If the head on its axis be 30 ft., 
locate the center of pressure both laterally and vertically. 

Ans, Xc « 30.14 ft. 

jc » 6.67 ft. from base 
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2L A triangle having a base of 4 ft and an altitude of 6 ft. is wholly unmeised 
in water, its being in the surface and its plane vertical. Find the ratio be* 
tween the pressures on the two areas into which the triangle would be divided by 
a horizontal line through its center of pressure. 

22. A vertical, rectangular sluice gate, 12 ft. high and 10 ft. wide, is hinged so 

as to revolve about a horizontal axis placed 4 in. below its center of gravity. 
How deep will the water have to stand on the top edge of the gate if it is to be in 
equilibrium under the pressure of the water? A ns. 30 ft. 

23. A vertical parabolic plate is immersed vertex down in water. If the head 

on the vertex be 9 ft., and the width of plate at the water line be 4 ft., compute 
the total pressure on one side of the plate and the position of the center of pres- 
sure. Ans. 5350 lb.; 5.14 ft. 

24. Compute the stress in a 36-inch pipe, whose walls are | in. thick, if the 
water which fills it is under a pressure equivalent to 230 ft. of head on its center. 

Ans. 4800 Ib. per sq. in. 

25. A wood stave pipe, 48 in. in inside diameter, is to resist a maximum water 

pressure of 150 lb. per sq. in. If the staves are bound together by flat steel bands, 
4 in. wide, by J in. thick, find the spacing distance of the latter in order that 
they may not be stressed above 15,000 lb. per sq. in. Ans. 12.5 in. 

26. If a 12-in. flanged pipe be closed at its end by a hemispherical cap bolted 

to the flange, what total stress will be in the bolts when the head on the pipe’s 
center is 240 ft? Ans. 11,750 lb. 

27. What thickness should be given the steel wall of a 60-inch pipe if it is to 

withstand a pressure of 100 lb. per sq. in. with a maximum fiber stress of 15,000 
lb. per sq. in.? Ans. 0.2 in. 

28. A timber dam has a plane up-stream face sloping at an angle of 60 degrees 
with the horizontal. Compute the vertical and horizontal components of the 
pressure (per linear foot) against it when water stands 30 ft. deep behind the 
dam. Compare these figures with those obtained for a slope of 45 degrees. 

Ans. (a) V = 16,200. 

H « 28,080. 

(5) V * 28,080. 

H * 28,080. 

29. The flat bottom of a steel tank is connected with the plane, vertical side 
by a plate curved through 90 degrees on a radius of 2 ft. If water stands to a 
depth of 8 ft. in the tank, compute the horizontal and vertical components of 
the normal pressure on a linear foot of the curved plate. 

Ans. V ^ 946 lb., H = 875 lb, 

30. A rectangular caisson is to be sunk, in which to build the foundation for a 
bridge pier. It is in the form of an open box, 50 ft. by 20 ft. in plan, and 23 ft. 
deep. If it weighs 75 tons, how deep will it sink^when launched? The water 
being 20 ft. deep, what additional load will sink it to the bottom? 

Ans. 2.4 ft. 

549 tons. 
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31. A flat-bottomod scow is built with vertical sides and straight sloping ends. 
Its length on deck is 80 ft., on the bottom 65 ft., its width 20 ft., and its vertical 
deptli is 1 2 ft. How much water will it draw if it weighs 250 tons? Anj. 5.8 ft. 

32. A ship with cargo weighs 3000 tons and draws 25 ft. of water. On crossing 

a bar at the entrance to a river her draft is decreased by 1 ft, by the discharge of 
300 tons of water ballast. In going up the river to fresh water, 50 tons of coal 
are burned. What will her draft be then and how much ballast will be required 
to increase it by 1 ft.? Assume the unit weight of salt water to be 64.0 lb. (5Mg- 
gesiion: The shape of the vessers under oody is not known and the problem 
should be solved on the basis of displacement in cubic feet. The sides of the 
vessel near the water line may be assumed vertical.) Ans. 24.23 ft. 

293 tons. 

33. A hollow cylinder 3 ft. long and 3 ft. in diameter, closed at one end, is 
immersed with axis vertical and closed end upp)ermost, this end being held 25 ft. 
below the water surface. The cylinder is at first full of water, but compressed air 
is admitted from beneath in the immersed position until it has displaced two- 
thirds of the water. 

Find: 

(fl) Absolute pressure from above on top of cylinder. 

(6) Absolute pressure from below on top of cylinder. 

(c) Supporting capacity of cylinder due to buoyancy. 

(d) Supporting capacity of cylinder if it be allowed to rise 15 ft. 

(e) Position of maximum supporting capacity with same charge of air. 

Ans. (a) 26,000 lb. (b) 26,900 lb. (c) 900 lb. 

(d) 1 158 lb. (e) 3.6 ft. head on top. 

34. A tank with vertical sides is 4 ft. square, 10 ft. deep, and is filled to a 
depth of 9 ft. with w^ater. By how much, if at all, will the pressure on one side of 
the tank be changed if a cube of wood, specific gravity 0.5, measuring 2 ft. on 
an edge, be placed in the water so as to float with one face horizontal? 

Ans. 570 lb. 

35. A cask which weighed 60 lb. was placed on platform scales and then 

nearly filled with water. A total load on the scales of 320.25 lb. was read. Should 
the net weight of water as computed from these figures be corrected by reason 
of the fact that a 3-inch vertical steel shaft suspended from the ceiling above 
had its lower end immersed in the water to a depth of 1 ft.? If so, by what 
amount? Ans. 3.06 lb. 

36. If the specific gravity of a body is 0.8, what proportional part of its total 
volume will be above the surface of the water upon which it floats? 

Ans. 0.20. 

37. A stick of yellow pine timber, weighing 40 lb. per cu. ft., measures 6"X 
12" X 20'. What load will it carry without sinking, {^ placed in fresh water? 

224 1b. 

38. A vertical cylindrical tank, open at the top, contains 12,000 gals, of water. 
It has a horizontal, sectional area of 80 so. ft. and its sides are 40 ft. high. Into 
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it is lowered another similar steel tank, having a cross-section of 60 sq. ft. and 
a height of 40 ft. The second tank is inverted so that its open end is down, and 
it is allqwed to rest on the bottom of the first tank. Find the maximum hoop 
tension per vertical inch in the outer tank. Neglect the thickness of the metal 
forming the inner tank. Ans. 930 lb. 

39. A ship with a total displacement of 1800 short tons rolls to one side 

through an angle of 1 degree when a deck load of 5 tons is moved laterally 
through a distance of 15 ft. Compute the metacentric height for this particular 
position of the vessel. Ans. 2.39 ft. 

40. A rectangular pontoon is 80 ft. long, 40 ft. wide, and 12 ft. deep. Its draft 
when launched is 4 ft. and is increased to 10 ft. when fully loaded. Compute the 
position of the true metacenter for both drafts. Assume in each case the center 
of gravity of the pontoon and load at the geometriral center of the cross-section. 

Ans. 29.3 ft., light. 

12.3 ft., loaded. 
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CHAPTER III 


Effects of Translation and Rotation 


39. Straight Line Motion 

(a) No Acceleration , — If a mass of liquid moves in a straight line (any 
direction) without acceleration, the variation in pressure throughout the 
mass, and the pressure at any given point, will be the same as though 
the mass were at rest. I'igure 29 shows an elementary vertical prism in 
such a liquid and the vertical forces acting upon it. 

There being no vertical acceleration, 

pidA + wh dA — p 2 dA = 0, 
or 

pi + wh = p 2 , 

which we have seen (Art. 16) to be the law for pressure 
variation in an incompressible fluid at rest. If the liquid 
has a free surface, the latter will be horizontal. 

(b) Accelerated Motion, Direction Horizontal . — Figure 
30 shows a vessel containing a liquid that has a uni- 
formly accelerated motion, horizontally to the right. 

ITie value of the acceleration is a. If the vessel starts 
from a sta te of rest , the surface be will be observed to oscillate at first 
and then come to rest, occupying some such position as shown in the 



dA 

Fig. 29 



Fig. 30 


figure, making an angle a with the horizontal which we may determine 
as follows. Any particle in the surface must experience a single resultant 
force F, acting horizontally to the right, since its motion is uniformly 

59 
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accderated and in that direction only. The measure of this force we know 
to be 

F - Ma. 

Since upon each particle there is acting the force of gravity W, there 
must be present another force P which, when combined with W, gives 
F as a resultant. The parallelogram of forces (Fig. 
31) shows that P must act obliquely upward. It 
represents a force exerted by tlie surrounding 
particles, and if the particle considered is to re- 
main at rest relative to its neighbors, this iorce 
must act normal to the free surface. The angle 
between P and the vertical is the angle a which 
the surface he makes with the horizontal. The 
value of F as obtained from the figure is 

F = W tan a, 

W 

F = Ma = —a. 
g 

Eliminating W and F, we obtain 

tan a »= -• (37) 

g 

A little thought will show that this same result would follow, and be 
occupy the same position, had the reservoir been moving to the left with 
motion uniformly retarded. 

At any depth, h, measured vertically downward from a point in the 
surface, the intensity of pressure will be wh as may be seen from a , con- 
sideration of all the forces acting on an imaginary elementary prism of 
liquid extending from any point, m (Fig. 30), up to the free surface. 
Since the prism has no vertical acceleration, it follows that SF must be 
equal to zero. The vertical forces are the weight of the prism, wh dA, 
and the upward force pm dA on its base. 

Therefore 

'PmdA ^ wh dA 
and 

Pm “ W*. 

It follows that a plane of equal pressure must be patalld to the free 
surface. 



ind already we have 
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(c) Accderated Motion, Direction Vertical . — If the vessel in Fig. 30 be 
moved in a vertical direction with an acceleration, a, the surface will 
remain horizontal but the pressure at a point in the liquid will be different 
froin what it would be in a state of rest. Let the direction of motion be 
upward and the acceleration positive in the same direction. Any ele- 
mentary prism, mn in Fig. 32, may be treated as a mass under the action 
of the forces shown. Its weight is dA wh, and on its base is the total pres- 
sure p dA . The horizontal forces (side pressures) are i 

omitted, as they produce no vertical motion. The 
resultant force F equals mass X acceleration, or } 

m • 


. . t a » dA wh 

pdA — dA wh ^ X a, 

P 

from which 

o 




V 8 / 

For the special case of 

a * g, 

we have 

p =■ 2wh 



Fio. 32 


If the acceleration be negative (i.e,, mass moves upward with decreasing 
velocity), then a in (38) becomes negative. Thus a mass of liquid moving 
upward, but coming to rest under the action of gravity alone, will have 
as a pressure in all parts, 



If the direction of motion now be changed to doTvnwardt with the accel- 
eration positive in the same direction^ a reconsideration of the forces act- 
ing on the elementary prism will show that 

p ^ wh ^ • (38a) 

If the body of liquid falls freely, 

p = wh (--^) - 0 . 

If the acceleration be in a direction opposed to motion, the negative sign 
In (38a) becomes poative. 

A little thought will make it dear that the law of pressure for a liquid 
movinx downward with increadng velocity is the same as though it were 
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moving upward with decreasing velocity, and for a liquid moving down- 
ward with decreasing velocity, the same as though it were moving up- 
ward with increasing velocity. 

In the case of a liquid mass falling freely, it has just been shown that 
the pressure at any point in the mass is zero, or the pressure of the sur- 
rounding air. This principle finds an important application in the case 
of a stream of water falling through space. The particles in any elemen- 
tary mass will be under no pressure save that of the atmosphere. The 
pressure in a stream issuing from a pipe therefore becomes zero (rela- 
tive) immediately upon leaving the pipe. In the case of a jet issuing from' 
a sharp-edged orifice (Fig. 48), also from a conical nozzle, it will be found 
that the sides of the jet converge for a short distance and that the pres- 
sure does not bcLomc zero until the plane of complete contraction is 
reached. 

40. Rotation of Liquid Masses 

If an open vessel of any shape be partly filled with a liquid and made 
to rotate at a fixed rate about a vertical axis passing through the liquid, 
it will be found that, as the liquid acquires the angular velocity of tlie 
vessel, its free surface, at first horizontal, becomes dished or concave in 

form (Fig. 33). The mathematical na- 
ture of this surface and the reason for 
its formation may be understood if we 
consider the forces acting upon the 
fluid particles forming it. Selecting a 
small mass, located a distance x from 
the axis of rotation, let us designate 
its weight by W. The only other forces 
acting upon it are the pressures it 
receives from the surrounding par- 
ticles, and since it has no motion rela- 
tive to the latter, the direction of the resultant, F, of these pressures 
must be normal to the curved surface. The resultant of W and F must 
be the horizontal drdating force C, whose magnitude is -5- « 

representing the linear velocity of the small mass. (The resultant, C, 
must be horizontal and act toward the center of rotation since the small 
mass is following a horizontal path and is being uniformly accelerate 
toward the center of rotation.) If w (Omega) represents the angular 
velocity, so that « =» war, 

_ W „ 

C = u*x. 
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Referring to Fig. 34, the tangent of the angle $ which F makes with the 
vertical is 

A. A ^ 

tan = — =■ 

W g 

From the figure, 9 is also the angle which a tangent to the curved surface, 
at the point imder consideration, makes with the axis, A'. The tangent 
of 6 may, therefore, be written „ 




from which 


and 


. dy 

tan 9 = ~ = — 
dx g 


dy 


u^x 


y = 


S 

2g 


dx, 


(39) 



The equation is that of a parabola with its 
vertex on the axis of rotation, and the form 
of the free surface is, therefore, that of a parab- 
oloid of revolution. Such a surface will always be formed, when a mass 
of liquid is rotated about a vertical axis, provided the surface be free. 
The axis may or may not pass through the mass itself, but the vertex of 
the paraboloid formed will always be on the axis. 

Equation (39) may be more conveniently remembered, perhaps, if it 
be written 

„2 

(39a) 


u‘ 




u being the linear velocity of any point on the surface, and y its elevation 
above the vertex. 

At any depth, k, measured vertically downward from a point in the 
surface, the pressure intensity will be wh as may be seen from a con- 
sideration of the forces acting on an imaginary elementary prism extend- 
ing downward from the point a distance k. The prism having no vertical 
acceleration, it follows that ZF must be equal to zero, and the upward 
pressure, p dA, on the base of the elementary prism must equal the 
weight, wh dA , of the latter. Therefore p * wh. 

It is important to note that in deriving equation (39) no particular 
liquid was specified. Hence the value of y is independent of the nature, 
or specific weight, of the liquid, and depends solely upon a and the cfis- 
tance, x, from the axis of rotation. 
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41. Cylindrical VeMels with Free Liquid Surfaces 
If the containing vessel be cylindrical in form with the axis of sym: 
metry also the axis of rotation, we may ascertain the relation in space of 
the new surface to the original surface. Thus assiuning Fig. 33 to repre- 
sent a section through such a vessel, the original level may be shown by 
the line a-b, and A will denote the horizontal cross-sectional area of the 
vessel. Remembering that the volume of a paraboloid is one-half that of 
the circumscribing cylinder, we have 

Vol. paraboloid = Ahi -s- 2, 


while from the figure we see that 


and therefore 


AAi - 5 - 2 * Ah 



That is, the distance between the vertex of the paraboloid and the 
original water level is the same as from the original level to the highest 
point on the new surface. Evidently this fact holds for the cylindrical 
vessel only. 

Example . — A cylindrical vessel (Fig. 35) is filled with water to a depth 
of 6 feet. Its height being 8 feet, and radius 2 feet, determine the angular 
velocity and revolutions per minute which will raise the water even with 



since 2ir radians correspond to one revolution. 

To find the total pressure on the side: 

P - Awho * (rr X 4 X 8) 62.4 X 4 - 25100 lb. 

As for the total pressure upon the bottom, it will be unchanged by the 
rotation and must equal the weight of the contained liquid. 
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42. Rotation with No Free Surface 

(a) Axis within the Liquid . — If a liquid entirely fills a closed vessel, it 
will, of course, be impossible to form a parabolic surface by rotation. 
However, the pressure at any point in a horizontal plane through the 
mass will be increased by the rotation, the increase l>eing propop'tional to 
the square of the distance of the point from the axis. This may be proved 
with the aid of Fig. 36, in which an 
imaginary elementary prism of liquid 
connects the point, m, with the axis of 
rotation. At either end of the prism acts 
a horizontal force, produced b)' the 
adjacent particles. There arc no other 
horizontal forces acting, and that at m 
must exceed the other by an amount 
sufficient to produce the normal acceler- 
ation which the prism has as it rotates. 

If its rate of angular rotation be «, the 
necessary difference in the two forces 
must be 

n z ii> dA w® 
dPi -dPi=dMof‘-^ = 


1 

i\ 

i\ 

I \ 

,L\ 


! I 


In 


Dividing by dA, 


2g 


y'-l-J- 


-jj- 
! I 






wx^ 


p2- P\= -2“ « » 


(40) 


Fic 


showing that the difference in pressure intensity varies as the square of 
the distance out from the axis. 

Another form of (40) is 


P 2 _P\ _ 
w w 2g ’ 


(41) 


giving the difference in pressure-head between the two points. A little 
thought will show that the pressure intensity at any ix)int on the axis 
will not be changed by the rotation of the mass as the latter produces no 
motion in particles on the axis. Equation (41), therefore, gives the in- 
crease in head, produced by rotation, at any distance * from the axis. 
It is identical with equation (39). 

A graphical representation of the above conditions may be obtained 
by drawing, in Fig. 36, the parabolic arc, cod, with its vertex on the axis 
and tangent to a line ab which represents by its height above the confined 
liquid surface the pressure-head on the surface before rotation com- 
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menced. A vertical ordinate from any point, w, to this parabola measures 
the pressure-head at the point during rotation. The equation of the 
parabola, from equation (41), must be 


if y measures the increase in pressure-head at a distance x from the axis, 
j ^ , Example. — If the cylindrical vessel shown in 

4 ^ Pjg filled with water and closed at 

I the top, determine the total pressure on the top, 

\ L®h 4/I bottom, and sides when rotated about its own 
i axis at a rate of 76.6 rpm. 

* It will be seen that, during rotation, the vari- 
ation in pressure-head over the top surface of 
the liquid is represented by the parabolic curve, 
abc, whose maximum ordinate is 
I 

wV 8.03^ X 4 , ^ 

y = 0 “ = = 4 ft. 


\ I It 


(76.6 rpm. = 8.03 radians per sec.) 
Pressure on sides. — 

F = Awho = (tt X 4 X 8) 62.4 X 8 


= 50200 lb. Ans. 


Pressure on top. 

On an elementary ring (Fig. 37), 


dP = dA wh = (27rx dx) wy, 


y having the value 


3(^dx = 1570 lb. Ans. 


Pressure on the base. — 


Awh + 1570 

(x4 X 62.4 X 8) -f 1570 7850 lb. Ans. 


The pressure on the top could have been readily computed from the 
fact that it equals the weight of an imaginary volume of water Iving 
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between the top of the vessel and the paraboloid abc. Since this volume 
equals one-half that of a circumscribing cylinder, 

P = 7r(2)2 X 2 X 62.4 - 1570 lb. 

(ft) Axis Outside the Liquid . — If the axis lies outside the rotating mass, 
one change from the condition described in the previous article should 
be noted. Figure 38 shows a closed cylindrical 
vessel having a double or inner wall. The 
outer compartment is filled with a liquid and 
rotation takes place about the central axis. 

Considering an elementary prism extending 
in a radial direction from a to 6, the pressure 
throughout its length will be increased by the 
rotation as previously explained. If the liquid 
were compressible ^ this increase in pressure 
would result in a shortening of the prism s 
length and the initial pressure (before rotation) 
at a would decrease as soon as the rotation 
commenced. At higher speeds the liquid would 
leave the inner wall and the pressure at a 
would be less than atmospheric. Since a liquid 
is practically incompressible, rotation will not 
lower the pressure at a. and it cannot in any 
way cause the pressure to increase. It is appar- 
ent, therefore, that rotation wdll not affect the 
pressure at a. Between a and b, the increase in 
pressure will vary with the square of the dis- 
tance of the point from the axis, and the parabolic curve, oac, passing 
through Qy may be drawn to show the variation in pvessure-head between 
the two points. 

Example.— Assuming in Fig. 38 that the inner and outer diameters of 
the cylinder are 1 foot and 2 feet, respectively, and that the rate of rota- 
tion be 300 rpra., the maximum pressure produced by rotation may be 
found as follows. 

^ s — X 2t - 31.42 rad. per sec. 

60 

At point by 

yh = 31742^ X ^ 64.4 = 15.35 ft. (from equation 39) 

At point a, 

ya » 31X2* X 03* ^ 64.4 = 3.84 ft. 
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Increase in pressure-head a,t b ^ yt ya — H.Sl ft 
If the liquid be water (w = 62.4), 

pb - pa - 11 51 X 62.4 144 = 4.98 lb. per sq. in. 

The resulting pressure at b will be the sum of this increase and any pres 
sure which existed at b prior to rotation. 

The rotation of water in the impeller of a centrifugal pump is a case 
of rotation about an axis outside the mass, but the pressure variation 
will be further affected by the fact that a condition of flow exists (Chap. 
XIV). 

PROBLEMS 


1. What distance must the sides of a tank be carried above the surface of 

water contained in it, if the tank (moving horizontally) is to suffer an accelera- 
tion of 10 ft. jier sec. each second without losing water? Tank is 6 ft. square with 
water 3 ft. deep. Compute the maximum intensity of pressure on the bottom of 
the tank during acceleration, Ans. {a) 0.93 ft. 

{b) p * 1.71 lb. per sq. in. 

2. How much water will be spilled from a rectangular tank, 5 ft. long, 3 ft. 

wide and 4 ft. deep, if starting from a state of rest and full of water, it be hori- 
zontally accelerated in the direction of its length at a rate of 2 ft. per sec. each 
second? Ans. 2.3 cu. ft. 

3. An open tank, 30 ft. long, is supported on a car moving on a level track and 
uniformly accelerated front rest to 30 mi. per hour. When at rest, the tank was 
filled with water to within 6 in. of its top. Find shortest time in which the accel- 
eration may be accomplished without liquid spilling over the edge. 

Ans. 41.2 sec. 


4 , A vessel containing oil (specific gravity 0.70) moves in a vertical path with 
an acceleration of 8 ft. per sec, each second. Find the intensity of pressure at a 
point in the oil 3 ft. beneath its surface when, 

(a) moving upward with positive acceleration. 

(b) moving upward with negative acceleration. 

(r) moving downward with fxjsitive acceleration. 

(rf) moving downward with negative acceleration. 

5. If the water which just fills a hemispherical bowl of 
3 ft, radius be made to rotate uniformly about the ver- 

b tical axis of the bowl at the rate of 50 rpm., how much 
will overflow? Ans. 19.5 cu. ft. 

6. The open cylindrical vessel shown in the accom- 
panying sketch is revolved about its center axis at the 
rate of 56 rpm. If previously filled with water to the 

brim, how high above the latter will water rise in the attached piezometer tube. 
a-6? Ans. 2.68 ft 




I 
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7. At what speed must an open, vertical cylindrical vessel, 4 ft. in diameter, 
6 ft. high, and filled with water, be rotated on its own axis in order that 
the effect of rotation will be to discharge sufficient quantity of water to 
uncover a circular area on the bottom of the vessel 2 ft. in diameter? 

Ans. 108 rpm. 

8 . A glass U-tube, whose vertical stems are 12 in. apart, is filled with mercury 

to a depth of 6 in. in the stems. At what rjMn, must it be rotated about a vertical 
axis, midway between stems, in order to produce in the mercury at the axis a 
pressure of absolute zero? Ans. 265 rpm. 

9 . A closed cylindrical vessel, axis vertical, 6 ft. high and 2 ft. in diameter, is 

filled with water, the pressure intensity at the top being 20 lb. per sq. in. The 
metal side is 0.10 in. thick. Compute (a) total pressure on side w'all; (h) total 
pressure against top; (c) maximum intensity of hoop tension, if the vessel be 
rotated at 240 rpm. Ans. 138,600 lb. ; 10,000 lb. ; 3220 lb. f>er sq. in. 

10. A closed cylindrical vessel, axis vertical. 8 ft. high and 1 ft. in diameter, 
is just filled with water. At what speed must it be rotated about its axis in order 
to produce a total pressure of 100,000 lb. against the side wall? What intensity 
of hoop tension will exist at mid-height if the metal sifle l>e 0.0625 in. thick? 

Ans. 1183 rpm.; 2650 lb. i)er sq. in. 

11. A closed cylindrical vessel, as shown in Fig. 38, is just filled with mercury. 

The diameter of the inner w^all is 2 ft., that of the outer wall 3 ft. What maxi- 
mum rise in pressure will occur if the vessel be rotated at 300 rf)m. about its 
axis? Afis. 113 lb. per sq. in. 

12. Water from the constant-level reservoir, /?, flows to, and entirely fills 

the closed, concentric cylindrical chambers 
shown in the figure. A w’hcel, IF, composed 
of flat vanes and driven by a motor, causes 
the water in the central chamber to rotate as 
a mass at the rate of 240 r])m. With free 
communication between the central and outer 
chamber, P, how high will water stand in 
the open piezometer tube, T, above the level 
in the re.servoir? Ans. 9.8 ft. 

13. A small pipe, 2 ft. long, is filled with water and caj)f)ed 
at its ends. If placed in a horizontal [losition, how fast must 
it be rotated about a vertical axis, 1 ft. from an end, to pro- 
duce a maximum pressure of 1000 lb. per sq. in.? 

Ans. 1300 rpm. 

14 . A horizontal tube, 8 ft. long and 2 in. in diameter, is 
filled with water under a pressure of 10 lb. per sq. in, and closed at the ends. 
If rotated in a horizontal plane about one end as an axis, at the rate of 60 
rpm., what will the oressure at the outer end become? 

Ans. 27,0 lb per sq. in. 
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15. A vertical cylinder 6 ft. high and 4 ft. in diameter, two-thirds full of 
Water, is rotated uniformly about its axis until on the point of overflowing, (a) 
Compute the linear velocity at the circumference, (d) How fast will it have to 
rotate in order that 6 cu. ft. of water will be spilled? 

Ans. 16.1 ft. per sec.; 85,3 rpm. 

16. A closed steel cylinder, 6 ft. in diameter, 10 ft. long, axis vertical, is just 
filled with water. How rapidly must it be rotated about its axis if the w^atei 
pressure is to burst the sides of the cylinder by hoop tension? The metal is 0.25 
in. thick and its ultimate strength is 50, (XK) lb. per sq. in. Ans. 719 rpm. 

17. Resting against the flat top of a closed vessel filled with water is a cube 
of wood, 6 in. on a sule and weighing 5 ll>. It is fastened to the top by a vertical 
pin. The vessel is rotated at the rate of 30 radians jier .sec. about a vertical axis 
passing through tJie ves.sel and at a distance of ^ ft. from one of the vertical 
faces of the cube. What radial force does the cube exert against the pin? 

Ans. 255 lb. 

18. A conical vessel with axis vertical and sides sloping at 30 degrees with the 

same is rotated about another axis distant 2 ft. from its own and parallel. How 
many revolutions ]ier second must it make in order that water poured into it 
will be entirely discharged by the rotative effect? Ans. 50.5 rpm. 

19. Prove that in the case of an overshot water-wheel revolving at uniform 
speed around a horizontal axis, the water surfaces in the various buckets will 
be cylindrical surfaces described from a common center at some point on the 
vertical diameter produced. 



CHAPTER IV 


Fluid ^M.otion, Genera in eorems and 


Criteria 


43. Laminar and Turbulent Flow 

It is a fact, well established by experiment, that a fluid in motion 
along any channel may flow in either of two widely different ways, IJ 
the velocity of movement be sufficiently lou), the separate particles will fol- 
low well defined paths that do not intersect or cross one another, although 
adjoining particles may have velbcitics that differ in magnitude. Each 
particle, or group of particles, has a motion 
of translation only, there being a noticeable 
absence of eddying and turbulence. 

As an illustrative case let us consider the 
fluid as moving through an ordinary pipe of 
circular cross-section. If the cross-section be 
divided into a number of concentric rings 
(Fig, 39) y the fluid particles in any one ring 
will remain in that ring if the pipe be free 
from obstructions. The particles in contact 
with the pipe wall will adhere to the wall and 
have no motion. If the width of each ring be infinitely small, the outer ring, 
or layer, will be at rest, and each inner ring will move with a velocity 
which is greater than the velocity of the ring which surrounds it. We 
may conceive the flow as made up of telescoping layers, or Ian inac. 
Hence the descriptive term, laminar flow. lu all conduits and channels a 
similar pattern of flow may exist if conditions are favorable. If a small, 
partial obstruction occurs at a point in the pipe just considered, the 
velocity of the particles will be increased while passing it, and turbulence 
may develop at that point or just beyond it; but in a short distance the 
turbulence will disappear and laminar flow will continue. 

If, in the same pipe, the velocity of flow be sufficiently increased, the 
characteristics of laminar flow disappear and the paths followed by sep- 
arate particles, or groups of particles, become very irregular, crossing 
and recrossing one another to produce an intricate pattern of interlacing 
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lines. In addition, large and small vortices, or eddies, will be superim- 
posed upon the pattern, each vortex continuing for a short distance only 
to be broken up or torn apart by the viscous shear between it and the 
surrounding fluid. New vortices are constantly formed. Under such con- 
ditions the flow pattern is said to be turbulent. 

Obviously the laws governing laminar and turbulent flow must differ 
widely. 

In a given channel the change from laminar to turbulent flow begins 
to take place when a certain velocity, known as the critical velocity, is 
reached and passed. Beyond this the turbulence increases with velocity, 
finally reaching a state in which the turbulence is said to be fully de- 
veloped. 

Whether the fluw will be laminar or turbulent in a given channel de- 
pends entirely upon the density, viscosity and velocity of the fluid. The 
motion of a particle, or group of particles, will be controlled by two fac- 
tors, — the viscous shear between it and^adjacent particles, and the inertia 
which it has by reason of its density and velocity. By its inertia, it can 
offer a resistance (equal to mass X acceleration) to any drag which the 
viscous shear, just mentioned, may exert upon it, tending to change the 
magnitude or direction of its velocity. It is the relative magnitude of 
these two forces which determines whether the flow is laminar or tur- 
bulent. If the viscous force dominates the inertia force, a particle follows 
a path which parallels those of adjacent particles, and there is no tur- 
bulence. If the inertia force is dominant, separate particles tend to pur- 
sue any direction once begun, but change direction from moment to mo- 
ment as they meet and mix with other particles moving with velocities 
differing from their own. 

The motion may be laminar at a certain velocity of the fluid and change 
to turbulent at a slightly higher velocity, if the increase in velocity causes 
the inertia forces to dominate the viscous forces. 

At the critkal velocity the two forces will be in equilibrium. Below it, 
the viscous forces are the stronger with laminar flow resulting, and they 
will increase in relative strength as the velocity is diminished. The flow 
simultaneously becomes more stable in the sense that any large dis- 
turbance, if momentarily caused, will be damped out quickly by the 
viscous forces. If the velocity of flow be increased (flow still laminar) the 
size of a momentary disturbance that can be damped out will decrease. 
Above the critical velocity the flow will be turbulent. It will be shown 
later that the critical velocity at which turbulent flow becomes laminar 
may be lower in value than the critical velocity at which laminar flow 
becomes turbulent. 
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The terms sinuous and non-sinuous are sometimes used to describe 
turbulent and laminar flow. 

In general, laminar flow occurs at relatively low velocities and is not 
so common in occurrence as turbulent flow. The flow of water through 
porous soils and filter beds, through pipes of very small diameter (capil- 
lary tubes) and the pipes of heating systems, where circulation is slow, 
are a few illustrative examples. Since the two types of flow follow very 
different laws, it is quite essential to distinguish between these types. 

44. Steady Flow. Stream^lines 

The flow of any fluid stream is said to be steady if at any point in the 
stream the velocity, pressure and fluid density remain constant with time. 
The quantities may change from point to point in the stream, but never 



Fig. 40 


at any one point. Tliis also implies that the form and area of any cross- 
section of the stream, normal to the direction of motion, remains constant 
with time, but not necessarily constant from section to section. In the 
case of a liquid, the density will be the same at all points (compressibility 
neglected). Such conditions are commonly i)rescnt in most of the prob- 
lems confronting the hydraulic engineer, and to problems of steady flow 
we shall, with few exceptions, limit our discussions. 

With flow steady, successive positions of a separate particle may be 
joined with a line which may be termed a stream-path or stream-line (see 
ah, Fig. 40). Such lines may be easily \isua!ized for laminar flow, but for 
turbulent conditions they would interlace and recross one another to 
form a most intricate pattern. For an imaginary perfect fluid, devoid of 
friction, they would resemble those for laminar flow, since the viscous 
forces which give rise to, and maintain, the turbulence are absent. Fre- 
quently in our reasoning we shall find it convenient to assume friction- 
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less flow, with its characteristic stream-lines, in order to derive basic 
relationships which may be modifled afterwards for the effect of frictiom 

45. Bernoulli’s Theorem for an Incompressible Fluid 

In 1738 Daniel Bernoulli, a Swiss mathematician, demonstrated a gen- 
eral theorem in connection with fluid motion, the importance of which 
cannot be overemphasized. Upon it, as a framework, may be erected the 
whole structure of fluid motion, and by it a majority of the problems 
arising may be completely solved. 

In his demonstration, Bernoulli considered only a perfect fluid, and it 
will be convenient if we, too, neglect friction and later investigate its 



Fic. 41 

effect upon our result. The theorem will be developed first for the flow 
of a liquid and then for the flow of a compressible fluid. 

{a) Friction -Figure 40 shows a portion of a liquid stream 

confined within a pipe, or conduit, and therefore under a pressure which 
may vary from section to section. Since the liquid is frictionless, we may 
assume an ideal condition of flow in which turbulence is absent and each 
individual particle follows a path that parallels that of its neighbor. 
Figure 41 represents an imaginalTy, dementaiy mass of the liquid, mo- 
mentarily atuated at any {mint, m, on the stream-line, ab (Fig. 40); It 
is cylindrical in sha{)e, having its axis {wrallel to the direction of motion 
at that point. Its cross-sectional area is dA, and the length, ds, is equal 
to the distance which the mass moves in dt seconds. Its instantaneous 

d$ 

velocity, v, therefore equals — • At one end the pressure-force, exerted 

by the surrounding liquid, is ^ dA , while at the other end it is -f dp) dA . 
The pressure-force against its ades acts in a direction normal to the sides 
and has no effect u{>on its motion. The gravitational pull on the mass is 
dA ds w, or dA ds gp, and its component in the direction of motion is 
dA dr gp sin a, or dA d.; gp. Since the resultant force in the direction of 
motion must equal the product of mass and acceleration, a, in that direc- 

pdA - 0-|-d^)dA -dAdsgp-dAdr/w. 
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From 


and 


ds 

dt' 


vdv 


— 

dt 


dv ^ ads 


dv 

a - t>— • 
ds 

By substituting this value of a, simplifying and changing signs, the 
above equation yields the differential equation, 


dp 

\- gds V dv ^ 0. 

P 


(42) 


w 


If for p we substitute - , 
& 


dp V 

h “ 0. 

w g 

Each separate term may be integrated between the limiting values which 
the variable has as the mass moves from section 1 to section 2 in Fig. 40. 
There results, 

’I 


^ rdp^rdz + ^- = + 

A w w 2g 


w 

or 




2g w 2g 


w 


+ * 2 - 


(43) 


This expression constitutes Bernoulli’s Theorem for an incompressible 
fluid (liquid). It states that with flow steady and friction eliminated, 


P 

T - + -+2 
2g w 


a constant quantity 


at all points along a stream path. Each of the three terms rq>resents a 

hnear distance. We are already familiar with it being the head that 

corresponds to the pressure, p, and known as pPesswe-head. The term, z, 
is supply the height of the particle above any assumed datum plane, and 

IS known as the devaUon-head. To — is given the name, velocity-head 

race it, too. represents a dbtance. 
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(v^ a. distance* -s- time*; g ■= distance -s- time*; 


therefore ^ a distance.) 

2g 

The further significance of the name will appear later. The sum of the 
three heads is culled the tolal head, H. 

The lhe<jrcm may therefore be expressed as follows: In steady flow 
mlhout friction, the sum of velocity-head, pressure-head and elevation-head 
is a constant quantity along any stream-line. 

Although strictly applicable to a single stream-line, it may be applied 



to a collection of stream-lines {i.e., a stream) by using the average of 
values which ~ , p and s may have for the different stream-lines at any 

2g 


cross-section. 

Figure 42 presents the theorem graphically. At sections (1) and (2) 
piezometers, by their columns, measure the average pressure at these 
sections, and we have seen (Art. 26) that the average pressure is found 
at the centroid of the section. Likewise, the average elevation of particles 
in each section is the elevation of the particle at the centroid of the sec- 


tion. If now at each section the mean value of — be added to the height 

of the piezometer column, the sum of the three heads must be alike, and 
equal to E, at the two sections. 

If the cross-sectional area at (1) and (2) be of equal value so that vi 
and ti 2 are equal, it can be seen from the figure that a gain in elevation 
is attained with a corresponding loss in pressure-head. SimUarly, in a 
horizontal pipe or conduit, an increase in velocity, brought abou( by a 
reduction in section-area, will result in a loss in pressure-head. In other 
words, any change in one of the three variables produces a change in 
one or both of the other two. Of course it must be borne in mind that 
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the effect of friction has been neglected and that Fig. 42 represents only 
ideal relationships. 

Bernoulli’s theorem has another and very important interpretation. 
Consider the case of a frictionless liquid flowing steadily through a ver- 
tical pipe of constant cross-sectional area (Fig. 43). At a point, a, in 
section (1) the velocity is and the kinetic energy of a small mass, M, 
MVi^ WVi^ 

passing this point is — - — or — • Its kinetic energy, per pound of 


F * 


Ig 


liquid, is therefore foot-pounds. By reason of its elevation, Sj, above a 

datum plane, it has eUvation-eaergy, Wzi , or Gj foot-pounds per i)ound of 
liquid. As the mass moves from (1) to .(2), its 
velocity, and hence its kinetic energy, remain 
unchanged because the area of the pipe has 
not changed. But the mass has lost elevation 
energy to the extent of (si — S 2 ) foot-pounds 
per pound. The flow being frictionless, no en- 
ergy can have been lost between the sections 
and we must conclude that the liquid has 
gained in some other form of energy to offset 
the loss. By equation (43), 


w w 


Datum 


or 


tl 

V) 


h 

w 


r 

I 


. i- ^ 




_-L 


i 4- = Z, - 2 j. 


Kig. 43 


This shows that the loss in elevatum-head has been offset by a gain in 
pressure-head, and if - can be shown to represent pressure-energy per 

pound also, then we may say that no loss in energy has taken place. 

The following discussion of the action of a simple water motor will 
throw further light on the problem. We shall imagine a closed, horizontal 
cylinder of small cross-section. A, and length, I, fitted vrith a piston and 
communicating with a large reservoir of water by means of piping. The 
piston being at one end of its stroke, the opening of a valve admits water 
under a pressure, p, and the pbton moves to the other end of the cylin- 
der. The valve being now closed and an exhaust port opened, the con- 
tained water is driven from the cylinder by a return movement of the 
piston, now receiving water on its other face from the opposite valve. 
The work done by he water during the single stroke was Apl, and the 
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weight of the water used was Alw. We may say that, per pound of waiet 
used, 


Work done 


Apl 

Alw 


^ ft. lb. 
w 


While in the motor, the water gave up no elevation-energy (motion 
horizontal), neither did it give up kinetic energy, smce its velocity at the 
begin n ing and end of the stroke was zero. The work done by the water, 
therefore, was at the expense of its pressure, which fell from p to zero 

p 

(relative pressures) as it passed the cylinder, and we may regard ^ as 

the amount of energy, per pound, contained in the water when \mder 
the pressure p. It should be noted that tlie pressure was derived from 
contact with water at higher elevation in the reservoir; and had it not 
been for this contact, no work could have been done. 

Returning to Fig. 43 and the discusson incident to it, we may state 
that the loss in elevation-energy between sections (1) and (2) is offset 
by a gain in pressure-energy; that for any point in the flow. 


Energy per pound 


V . p 


:r + - + * 

2g w 


E, 


(44) 


the three terms respectively representing the kinetic, pressure- and eleva- 
tion-energy of the liquid per unit of weight. It is seen that Bernoulli’s 
theorem is an expression of the principle of conservation of energy. We have, 
therefore, two conceptions of the meaning of the theorem. As first viewed, 
each term represented a distance or head; now we see it also represents 
energy per pound of liquid. The two conceptions are synonymous, since 

_ . foot-pounds distance X force 

Energy per pound — , = 

pounds force 

<= distance, or head. 

(6) Friction Considered. — ^All liquids are more or less viscous and their 
flow is accompanied by frictional forces, or resistances, which hinder mo- 
tion. Therefore, from section to section there must be a continual expendi- 
ture of energy by the liquid in overcoming the resistances, and the equa- 
tion of Bernoulli must be modified to 


Ig"^ w 


+ 2l 


*>8* I P% 
2g '^w 


-f zj H- lost energy per pound or lost head. (45) 


Expressing the theorem in words: In steady flow, with fruAion present, 
the total head {or total energy per pounds at any section is eoud to that at 
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COMPUTATION OF VELOCITY-HEAD 

any subsequeiU section, plus the lost head {or lost energy per pound) occur- 
ring between the two sections. 

If the total energy per pound be multiplied by W', the pounds per 
second which pass a given section, the product is the energy per second 
or power, in the stream at that section. This is seen to be so from 

energy ^ pounds energj’ 
pounds seconds seconds 


Comparing the power at any two sections. 


Power computations are useful in the testing of pumps and hydraulic 
turbines. If the total energy per second be computed at sections just 
before and after passing the pump, the difference in these quantities is 
the power supplied by the pump to the water. Since a turbine extracts 
energy from the water passing through it, the difference, similarly com- 
puted, is the power supplied to the turbine. 


46. Computation of Velocity^Head 

The boundary walls of a moving stream exert a drag upon the ffuid, 
causing the velocity to be much lower near the wall than at points 

nearer the stream's center. The average value of ^ at any cross-section 

is the numerical mean of the values found for each particle in the section. 
Unless the law of velocity variation across the section be known, there 
is no way of computing this mean, and the customary procedure is tc 

assume that it may be obtained by substituting the mean velocity, j , in 

— • This results in an error which may, or may not, be important in a 

given problem. If the variation in velocity be small, the error will be 
generally negligible. 

As a case where the error is large, may be dted the flow through a 
circular pipe when the motion is laminar (Fig- 44). The velocity at a 
distance, x, from the center being v, the rate of discharge through an 
dementaiy annular area, dA, is v dA, and the kinetic energy of this dis- 
charge is 


K.E. per sec. 


, . »* wr^dA 
wvdA— — — - — • 
2g 2g 
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For the entire section, 

K.E. per sec. 


w 

2 g 


/ 




If the K.E. for the entire section be computed by using 
Velocity of flow, ^ji ^^3 


the mean 


K.E. w A v„ 


2g 


w 


2g 



Fic. 44 


and the ratio of these two values, a, is 



If V were a constant, it would equal v„ and a would have a value of 
unity. With v a variable, increasing in value with distance from the pipe- 
wall, a will be found to have a value always larger than unity. 

With laminar flow in a circular pipe it will be found (Art. Ill) that 
the velocity is zero at the wall, increasing to a maximum, at the cen- 
ter, and that the maximum velocity is twice the mean velocity. The ve- 
locity variation is parabolic as shown in the figure. 

From the last fact, 

Vc — V 3^ 

Therefore, r /^r / 

J li^dA - pjj lirxdx 


16 irT, 


3 



FRICTION LOSSES 


81 


Hence, 



2irrh 

irrh'„^ 


V 

or the true value of — for the whole section is twicn that computed by 


using Vm for v. 

For turbulent flow in a pipe, the variation in velocity between the 
center and the wall is such (Art. 133) that a docs not greatly exceed 
unity. From Nikuradse’s experiments, Powell * has computed that a 
varied from 1.03 to 1.11 in the experiments, as the pipe increased in 
roughness. For open channels a varies with the form of the channel, 
having values slightly larger, in general, than in pipes. For a jet issu- 
ing from an orifice or nozzle, a may be as small as 1.01. 

In numerical problems, these facts are not so disturbing as they at 


first appear, inasmuch as the value of — is usually a small quantity 

when compared with the pressure and elevation heads at a given section. 
Where the total heads at two sections in a flow are being compared by 
using Bernoulli’s theorem, the value of a is inunaterial if the areas of the 
sections and the velocity variations at the sections are alike. In rela- 
tively few cases will serious error occur if a be assumed as unity, and 
these cases will be pointed out as they arise. 


47. Friction Losses 

All frictional losses in fluid flow must be due to the fluid’s viscosity. 
It was shown in Art. 8 that by its viscosity a fluid resists deformation and 
the accompanying shear stresses. Deformation and shear stress are pres- 
ent in both laminar and turbulent flow, and the fluid’s resistance gives 
rise to work which must be done at the expense of the fluid’s energy. 
Fluid motion therefore involves the continuous transformation of me- 
chanical energy into heat. 

In discussing flow through nozzles, pipes, open channels, etc., we com- 
monly speak of the resistance offered by surface friction, meaning the 
resistance offered the moving fluid by the boundary walls. Unless ex- 
plained, the exact nature of the phenomenon may be misunderstood. 
The fluid particles in contact with a bounding surface adhere to it and 
are motionless. Between them and adj'acent particles that have motion, 
shearing action occurs, and in this way the surface exerts a drag upon 
the moving fluid. 


• MuhanUs of Liquids by R. W. Powell, Mocmillan Company, New York, IMO. 
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If the surface be rough, its unevenness may cause the formation of 
vortices which contain rotative energy that must be derived from the 
moving stream. Laminar flow represents linear deformation of the fluid', 
turbulent flow, brth linear and angular deformation. 

When a fluid stream has its velocity suddenly reduced by an abrupt 
enlargement in cross-section, extreme turbulence is developed with 
accompanying loss of energy. Although the loss is often said to be due 
to shock or impact, the terms are misleading. Since a fluid is a continuous 
medium, loss of energy by impact is impossible. The phenomenon is bet- 
ter explained by stating that the mixing of fluid particles, having orig- 
inally different velocities, causes much angular and linear deformation. 

48. Application of Bernoulli’s Theorem 

Inasmuch as the solution of many problems in hydraulics and fluid 
flow requires the determination of velocity and pressure conditions, or of 
the head lost by friction, Bernoulli’s theorem finds wide application. 
Since there are seven terms in equation ( 45 ), and only one in general 
can be unknown, it is necessary in choosing the points or sections, between 
which to write the theorem, to select two points or sections at which all 
the heads, save the desired one, are known. In most cases, as we shall see 
later, this is possible. Often where two unknowns appear, a second equa- 
tion may be written giving the relation between them. Thus if both 
velocities be unknown, one may be expressed in terms of the other by 
means of the relation, 

aiVi - a2t>2 == 03113, etc., 

where a represents tne sectional area of the stream taken normal to the 
direction of motion. This simple relation is known as the equation of 
continuity of flow. It must hold for all sections of a single, undivided 
stream of liquid. If the stream be a compressible fluid, the equation 
becomes 

WifliDi * WifhVi = u’sasPs, etc., 

which states that the weight of fluid passing a section each second must 
be constant. 

Where a velocity and the friction head are both unknown, it is often 
possible, as we shall see later, to express the lost head in terms of the 
unknown velocity. 

It must be noted that the solution of the equation, for the value of an 
unknown term, will not result in a real value unless the term representing 
the lost head has been incorporated in the equation. If it be omitted, 
the value obtained is ideal, being correct only for a frictionless liquid. 
Beginners frequently lose sight of tlus fact with diastrous results. 
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When oiaking numerical substitutions in the pressure term, either the 
rdative or absolute scale of pressure (Art. 18) may be used, but the same 
scale must always be used in any one writing of the equation. Using the 
absolute scale in place of the relative, one is simply adding to each side 
of the equation Uie pressure-head of the atmosphere, expressed in feet 
of the flowing liquid. 

The value of the pressure may be anything from absolute zero upward, 
but it can never be less than zero because a negative value implies ten- 
sion which liquids cannot stand (see Art. 7). If in the application and 
solution of the equation a negative value (absolute) of /> be obtained, it 
may be known at once that either a numerical error has been made, or 
the flow does not take place under the conditions assumed. 

Example 1. — pipe line gradually enlarges from 24 inches in diameter 
at A to 36 inches at B. The velocity at A is 5 feet per second, and the 
average pressure, above that of the atmosphere, 50 pounds per square 
inch. Assuming that 2 feet of head arc lost between A and B, find the 
pressure at the latter point if it be situated 15 feet lower in elevation 
than A. (Tlie student should draw the figure.) 

From Bernoulli’s theorem, 

+ -r + -+«* + l<»ll>ead. 

2g w 2g w 

From the conditions stated, 

= 5 ft. per sec. 
pi = 50 lb. per sq. in. 

Z\ — 15 ft. 

C2 = 0 ft. 

Lost head = 2 ft. 


(It will be noted that the datum from which the z*s were reckoned was 
assumed passing through the point B). As for the value of V 2 , we have 


aivi 


giving 


V2 


(I2 


/24\* 


® 2 ® 2 . 

5 ~ 2.22 ft. per sec. 


Substitution of the above values gives 


25 50 X 144 

64.4 62.4 


+ 15 


64.4 w 


+ 0-1-2. 


^ - 128.4 ft. 
w 

p » 8025 lb. per sq. ft., or 55.7 lb. per sq. in. 
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Example 2.— A 12-inch pipe-line omtains water moving vnth a mean 
velocity of 10 feet per second. What amount of energy per second passes 
a section where the average pressure is 20 pounds per square inch? 

— = = 1.56 ft. lb. per lb. 

2g 64.4 

= 20 X 2,31 - 46.2 ft. lb. per lb. 
w 

Total energy per lb. = 47.8 ft. lb. per lb. 


The pounds passing the section per second are 


and 


W - 0.785 X 10 X 62.4 = 490 lb., 
Energy per sec. = 47.8 X 490 = 23400 ft. lb. 


Expressed in horsepower, this is equivalent to 


“nm 

550 


42.6 hp. 


Elevation energy was considered to be zero, since we were computing 
the energy in the pipe and the reference datum was therefore the pipe’s 
axis. 

Example 3, — ^Water enters a motor through a 2-foot pipe under a pres- 
sure of 20 pounds per square inch. It leaves by a 3-foot pipe with a pres- 
sure of 5 pounds per square inch. A vertical distance of 6 feet separates 
the centers of the two pipes at the sections where the pressures are meas- 
ured. If 15.7 cubic feet of water pass the motor each second, compute the 
power supplied to the motor. 

A A 15.7 , , 

At entrance, tii = = 5. ft. per sec. 

15.7 ^ ^ 

“ 2.2 ft. per sec. 

— energy per lb. given up in motor 

52.4 - E„ - 11.6 
E„ = 40.8 ft. lb. per lb. 

Energy furnished motor each second >■ (15.7 X 62.4) 40.8 

•> 40000 ft. lb. per sec. 

- 72.7 bp. 


At exit, 

{^- + 20 X 2.31 + o) 
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49. Bernoulli's Theorem for a Compressible Flxiid 

The flow of ur and gases through orifices and pipes so commonly occurs 
in oigineering as to warrant a brief discussion of the fundamentals in- 
volved. One characteristic difference between a gas and a liquid is that 
the density of a gas varies with pressure. 

Reviewing the derivation of Bernoulli’s theorem for a liquid in Art. 45, 
it will be seen that up to, and including, equation (42) no change in the 
statements is necessitated if we substitute the word, fluid, in place of 
liquid wherever the latter word occurs. Equation (42), 

^ + g dz + V dv = 0, 

P 


may be considered, therefore, as a fundamental relationship for all fluids 
under steady flow. For compressible fluids, p is a function of p and the 
pressure term cannot be integrated, as in Art. 45, unless the relationship 
between p and p can be expressed. The integration of the terms along a 
stream-line between points (1) and (2) therefore gives 


or 



2 

+ ^(Z2 - Zl) + 



0 



2s 


+ 22 -f 



(46) 


if each term be divided by g. The equation may be regarded as the Ber- 
noulli theorem for a compressible fluid. If the flow takes place with either 
isothermal or adiabatic change of volume, the perfect-gas laws permit 
the integration of the pressure term. 

P P\ 

(a) Isothermal Change . — For isothermal change, ^ equation 

(18), and 



il 

wi p 


£i(log./»2-log.^0 = £^log,(^)' 

Wl \pi/ 


Substituting in (46), 



2g 


+ Z2 -|- 



(47) 
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For a gas, the value of Si *- 83 is ustially so snsall, compared with the 
pressure term, that the s terms may be dropped and (47) simplified to 

— — m, ^ log, ( ^ ) , for frictionless isothermal flow. (48) 

2g 2g wi ^ \Pi/ 


To correct for frictional resistances, it is only necessary to add to the 
right-hand member of equations (47) and (48) a term to represent the 
lost energy per pound (or lost head), as was done in equation (45). 

!!! ^ ^ £1 log^ (—] -h lost energy per lb. or lost head. (49) 

2g 2g Wi \pi/ 


It is possible to show from this equation that, with small changes in 
velocity, the value of P 2 will differ little from that of Pi imless the lost 
head is large. Thus in the flow of air, or gas, through an ordinary pipe, 
the density of the fluid may be assumed constant if the pipe be not too 
long (Chap. V-III). This is the same as saying that the energy equation 
for liquids may be used instead of (49). 

(jb) Adiabatic Change . — If air, or gas, flows from one chamber to an- 
other, as from a chamber through an orifice or nozzle into the open air, 
very large changes in velocity may take place due to the difference in 
pressures. Since the change takes place almost instantly, little heat can 
escape from the fluid and the flow is assumed to be adiabatic. 

For adiabatic change the pressure term in (46) may be integrated as 
follows: 

By equation (19), 



t-1 

Multipl^g numerator and denominator by pi~^. 
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Substituting in (46) and dropping the t term as very snudl compared 
with the pressure term, 

t-i 

?L _ ^ ^ .h .\( * _ 1 1 I frictionless 

2g 2g ^ k — \ Wi L\/>i/ J’ 1 adiabatic flow. ' ' 

To correct for frictional resistances, a lost energy (or head) term may 
be added to the right-hand member of the equation, as was done in (49). 
It may be shown from (SO) that fairly large changes in velocity may take 
place without causing material changes in density, and that only for very 
large changes in velocity is it necessary to recognize density as a variable. 
The following problems illustrate this statement and the application of 
the energy equation. 

Example 1. — ^Air flows from a large, closed container through a small 
orifice in the container’s side. The inside pressure is 15 pounds per square 
inch (absolute) and the outside pressure is 14.7 pounds per square inch. 
Inside air temperature is 70° F. Neglecting friction, with what velocity 
does the air leave the tank? 

By equation (16), the specific weight of air in the container is 

_ 15 X 1 44 

53.34r “ 53.34(459.4' ■+• 70) 


Assuming adiabatic flow, and that the velocity. f>i, inside the container 
is zero (container large), the value of from (50) is 


»2 


With k > 1.40, 




'■->/«•* X 3 5 X [ ! - (^)”“] - f • P« »«■ 

The specific weight at point (2) is found from 

P' or 

^“W’ 14.7 V 

Ws ■■ 0.0756 lb. per cu. ft. 


I.0767 Y* 

■ w% ) ' 


and 


The q>edfic wdg^t, hence the dsnsity, changed but L5 per cent between 
points (1) and (2). 
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We shall now solve the problein assuming that the density does not 
change, and w is constant at 0.0767. Using equation (43) with z terms 
omitted. 

^ p2 P\ 

2g w w ’ 

and 

(^‘ - 0) - V"-* X 


This is practically the same value as obtained by the other method, and 
it will be noticed that the change in velocity is 192 feet per second. 

Example 2.— The data of the previous problem will be used, but the 
internal pressure will be raised to 22.5 pounds per square inch (absolute). 
Again, 


Wi 


22.5 X 144 
53.34(459.4 + 70) 


0.115, 


V2 


JeiA X 3.5 X 

22.5 X 144 

r. 

/J4 7Y.2801 

1 - 


0.115 

L 

\22.5/ J 

Pl^ 

(-)* ” 

\U)2/ 

22.5 

/0.115Y"'® 

Pi 

15 

\ W2 ) 


850 ft. per sec. 


W 2 = 0.0861 lb. per cu. ft. 


This represents a decrease in density of 25 per cent. If a solution be 
made on the basis of constant density, the value of ?2 will be 778 feet 
per second. The assumption is not warranted, however, because of the 
great increase in velocity. 

50. Momentum Theorem 

Whenever a steadily moving stream of fluid has its velocity changed, 
in magnitude or direction, a force is required to effect the change, and 
its magnitude may be found by use of the principle of momentum. In 
general, if a body of mass, M, be acted upon by a constant force, F, it 
suffers an acceleration, in the direction of the force, which may be de- 
termined from the relation, F « Ma. The acceleration being constant. 
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In applying the principle to fluid streams, the following demonstration 
will be helpful. Figure 45 shows a portion of a gradually enlarging chan- 
nel containing a fluid in steady motion. As a consequence of the gradual 
change in sectional area, the velocity of the fluid particles, hence their 
momentum, is gradually reduced. The velocity at some section m we 
may assume to be Vi, while at n it has been reduced to V 2 . Assume that in 
the time dt, particles at m move to tn' and those at n to n', so that the 
distance mm' equals Vydt and »»' equals vj/il. The aggregate momentum 
of all the particles between m and n suffers a diminution which may be 
represented in the difference found between the momentum of the mass 



mm' and ««'. ITiat this is so may be seen if it be noted that the aggregate 
momentum of all particles between m' and n remain constant. The mo- 

, , , , . WiCiVi^dt , , , , W2aaV2^dt 

mentum of the mass, mm , being , and that of nn , , 

the value of the force, causing the change in momentum, is 

WaOiV^dtK 

~T~) * 

. WidlVl W2Cl2^2 1 J 

or. since - ^ = M, the mass passing any section per second, 

i g 

F ^ M {vi — V 2 ). 

The quantity, (vt — i' 2 ), represents the vectar change in velocity and may 
be replaced by Av, giving 

F = JlfAv. (51) 

The equation should be interpreted as follows: In any stream of steadily 
moving fluid, the resultant force acting on the stream bePween any two sections 
may be computed by multiplying the mass of fluid, passing a section per 
second, by the vector change in velocity occurring between the two sections. 

If a component of the resultant force, in a direction parallel to any 
designated axis, be desired, it equals the product of the moss per second 


^ w\ aiV\^dt 
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and the numerical change, in corresponding componoit of vdodty, oc- 
curring between the two sections. 

Algebraically e^ressed, 

Fx ^ MAVf, and Fy ■* MAvy, 

The foregoing principles are fundamental in all problms dealing with 
force and motion and must be mastered by the student. 

Example 1.— A 12-inch pipe, containing water moving with a mean 
velocity of 5 feet per second, abruptly changes in diameter to 6 inches. 
Compute the resultant force causing the accompanying increase in 
velocity. 

Mass per sec. >= 0.785 X 5 X 62.4 .12.2 * 7.6 slugs. 



Av = 15 

F « 7.6 X 15 = 1141b. 


This force acts in the direction of the acceleration, or in the direction 
of flow. Several forces make up this resultant, as shown in Art. 172. 

Example 2 . — A horizontal 12-inch pipe changes its direction, by a 
bend, through a 45 degree angle. If the velocity of the contained water 
be 10 feet per second, what components of force, F, and will be ex- 
erted upon the water in the bend, if the axes X and Y be respectively 
parallel, and normal, to the original direction of the pipe? (Reader should 
draw the figure.) 

Mass per sec. « 0.785' X 10 X 62.4 -r- 32.2 = 15.2 slugs. 

At entrance to bend, 

“ 10 S)y « 0 

At exit from bend, 

= 10 X 0 707 =- 7.07 
Vy = 10 X 0.707 - 7.07 
AVg = 2.93 AVy ■" 7.07 

F. - 15.2 X 2.93 - 44.5 lb. 

Fy » 15.2 X 7.07 - 107.5 lb. 

Each component act s in the dire ction of the corresponding acceleration. 

The value of F is Vf.‘ -f- Fy’ and will be found to be 116 pounds. It 
also eouala the product of 15.2 and the vector change in velocity betweea 
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Kitrance to, and exit from, the bend. The latter has a value of 7.65 feet 
(which the reader should verify) and 

F •= 15.2 X 7.65 116 lb. as before. 

Several forces make up this resultant as shown in Art. 171. 

51. Principle of Similarity 

The discussion contained in this article owes its place in the present 
chapter to the fact that it logically belongs here, although it necessarily 
touches upon subjects which have not yet been presented and therefore 
is more difficult to comprehend. For this reason, a careful re-reading of 
the article may be helpful when its principles are referred to in later 
discussions. 

The behavior of fluids in motion may be determined only partially by 
the use of theory alone. The frictional resistances, due to the fluid’s vis- 
cosity, usually defy mathematical expression, and experimental work is 
required to show what modifications are necessary in results, obtained 
by pure analysis. Where the physical size of experimental apparatus is 
prohibitive, or expensive, models may be used to reproduce the flow to 
be studied. It then becomes necessary to know the conditions under 
which the model will give a true picture of the behavior of its larger 
prototype. 

Again, having obtained experimental data for a certain flow, it may 
be desirable to compare the results with those obtained fur a similar 
structure where differences in dimensions, and in the properties of the 
fluid, may exist. For instance, the characteristics attending the flow of 
water through a di^hragm-orifice in a pipe (see Fig. 62) may have been 
completely determined, and we wish to know the characteristics of the 
flow of a certain oil through the same orifice, or through a similar but 
larger one, placed in a pipe whose diameter bears the same ratio to that 
of the orifice as existed in the experiment. We shall see that two flows 
exhibit the same characteristics only when they are identically similar, 
and ^t similarity is met only by satisfying certain requirements. 

Two fluid flows may be said to be similar in all respects when the fol- 
lowing cemditions are fulfilled. 

(1) The boundary conditions must be geometrically similar. This meaiis 
that the outlines of ^le surfaces bounding the fluid shall be geometrically 
amihu', so that one structure will resemUe the other in everytlung but 
It is evident disj off corresponding dimensions in the two flows have 
a common rmio^ 
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(2) Idealimg the flows to the extent of assuming the ezbtence of 
stream>paths, or lines, the paths traced out by correspondingly {flaced 
particles in the two flows must also be geometrically similar. In order 
that this occur, it is necessary that, at corresponding points in the flows, 
the forces acting on the fluid in one system must be, each for each, in 
the same ratio to the corresponding force in the second ^tem. This in- 
sures that the accelerations at corresponding points will be such as to 
produce geometrically similar path-lines. 

These two simple criteria are all that is necessary for complete simi- 
larity. 

In general the forces found present are those due to gravity, fluid fric- 
tion, inertia, surface tension and daslicity of the fluid. Surface tension en- 
ters into some problems but usually is not important in most engineering 
problems. Elasticity is important when the fluid is compressible (such as 
a gas), but problems requiring its consideration lie beyond the scope of 
this book. We are therefore left with the forces of gravity, friction and 
inertia to consider. 

It will be seen later (Art. 54) that complete similarity cannot be at- 
tained between two fluid flows if all three of these forces are present and 
affect the motion, unless the flows are alike in linear dimenrions, i.e., of 
the same physical size. Obviously a comparison under such conditions 
would be su{>erfluous. 

The inertia force will commonly have to be considered in all our prob- 
lems, but frequently one of the other two will be relatively unimportant, 
or negligible, in giving character to the flow. In this case similarity may 
be attained sufficiently close for practical purposes. 

Where flow takes place in closed conduits of any shape, so that no free 
fluid surfaces exist, the weight of the fluid will be found to have no ^ect 
on the characteristics of its flow. Hence gravity, as a force, will not enter 
into the problem, and only the friction and inertia of the fluid need be 
considered. Complete similarity is then possible. 

The occurrence of the hydraulic jump (Art. 160) in an open channel is 
a good illustration of a case where gravity is an important force, the 
height of the jump, and other characteristics, being largely determined 
by the forces of gravity and the inertia of the water. 

52 . The Reynolds Numbw 

If friction and inertia are the two controlling forc^, we may detomine 
a criterion for similarity between two geometrically similar flows. Ac- 
cording to the second condititm for amilarity as given in the preceding 
article, the ratio between these two torres must be the same at ^ corre- 
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spending points in the two flows. An expression for this ratio is what we 
now desire. 

The inertia force, per unit volume, being measured by the product of 
mass and acceleration, we may write 


Fi 


P 




Substituting for di its value from ds — v dt, 


Fi 


pv 


dv 

ds 


To derive a value for the viscous force acting upon a unit volume of 
the fluid, we will assume a small mass having a length of unity in the 
direction of its motion. For ease of description this direction will be taken 


X 

I a. 



Fio. 46 


as horizontal. The width of the mass, in the horizontal plane, is also unity 
and its height is dx (Fig. 46). The velocity of the surrounding fluid varies 
from point to point, in the plane of the figure, as indicated by the curve 
oi. On one of the horizontal faces of the mass, the intensity of the shear 
stress is /„ while on the opposite face it is /. + df,. The existence of these 
^ear stresses is due to the fact that the fluid particles, above the mass, 
are moving with greater velocity than the mass itself, while those be- 
neath it are moving with a riower velocity. The shearing stresses are 
therefore in opposite directions and the resultant shear on the mass is 
dj,. The volume of the mass being dx, the intensity of the shear, per rmit 

of volume, is 

In Art. 8 it was shown that 

dio 
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- being, as in the present case, the rate of change in v with respect to x, 

at any point in the fluid. Differentiating /, with respect to x, we obtain 

df, d^v 
dx “ 


which is the value, as derived above, for the intensity of the shear stress 
per unit volume. 

Accordingly, 

"dx*’ 


and the ratio of the inertia to the viscous force is 

dv 

Fi 


To interpret this value, we shall substitute for the derivatives their di- 
mensional values. Both ds and dx have the dimension of length, L, and 

dv has the dimension of length divided by time, or -- The substitution 

will require that the equation be changed to a statement of proportion- 
ality. 

jL 

Fi ^ TL (tt)L 
F. L "" M 


As to V, it represents the velocity of the small mass. It is therefore the 
velocity at a point in the fluid, and has a definite ratio tc the velocity 
at any other point. In its place, therefore, may be substituted any other 
velocity without affecting the proportionality expressed above. A con- 
venitait velocity, for practical purposes, will be the mean velocity, with 
which the fluid particles pass a section normal to the stream’s direction. 

Just what L represents is not at first clear; but it is a distance, and 
each distance or dimension in the fluid has a definite relation to any other 
distance or dimension. We shall interpret L, therefore, as representing 
any dimension, I, which is characteristic of the flow, and write 

Fi ,fnd 
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To dte a particular case, the only characteristic dimendon which a 
circular pipe has is its diameter (or radius), and v would reprcsait the 
mean velocity of the fluid particles past a cross-secticn. 

In any case, the ratio of the inertia to the viscous force will be propor* 


tional to 


pa 


which may be written 


p indicating the fluid’s kinematic 


viscosity, and having the dimensions of 


T 


as explained in Art. 


9. 


The quantity, ~ , is dimensionless as is seen from 


t 


a £ 

p “ 


T 


In honor of Sir Osborne Reynolds, whose work in 1882 first called at- 
tention to its importance, — is known as the ReynMs Number and is 


designated by R. 

The discussion of the conditions necessary for similarity (Art. 51) 
shows that two fluid systems, in which inertia and friction are the only 
forces acting, will be similar if the Reynolds number be the same for 


each ^since R is proportional to 


This number is the criterion we 


sought. 

Returning to the case of the circular pipe, the flow of a fluid in two 
pipes will be similar if 


p 


V2d2 


or vid\ 


V2(f2‘ 


If the fluids be different in the two pipes, similarity follows if 

Vidi V2d2 

Pi P2 

It shotild be repeated that, for similarity to odst, with only inertia and 
friction forces to conader, the flow ^ould take place within closed 
boundaries. 

oa 

The factors, p and v, in — , determine the magnitude of the inertia 
force, while p largely influences the magnitude of the viscous force. An 
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increase in v increases the strength of the inertia force. If the flow be 
laminar, increases in v eventually cause the flow to become turbulent. 
Large values of n tend to increase the value of v at which laminar flow 
becomes turbulent. Stated differently, the larger the value of R, the 
greater are the influences of the inertia forces, and the greater are the 
possibilities for turbulent flow. Similarly, decreases in R are accompanied 
by increases in the viscous forces, with increased tendency toward lami- 
nar flow. The value of R in correlating experimental data is apparent. 
Even though gravity may be present as a modifying force, the magni- 
tude of R may be helpful in evaluating the frictional resistance. 

Example 1. — Water at a temperature of 50° F. flows through two 
separate pipes, 8 and 12 inches in diameter. The mean velocity of 'flow 
in the 12-inch pipe being 6 feet per second, what should it be in the 8- 
inch if the two flows are to be similar? Compute R. 

Since p and p have like values for each flow, V\di ■= and the veloci- 
ties vary inversely as the pipe diameters. 


V 



9 ft. per sec. 


w 

Hence 


62.41 p = 


62.41 

32.17 


0.0000273 (Art. 8). 


R 


6 X 1 X 1.94 ^ 
0.0000273 


426000. 


Example 2. — If the water in the 8-inch pipe be replaced by oil having 
a specific gravity of 0.80 and a p value of 0.000042, what should be the 
oil’s velocity for similarity in the two flows? 


For the oil, 


0.80 X 62.4 
32.17 


1.55 


V X 0.667 X 1.55 6 X 1 X 1.94 

0.000042 ~ 0.0000273 


= 17.3 ft. per sec. 

53. The Froude Number 

When the only forces present are inertia and gravity, another criterion 
must be observed if two fluid flows are to be similar. The value of the 
inertia force, per unit volume, is 


dv 
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as shown in the previous article. The gravity force, per unit volume, is 
the wdght per unit volume, w. 


Since dvisa, velocity and ds a length, 

Fi »» 

— — - • 

F, gL 

As in deriving the Reynolds number, so here may we interpret L as 
signifying any characteristic dimension, /, of the dow and write 


r, gi 


The quantity, - , is called the Froude Number, in honor of William 

gl 

Froude, an Englishman who in the latter half of the nineteenth century 
pioneered in the investigation of ship resistance by use of models. It will 
be designated by F. 

Fi . . 

Since — is proportional to — , it is used to measure this ratio, and we 

can say that two fluid flows, in which inertia and gravity alone act, will 
be similar when thej' have the same Froude number. 

Example 1. — Water, flowing with a depth of 2 feet in an open channel 
having a rectangular section, rises suddenly at a point in the flow to form 
a jump (Fig. 47). The depth increases to 2.66 feet. If the velocity of flow 


lOL 2' - — 


'f 2 . 66 ’ 


before entering the jump be 10 feet per second what should be the corre- 
sponding velocity in another channel where the depth is 4 feet, if a jump 
of similar proportions is to occur? 

This is a case where frictional resistance enters into the problem but 

V\^ 

(flays a relatively minor part, and for the two flows to be similar, — 
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must equal ■— , or the velocities will be proportional to the square roots 
m 

of corresponding dimensions. 


10 



14.14 ft. per sec. 


As to the value of F, 


F 


100 

32.17 X 2 


1.56 


if the depth and velocity before entering the Jump be taken as character- 
istic dimensions and velocity. Evidently the value depends upon one’s 
choice of the characteristic quantities. 

54. Limitations of the Similarity Principle 

In Art. 51 it was stated that if all three forces — friction, gravity and 
that due to inertia — are present and affect the motion of the fluid, com- 
plete similarity between two flows is impossible unless they have the 
same physical dimensions. By the Froude law, corresponding velocities 
in the two flows must be proportional to the square roots of corresponding 
dimensions. By the Reynolds law, these velocities must be inversely pro- 
portional to corresponding dimensions. It follows that, with gravity, fric- 
tion and inertia present, and important in their effects upon the flow, 
these two laws cannot be applied simultaneously. 

In the case of liquids, inertia is always present and important. If either 
friction or gravity is an important modifying factor, and the other is 
relatively unimportant, then similarity sufficient for most experimental 
work is possible. 

Another impediment to producing exact similarity is the difficulty of 
simulating surface roughness of the boundary walls. Geometrical simi- 
larity demands that surface irregularities be similar, not only in size, but 
in shape and disposition. Similarity in roughness is important when the 
surfaces are not smooth and frictional effects are being studied. 

From the foregoing statements, it is seen that only when gravity has 
no effect on the flow and the bounding surfaces are smooth, is exact simi- 
larity obtainable. These conditions imply closed, smooth boundaries 
and the Reynolds number. 

Space prevents further discussion of this important subject, and the 
reader is referred, for further information, to the several discusaons 
listed in the bibliography at the end of the chapter. ^ 
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PROBLEMS 

1. An 8-inch pipe contains a short section in which the diameter is gradually 
reduced to 3 in. and then gradually enlarged to full size. If the pressure of water 
passing through it is 75 lb. per sq. in. at a point just before the reduction com- 
mences, what will it be at the 3-inch section when the rate of flow is 1.20 cu. ft. 
per sec.? Assume no loss in head between the two sections considered. 

Ans. 71.0 lb. per sq. in. 

2. A 3-inch pipe discharges into the air at a point 6 ft. abovt the level ground, 

the water leaving the pipe with a velocity of 28 ft. per sec. Assuming air friction 
to be negligible, compute the velocity of the water as it strikes the ground if, 

(a) the pipe be horizontal; (6) the pipe be inclined upward 45 degrees from the 
horizontal. 34.2 ft. per sec. 

3. A 12-inch pipe discharges water at the rate of 5.5 cu. ft. per sec. At a sec- 

tion, A j on the pipe, the pressure is 40 lb. per sq. in. while at section J5, at a 
point where the pipe is 8 ft. lower than at A, the pressure is 42.5 lb. per sq. in. 
Compute the head lost between A and B. Ans, 2.2 ft. 

4. Water flows radially outward in all directions from between two hori- 
zontal circular plates which are 4 ft. in diametci and i>la(:ed parallel 1 in. apart. 
A supply of 1 cu. ft. per sec, being maintained by a nipe entering one of the 
plates at its center, what pressure will exist between the plates at a point 6 in. 
from the center if no loss by friction be considered? 

(Note , — ^The student may verify his answer by cutting two small disks from 
cardboard, piercing one at its center by a small pipe or piece of stiff straw, and 
blowing air into the pipe instead of water.) 

Ans, ^ 0.1 lo. per sq. in. below atmosphere. 

5. A horizontal pipe 12 in. in diameter carries water with a mean velocity of 
10 ft. per sec. At a section, A , the pressure is 55 lb. per sq. in. and at a section, 

it fa 40 lb. per sq. in. Compute the quantity of energy passing each of these sec- 
tions in 1 second, estimating the potential energy with reference to a datum 
plane through the pipe’s axis. What is the amount of head lost between the two 
sections? Ans, (a) 63,000 ft. Ib, 

(b) 46,000 ft. lb. 

(c) 34.6 ft. 

6. A 2-inch stream of water issues from a nozzle with a velocity of 75 ft. per 
sec. What quantity of energy passes the nozzle per second if the datum plane for 
computing potential energy be taken through the axis of the issuing stream? 

Ans, 8930 ft lb. 

7. Water from a reservoir fa pumped over a hill through a pipe 3 ft in diam- 

eter, and a pressure of 30 lb. per sq. in. fa maintained at the summit, where the 
pipe fa 300 ft. above the reservoir. The quantity pumped fa 49.5 cu. ft per sec. 
and by reason of friction in the pump and pipe there fa 10 ft. of head lost be- 
tween reservoir and summit. What amount of energy must be furnished the 
water each second by the pump? Ans^ 2130 hp* 
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8. How much energy, in horse-power units, is being transmitted through a 

3-inch pqrc in which the velocity of flow is 15 ft. per sec. and the gauge pressure 
40 Ib, per sq. in.? If a section farther on in the pipe were considered, would 
there lie a less amount of energy passing each second? What form of energy 
would remain constant? ‘ Ans. 8.1 hp. 

9. In order to maintain a discharge of 1.20 cu. ft. per sec. through a 6-inch 

pipe which discharges into the air, it is found necessary to keep a pressure of 
36 11). pet sq. in. in the pij)e at the inlet end, which is 8 ft. above the discharge 
point. Compute the loss in head while passing through the pipe. How much 
energy i>er second does it represent? A fw. 91.2 ft. 

6830 ft. lb. per sec. 

10. A horizontal 2-inch pipe is supplied with water from a reservoir. The dis- 
charge from its open end is at the rate of 0 22 cu. ft. per sec., the pipe flowing 
full. The loss in head by viscous friction is 0.2 ft. per ft. of length. What will be 
the mean pressure intensity at points 200 ft. and 400 ft. from the exit? 

Ans. 17,3 lb. per sq. in. 

34.6 lb. per sq. in. 

11. Water enters a motor through a 4-inch pipe under a gauge pressure of 

150 lb. per sq. in. It leaves by an 8-inch pipe at an elevation 3 ft. below the point 
of entrance. If the pressure in the pipe at exit be 10 lb. per sq. in. and the dis- 
charge 2 cu. ft. per see., find the energy given up by the water each second as it 
passes the motor. Ans, 41,700 ft. lb. 

12. During the test of a centrifugal pump, a gauge just outside the casing 
and on the 8- inch suction pipe registered a pressure 4 lb. per sq. in. less than 
atniosf)heric. On the 6-inch discharge pipe another gauge indicated a pressure 
of 30 lb. f)er sq. in. above atmospheric. 

If a vertical distance of 3 ft. intervened between the pipe centers at the sec- 
tions where the gauges were attached, what horse power was expended by the 
pump in useful work when pumping 2 cu. ft. per sec.? Ans. 18.7 hp. 

13. A water motor is supplied from a horizontal 12-inch pipe and uses 7.85 

cu. ft. per sec. Discharge takes place through a vertical 24-inch pipe. A differen- 
tial gauge tapped into the two pipes close to the m^tor shows a deflection of 6 ft. 
of mercury. The center of the 1 2-inch pipe at point of tapping is 3 ft. above the 
point where the gauge is connected to the 24-inch pipe. If the motor be 82 per 
cent efficient, what will be its power output? Ans. 56.3 hp, 

14. A centrifugal pump draws water from a pit through a vertical 12-inch 
pipe which extends below the water surface. It discharges into a 6-inch hori- 
eontal pipe 13.4 ft. above the water surface. WTiile pumping 2 cu. ft. per sec., a 
pressure gauge on the discharge pipe reads 24 lb. per sq. in., and a gauge on the 
suction pipe registers 5 lb. per sq. in. below atmosphere. Both gauges are close 
to the pump and are separated by a vertical distance of 2.95 ft. 

(a) Compute head lost in suction pipe. 

(b) Compute the change in energy per sec. between the gauge sections. 
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(c) Compute energy output of pump by using the Bernoulli relation between 
a point in the free water surface and at the discharge-gauge section. 

Ans. 1.0 it.; S925 ft. lb. per sec. 

15. Ah airship whose wings have a chord length of 9 ft. is to be modeled on a 
one-ninth scale, and the model tested in a wind tunnel. Conditions of flight at 
an air speed of 100 mi. per hr. are to be simulated. The air density in flight is 
O.OOIS slugs per cu. ft. and its viscosity is 0.36 X 10 lb. sec. per sq. ft. In the 
tunnel the air density can be maintained at 0.008 slugs j^er cu. ft. and the vis- 
cosity at 0,40 X 10“® lb. sec. per sq. ft. What should be the air speed in the 
tunnel and what value has the Reynolds number? 

Ans. 187.5 mi. per hr.; 5.5 X 10®. 

16. Two globe valves (Fig. Ill) of identical design and construction, differ- 
ing only in, size, are installed in pipes having diameters of 6 and 12 in. The 
valves are partly open and in the same relative jx>sition. In the 12-inch pipe oil 
flows at the rate of 7.85 cu. ft. per sec. The oil has a temperature of 60® F., a 
viscosity of 200 Saybolt-seconds (universal) and an A.P.I. gravity of 40 degrees. 
In the 6-inch pipe water at 70® F. flows. What should be the water velocity if 
the flows through the valves are to be hydraulically similar? 

Afis. 0.45 ft. per sec. 

17. A Venturi meter (Fig. 13S) has end diameters of 36 in. and a throat 

diameter of 18 in. Water at 70® F. flows through the throat with a mean velocity 
of 20 ft. per sec. A small meter, geometrically similar, has a throat diameter of 
6 in. What velocity must be maintained at its throat with water at 50® F. if the 
two flows are to exhibit similar characteristics? Ans, 78.4 ft. per sec. 

18. A 20-foot model of a 500-foot ship is to be tested in a towing tank to 

ascertain wave effects (gravity forces important). Neglecting viscosity, at what 
speed must the model be towed to simulate the wave effect of the ship when 
moving at a speed of 20 mi. per hr.? Ans, 5.88 ft. per sec. 

19. The ratio of the length of A hydraulic jump to its height (Fig. 47) wa.« 
studied in a series of ex[)eriments. The depth and velocity of the stream l>efore 
entering the jump had the following values. Depths were 1.60 ft., 2.20 ft., 2.71 
ft, 0.8 ft, 1.24 ft; the corresponding velocities were 7.18, 8.12, 9.35, 4.68 and 
6.32 ft. per sec. In which of the five experiments should the ratio of length to 
height bne the same? 

20. In the hydraulic jump of Fig. 47, compute the resultant horizontal force 

acting upon the water which causes the change in velocity indicated by the 
given conditions. Assume the stream to be 50 ft. wide. Ans. 4810 lb. 

Compute the difference between the total static pressures at the two sections 
across the stream, one before and one after the jump. Compare the result with 
Ihe above-mentioned force. 



102 FLUID MOTION, THEOREMS AND CRITERIA 

REFERENCES 

B. F. Groat, “Theory of Similarity and Models,” Trans. AS.CJE.^ vol. 96, 
1932, p. 273. 

A. H. Gibson, “The Principles of Dynamical Similarity with Special Reference 
to Model Experiments,” Engineering, vol. 117, 1924, p. 325. 

A. C. Chick, “Dimensional Analysis ind the Principle of Similitude as Applied 
to Hydraulic Experiments,” Hydraulic Laboratory Practice, Appendix IS, 
Amer. Soc. Mech. Engrs. 



CHAPTER V ssssai 


Flow Through Orifices 


55. General Remarks 

As commonly used in fluid flow, the term orifice applies to any opening 
having a closed perimeter, made in a wall or partition. Orifices enter into 
the design of many hydraulic structures and are often used for the meas- 
urement of flowing fluids. They differ not only in geometrical shape but 
also in the manner in which their edges or perimeters are formed. The 
circular and rectangular orifices are most commonly used in engineering 
construction and upon these, especially the 
former, much experimental work has been done. 

This has been limited in a majority of cases to 
orifices having a sharp edge or an edge so 
thin that the stream in passing it touches only a 
line (see Fig. 48). The rate of discharge from an 
orifice depends to a considerable extent upon 
the nature of its edge and in order to compare 
the performances of orifices having different 
diameters it is necessary that their edges be simi- 
larly formed. Inasmuch as the variety of edges 
is practically unlimited, it has been generally 
agreed to make the sharp-edged orifice the standard for comparison. 
It may be fa^ioned as in Fig. 48 or it may have the form shown 
in Fig. S9b where a plate or wall of small measurable thickness has 
been pierced by a hole and a sharp, well-defined edge produced at 
the inner surface of the plate. Experiment shows that there is no differ- 
ence in the hydraulic properties of these two orifices 

56. Sharp-Edged Orifices 

Any fluid flowring through an orifice having a riiarp edge presents the 
foUowring characteristics. As the stream leaves the orifice, it gradually 
contracts to form a jet whose cross-sectional area is less than that of the 
fuifice. This is due to the fact diat the separate particles, lying dose to 
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the inner wail, have a motion, along the wall toward the orifice, which 
cannot be abruptly changed in direction at the orifice edge. The contrac- 
tion is not completed until the section, ai, is reached. At this point the 
stream paths are assumed to be parallel, and the pressure is that of the 
surrounding atmosphere (all particles now freely falling under gravita- 
tional action). 

In the short portion of the jet between the edge of the orifice and the 
plane ad, the pressure will be greater than atmospheric since the particles 
are moving in curved paths and must be acted upon by centripetal pres- 
sures of greater intensity than that of the at- 
mosphere. The writing of Bernoulli’s equation 
between two points, one in the plane of the 
orifice, the other in the plane, ab, will establish 
the same fact. Since potential heads are alike 
and the velocity head at the first named point 
is less than at the second, it follows that the 
pressure-head at the orifice is greater than at 
the contracted section. 

Figure 49 represents an orifice in the side oi 
a large reservoir having a depth, or head, of 
water. A, on its center. With this head, maintained constant by an inflow 
at A, the flow is steady. Assuming the reservoir surface to be large, com- 
pared to the orifice, particles in the reservoir, remote from the orifice, 
will have no appreciable velocity. Neglecting friction, Bernoulli’s theorem 
written between a pxjint, B, and the center of the jet at the contracted 
section shows that 

0-f- f -h2 = --h0-|-0 
w 2g 

or / — — 

V 2g/t. (52) 



This value of v we may call the ide(d velocity of efilux, friction having 
been neglected. It is seen that 



and the reason for giving the name, velocUy-head, ^ Bernoulli’s theo- 

rem is apparent. It is the head which would produce the velocity v. 

Equation (52) gives the ideal velodty of efflwC regardless of the nature 
of the liquid. It does not apply to a compressible fluid rince the ^ledfic 
weight would change between point B and C. 
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The orifice just considered was in a vertical plane and therefore ex- 
posed to a head which varied slightly over the orifice. The jet, conse- 
quently, would be composed of particles g 

having slightly varying velocities, and the J 

value of V as obtained from equation (52'i 1 j | 

would not represent the mean ideal veloc- 1 It A — r -'-v 

ity of the jet. It would if the separate f » j ! | ’ \ 

vdocities varied directly as the heads that j | *B * *"* \ 

caused them. Instead, they vary as the \ 

square roots of these heads, and for this | I ' \ 

reason the curve in Fig. 50 is a parabola, '■* 1 " \ 

with vertex at the reservoir .surface and ‘ 

axis vertical. From the figure it is obvious 

that the variation in vdocity throughout the cross-section of the jet will 
be greater as k decreases, and for very low heads the mean value of the 
n ideal vdocity will not be given by equation 

However, if the head be large in propor- 
“zJE-l f T ] tion to the vertical dimension of the orifice, the 

I I With an orifice in a horizontal plane, all parts 

— t — of jf are under the same head and the ideal 

vdocity of all particles in the jet is the same. 

* Since the ideal velocity, due to a head, is the 

same as though the particle had fallen fredy 
through the same height, it would be expected that, if the orifice were 
horizontal and the jet directed upward (Fig. 51), the latter would rise a 
hdght equal to the head that produced it (all friction neglected). 


57. Coeriicient of Velocity 

Experiment shows that the real mean velodty of a jet from a sharp- 
edged orifice is a little less than the ideal, due to the fluid’s viscosity. 
Actually, 

V - c, V 2gk, 


c« being known as the coefficient of vdocity. Its numerical value for water 

and liquids of wmilar viscosity is but slightly less than unity (see Art. 62). 

( 

58. Coefficient of Contraction 

The ratio of the area of the contracted section to that of the orifice is 
designated as the coefficient of contraction. Its numerical value for a gjven 
fluid varies with orifice diameter and the head (see Art. 62). 
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59. Gieffident Diacharxe 

Hie volume of fluid, Q, flowing from the orifice per second may be 
computed as the product of a\ the actual area at the contracted section, 
and the actual mean velocity past that section. Therefore we may write 

Q m g, XI “ (uc*) 
or 

Q = 

where a '^2gh represents the ideal discharge which would have occurred 
had no friction or cpn traction been present. As for Cd, it is the coefficient 
by which the ideal rate of discharge is multiplied to obtain the actual 
rate. It is known as the coefficient of discharge. Numerically it is equal to 
the prinluct of the other two coefficients. 

Inasmuch as all orifices, nozzles, weirs and many other structures have 
these three coefficients associated with their flows, it is impiortant to 
grasp their full significance. 

60. Lost Head at an Orifice 

The head lost in passing any orifice may be ascertained as follows. 

At the contracted section the real velocity is 

V - 

and the velocity-head is 


Had no head been lost by friction, the velocity-head would be h. Conse- 
quently, 

Lost head = A — c,*A = (1 — A. (53) 


If A be replaced by its value as given in the first equation. 


Lost head = 



(54) 


Expression (53) gives the lost head in terms of the head that caused 
the jet velocity, and (54) gives it in terms of the actual velocity itself. 
Either may be used, but (54) will be found generally more convenient. 

Assuming >■ 0.98, a value commonly used, for an orifice discharging 
water, 

Lost head » 0.04A, at 0.041 
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The unportance of the two equations lies in the fact that they are ap* 
plicaUe to my discharging device whose coefficient of velocity is known. 
If a short cylindrical tube, as illustrated in Fig. 71, is foimd to have a 
value of Cv equal to 0.82, the lost head will be 

Lost head * 0.33A or 0.49 - • 

2g 

61. Determination of the Coefficients 

There are several ways by which the \alue of each coefficient may be 
determined, a few of which may be noted. 



(a) Coefficient of Velocity . — In the case of a liquid, this may be obtained 
from a series of measurements on the path of the jet. If a particle issues 
from a vertical Orifice with a velocity, v, and in t seconds is found at the 
point m (Fig. 52j, we may write 


and 


X = vt, 

»/2 

y “ 2 falling body), 


the center of coordinates being at the center of the contracted section. 
Ominating t between these two equations. 



which diows the path to be a parabola with vertex at the orifice. If the 
coH>rdinates, x and y, of a point in the jet be measured, the above equa* 
tk>n may be.tised to compute the actual velocity of flow from the orifice 
The value of the co^dent is then the ratio of this vdocity to Igh 
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Measuronents may be made for a number of sdected pdnts and the re- 
sulting velocities averaged, the ezerdae of care, a v«y good de^ 
termination may be made in ^ite of the possible retardation of the jet 
by atmospheric friction. 

When the jet diameter is not too small, it is possible to use a Pitot 
tube (Art. 136) to determine the actual velocity at the contracted section. 

(b) Coefficient of Contraction.— Tht only direct way of measuring the 
amount of contraction is by calipering the contracted section. When the 
jet is steady, calipers set on a fixed standard may be used with good re-- 
sults. Another method consists in first determining the coefficients of 
velocity and discharge, and then using the relation, 


Cc ^ “ Cff* 

(c) Coefficient of Discharge. — This may be more easily determined than 
the others, since it is necessary only to allow the orifice to discharge for 
a known length of time and to measure, by volume or weight, the amount 
of liquid that has passed. The actual rate of discharge may then be com- 
pared with 2gh to obtain the coefficient’s value. 

Values of c* and Ce are not so frequently required by the engineer as 
are values of Ci (or simply c as we shall hereafter call it). The determina- 
tion of these, and their variation with orifice diameter, head and the 
viscosity of the fluid, has occupied the attention of many experimenters. 

In general, the results of any single investigator appear consistent, 
but there is a noticeable lack of agreement among experimenters. The 
sharpness of the orifice edge, the temperature of the fluid, its viscosity, 
and the degree of turbulence present as the fluid approaches the orifice 
are important factors affecting the value of the coefficients. 

62. Values of the Coefficients 

(a) Coefficient of Velocity. — For water (and other liquids of similar vis- 
cosity) the value of Cv is slightly less than unity, having its lowest value 
for low heads and small diameters. For a f-inch diameter and a head of 
1 foot, Smith and Walker* found its value to be 0.954. As the diameter 
or head increases, the coefficient increa.ses. For a 2.5-inch diame- 
ter and a head of 60 feet, the same experimenters obtained a value of 
0.993. Their data indicate that, for a given diameter, the increase in c, 
with increase of head is slight. Ihese fixulings are consistent with theory. 

An experimental exploration of a jet esca|>ing from an orifice into free 
air shows that the velocity of particles close to its outer surface is some- 

* Smith and Walker, “Orifice Flow,” Free. Inst. Mtch. Bngrs. (London), 1933. 
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what lower than for particles nearer the jet’s center. The outer particles, 
before passing the orifice, move along, or close to, the back face of the 
orifice plate and reach the edge with a lower velocity than do particles 
which approach in a direction more normal to the orifice plane. Their 
viscous drag upon the more central particles has the effect of lowering 
the average velocity at the contracted section. A larger orifice under the 
same head produces a jet in which a variation of velocity still exists, but 
the retarding action of the outer particles does not extend the same pro- 
portional distance into the jet, and the average velocity at the contracted 
section is increased. 

With constant diameter, an increase in head causes an increase in 
general jet vdodty, and the viscous drag of the outer particles has less 
effect because of the increased inertia of the inner particles. 

The value of c, is not of frequent importance to the engineer, but if 
needed, an average value of 0.98 may be assumed for water and liquids 
of similar viscosity. 

(b) Coefficient of Contraction . — The coefficient of contraction decreases 
with increasing diameter and with increase in head. For water Smith and 
Walker obtained values ranging from 0.688, for a |-inch orifice under a 
1-foot head, to 0.613 for a 2.5-inch orifice under a 60-foot head. 

With low heads and accompanying low velocities of motion, the lateral 
movement of particles along the back of the orifice plate is correspond- 
ingly small, and the change in direction of particles as they pass the edge 
is accomplished quickly, reducing the amount of the contraction. In- 
crease in head tends to accelerate the lateral motion back of the plate 
and increase the amount of contraction. As the size of the orifice increases, 
it is probable that the greater, radial space allows the lateral motion to 
continue farther beyond the edge of the orifice with an increase in the 
amount of contraction. 

Like c«, the niunerical value of the coefficient of contraction is not of 
frequent importance. For general purposes, an average value of 0.62 or 
0.63 may be assumed. 

(c) Coefficient of Discharge. — Evidently, the coefficient of discharge, 
which is the pr^uct of c, and <;«, will vary with head and orifice 
diameter. Its values for water have been determined by various ex- 
perimenters. 

In 1908 H. J. BQton published ia. The Engineer (London) an account 
of e:q>eriments tqx>n sharp-edged circular orifices, from which it would 
^^>ear that, for (hameters up to 2.5 inches, each size of orifice has a criti- 
cal head above which c is constant. Values of c and the critical head as 
detennined by him appear in the table on page 110. 



110 


FLOW THROUGH ORIFICES 


COEmCIENTS OF DISCHARGE 
(By BUton) 


Head 

Diameter of orifice in inches 

in 








inches 

0. 25 

0.50 

0.75 

1 

l.S 

1 

2 { 

1 

2.5 

3 

BH 

mi 

lEI 

B 

B 



6 

m 

mm 

IE9 

mm 

mm 


0.610 

9 

0.660 


1^ 

■Ba 

wSSm 

0.606 

0.604 

12 

0.653 

0.630 

0.618 

0.612 

0.606 

0.601 

o.6oo 

17 

0.645 

0.625 

0.614 

0.608 

0 603 

0.599 

0.598 

18 

0.643 

0.623 

0.613 





22 

0.6.18 

0.621 






45 

0 628 




i 




Judd and King found little change in c for a given diameter if the head 
were greater than 4 feet. Their results are summarized in the following 
table and an account of their work appears in Engineering News, Sep- 
tember 27, 1906. 

Coefficients of Discharge 


(From Judd and King) 


Diameter in inches 

• 

Value of c 

5 

0.6111 

1 

0.6097 

li 

0.6085 

2 

0.6083 


In Civil Engineering, July, 1940, Medaugh and Johnson describe their 
experiments upon orifices ranging from 0.25 to 2.0 inches in diameter, 
the head varying from 0.8 to 1 20 feet. Their values are slightly smaQer 
than those of Bilton and Judd and King, and considerably smaller than 
those of Smith and Wsdker. They did not find a constancy in c b^nd 
a certain critical head, although for heads above 4 feet the coeffident 
decreased very dowly . Unusual care surrounded the c^duct of the expm- 
ments. and puns were taken to produce a true sbup e^ in all didr 
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orifices. The experimenters believe that their values will be found cor- 
rect, within of one per cent, for orifices made by the method they de- 
scribe. Their values, ^ortened to three significant figures, are as f<dlows. 

Coefficients of Discharge 


(From Medaugh and Johnson) 


Head 
in feet 


Diameter of orifice in inches 


0.25 

0.50 

0.75 

1.00 

2 00 

4 00 

0.8 

0.647 

0.627 

0.616 

0.609 

0.603 

0.601 

1,4 

0.635 

0.619 

0.610 

0.605 

0.601 

0 599 

2.0 


0.615 

0.607 

0.603 

0.600 

0 599 

4.0 

0.621 

0.609 

0.603 

0.600 

0.598 

0 597 

6.0 

0.617 

0.607 

0.601 

0.599 

0.596 

0.596 

8.0 

0.614 

0.605 

0.600 

0.598 

0.596 

0.595 

10.0 

0.613 

0.604 

0.599 

0.597 

0 595 

0. 595 

12.0 

0.612 

0.603 

0.599 

0.597 

0.595 

0.595 

14.0 

0.611 

0.603 

0.598 

0. 596 

0.595 

0.594 

16.0 

0.610 

• 0.602 

0.598 

0.596 

0.595 

0.594 

20.0 

0.609 

0.602 

0. 598 

0.596 

0.595 

0.594 

25.0 

0.608 

0.601 

0.597 

0.595 

0, 594 

0.594 

30.0 

0.607 

0.600 

0.597 

0. 595 

0.594 

0.594 

40.0 

0.606 

0.600 

0.596 

0.595 

0.594 

0.593 

50.0 

0.605 

0.599 

0.596 

0.595 

0 594 

0.593 

60.0 

0.605 

0.599 

0.596 

0. 594 

0. 593 

0.593 

80.0 

0.604 

0.598 , 

0.595 

0.594 

0.593 

0.593 

100.0 

0.604 

0.598 

0.595 

0.594 

0.593 

0. 593 

120.0 

0.603 

0.598 

0.595 

0.594 

0.593 

0.592 


The values for a 4-inch orifice were obtained by extrapolation. It will 
be noticed that the coefficient of each orifice is nearly constant at the 
high heads. 

These values agree remarkably well with those obtained by Hamilton 
Smith, Sydhtulics, 1886, and Strickland, Transactions Canadian Soc. 
C. E., Vol. 23. 

The orifice, with free discharge into the air, has not been used to any 
large extent as a meanuing device, mainly because of the imcertalnty 
sunrounding the coefficients and the fact that flow measurements are 
generaDy desired under circumstances where it is not posdble or con- 
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veiue&t to discharge the liquid into the free air. It is conuncnily used to 
measure the flow of liquids in pipe-lines (see Art. 71). 

Example. — Compute the velocity and rate of discharge of water from 
a standard 2-inch orifice under a head of 9 feet. 

V « 0.98 V 64.4 X 9 » 23.6 ft. per sec. 

Using Medaugh and Johnson’s coefficient, 

0 “ 0.5955 X 0.0218V 64.4 X 9 - 0..312 cfs. 

Using Judd and King’s coefficient of 0.6083, Q is found to be 0.319.ds 
If Bilton’s value of 0.599 be used, Q => 0.314 cfs. 

63. Coefficients of Discharge for Square and Rectangular Orifices. 

The few experiments made upon square and rectangular sharp-edged 
orifices indicate values of c slightly larger than for circular orifices. Re- 
sults obtained by Hamilton Smith in 1885 for square orifices are as fol- 
lows. 


Coefficients of Dischasge (c) for Square Orifices 


(From Hamilton Smith’s Hydraulics) 


Head 

Side of the square in feet 

A 

in feet 

0 02 

0.04 

0-07 

0.1 

B 

0.6 

1.0 

0.4 


0.643 


0.621 




0.6 

0.660 

.636 

.623 

.617 

wBM 

0.598 


0.8 

652 

.631 


.615 

.605 

.600 

0.597 

1.0 

.648 

.628 

.618 

.613 

.605 

.601 

.599 

1.5 

.641 

.622 

.614 

.610 

.605 

.602 

.601 

2.0 

.637 

.619 

.612 

.608 

.605 

.604 

.602 

2.5 

.634 

.617 

.610 

.607 

.605 

.604 

.602 

3.0 

.632 

.616 

.609 

.607 

.605 

.604 

.603 

4.0 

.628 


.608 

.606 

.605 

.603 

.602 

6.0 

.623 

.612 

.607 

.605 

.604 

. 6 ^ 

.602 

8.0 

.619 

.610 

.606 

.605 

.604 

.603 

.602 

10.0 

.616 

.608 

.605 

.604 

.603 

.602 

.601 

20.0 

.606 


.602 

.602 

.602 

.601 


50.0 

.602 

.601 

.601 


mTTm 

.599 

.599 

100.0 

.599 

.598 

.598 

.598 

B 

.598 

.598 
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Tliese values should be considered as approximate because of of 
substa n tiati ng data. For precise work a square or rectangular orifice 
should be calibrated previously. 

64. Large Vertical Orifices under Low Heads 

So far we have dealt with an orifice whose vertical dimension has been 
small compared to the head upon it. With large orifices under low heads, 
the variation of velocity in the jet’s cross-section 
gives rise to a discharge differing slightly from that 
obtained from Q ** ca'^/^h. It will now be shown, 
however, that the difference is slight and may be 
neglected, provided the head is at least twice the 
vertical dimension of the orifice. 

Case 1. Circle (Fig. 53). — ^As before, h will repre- 
sent the head on the center of the orifice. If A-B 
be any elementary strip, drawn horizontally across 
the orifice at a distance x from its center, we have Ftc. 53 

for a small discharge through it: 

dQ dAv = 2 V f ® dxX‘^2g(k — x) 

«= 2V^ (f® — (h — x)^dx. 



By making * vary between the values — r and -f- r, the integration of 
this expression will give the discharge from the entire orifice. It will be 
necessary to expand the term Qt — »)* by the binomial theorem. 


(A - 


rv 

8 




— etc. 




(r® - x®)V 
(r» - *»)**» 




Each term of this is now possible of integration, and there results 

0-sT*V^(l -g5537j;5-etc.) (55) 

which is an exact formula for the ideal discharge. An inspection of the 
parenthesis quantity shows it to have a value less than unity, and the 
discharge is therefore less than that given by the formula 

Q ■ ay/2^ 
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previously obtained for rdatively large heads. If the ratio of A to r be 
assumed as 2, the parenthesis quantity becomes 0.992. If the ratio be 4^ 
oth»2d, the value is 0.998, which shows that under ordinary heads the 
parenthesis quantity may be neglected and the rate of discharge com- 
puted from 

Q ** cay/lgh. 


Exact information regarding c for large orifices is not available but a 
value of 0.60 may be used for approximate computations when the diame* 
ter exceeds 1 foot. 

Case S. Rectangle (Fig. 54). — In this case the small discharge dQ 
through an elementary strip parallel to the sur- 
face may be written, as before, 

dQ ^ dAv ^ b dafV 2.g{h — x) 
bVJgih - x)^ dx 
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dQ 
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Fro. 54 


d d 

where the limits of x are — - and -F -• 

2 2 


or 


If 


(A — *)* be expanded as before, 

Q - bVIikJ'J^l ___ _ ____ __ _ etc. . . 


As in the previous case, the value of the parenthesis is less than unity. 
If h ** d, its value becomes 0.989, while for A » 2 d, it becomes 0.997. 
Then for heads greater than twice the depth of the orifice, the actual 
discharge may be computed from '* 

Q « cay/lg^. 

As in the case of the large circular orifice, c may be assumed as 0.600 
where the sides of the rectangle have a length of 1 foot or more. 

65. Recapitulation 

It is weQ to bear in mind the conditions under which vrn have so &i 
studied orifice Sow. We have assumed: 

(a) No su^resBton of the contractioa. 
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(b) Ratio of reservoir surface to orifice area, very large, i,e., no apfre~ 
ciable velocity of approach. 

(c) Reservoir surface and jet both under atmospheric or the same 
pressure. 

A departure from any one of these conditions will lead to materuil changes 
in the flow, the nature of which will be shown in the succeeding para- 
graphs. 


66. Suppression of the Contraction 
The location of the orifice with respect to its distance from the sides 

and bottom of the reservoir is a matter j., 

of importance. If it be placed so that its 

edge be flush with any one side, as in — — 

Fig. 55, the contraction of the jet on that 

side of the orifice will be wholly sup- 

pressed. Experiment has shown that the 
contraction is not fully restored and made 

complete imtil the orifice is moved far enough away from the side to pro- 
vide a free lateral approach from all directions 
for a distance equal to three times the least dimen- 
sion of the orifice. If placed nearer, the partial 
suppression of the contraction results in a change 
in the value of the coefficient of discharge. 

Orifices are sometimes improperly constructed 
as in Fig. 56a and the edge of the orifice plate 
hinders lateral approach unless the distance AB 
is large compared with the orifice diameter. A 
“ 4 better construction is shown in Fig. 566. An 

^ orifice made in the metal side of a cylindrical 

tank would also have its coefficient affected by the curvature of th< 
tank. 


67. Flow under Pressure 

If the pressures on the water surface in the rcsCTvoir amd on the escap- 
ii^ jet are not equal, the equation Q » cay/lgh, applies only if /i be 
computed as the static head on the orifice plus the difference in the pres- 
sure heads existing at the named points. 

Exas^le. — ^What will be the rate of discharge from the 2-inch circu- 
lax orifice shown in Fig. 57 when steam under a pressure of 120 pounds 
per square indi the space above the water, and the receiving tank is 
undo: a jHceasore of 4 pounds less than normal atmospheric? 
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Bernoulli’s equation between points m and » gives 

^ . 120 X 144 . ^ »* 4 X 144 . „ 

0 J. h 6 a h 0 

^ 62.4 ^ 2g 62.4 ^ 

in which — is the ideal velocity head and therefore equals h. 

— = 292.4 


Q = 0.59 X 0.0218V64.4 X 292.4 = 1.76 cfs., 


assuming that c has a value slightly less than that given by Medaugh and 
Johnson for a 2-inch orifice under a head of 100 feet. 



Fio. 57 Fio. 58 


68. Submerged Orifice 

If an orifice discharge wholly under water, it is said to be submerged. 
That the ideal velocity equals \/2^, where h is the difference in the water 
levels, can be ea^y shown, assuming atmospheric pressure to be on the 
two surfaces. For the points m and n (Fig. 58), 

0 -f 34 -f A, - - -t- (34 -I- * 2 ) + 0, 

from which 

« 2g(,hi - As), 

or 

V » V^. 

As before, 

Q = caV^, 

but the values of e are now different from those given l<x the case of an 
orifice discharging into air. Experiment indicates a rii^t decxease in the 
value of the coefficient, as may be noted in the fdlowing taUe based on 
Smith’s eq)etiments. 


COEFFICIENTS FOR OTHER ORIFICES 117 

Submerged orifices are common in engineering works, bong found in 
locks, waste-ways, tide gates, and many other constructions. They are 
sddom, if ever, sharp-edged 

COEPHCIENTS OF DISCHARGE (c) FOR SUBMERGED ORIFICES 
(RaSed on Data from Hamilton Smith’s Hydraulics) 


Effective 
head in 
feet 

Size of orifice in feet 

1 

Circle 

0.05 

Square 

0.05 

Circle 

0.1 

Square 

0.1 

Rectangle 

0 05 X0.3 

0.5 

0.615 

0.619 


0.608 

0.623 

1.0 

.610 

.614 

.602 

.606 

.622 

1.5 

.607 

.612 


.605 

.621 

2.0 

.605 

.610 

.599 

.604 

.620 

2.5 

.603 

.608 

.598 

.604 

.619 

3.0 

.602 

607 

.598 

.604 

.618 

4.0 

.601 

.606 

.598 

.604 



69. Coefficients for Other Than Standard Orifices 

Orifices are commonly employed in the design of many hydraulic struc- 
tures, such as dams, gates, etc., and in parts of many hydraulic machines. 
Their construction is generally such that their edges are not sharp, and 
their coefficients differ from those of standard orifices. A few experiments 



ted 

Fio.59 


are on record in whidi the value of c was determined for some particular 
construction, and descriptions of these experiments may be found in 
various engineering puUications. Generally it remains for the engineer 
to estimate the probable value of the coefficient or to determine it in 
advance by experiment. 
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Figure 59 shows several t 3 rpes of circular orifices having the same 
diameter. The first (a) is a standard orifice. Ifie second (b) is* a dean>cut 
hole in a plate of measurable thickness. It has the same coefficients as 
(a) if the thickness be small. The third (c) is the reverse of (a) and, al- 
though it gives a contracted jet, its coeffi- 
cient of discharge is greater and dq>ends upon 
tlie angle of the bevel. The last (d) shows 
the inner edge carefully rounded to conform 
to the shape of the jet in (o), and the dis- 
charge coefficient has the same value as c„ 
since the contraction coefficient is uni^. It 
is seen that partial suppression of the con- 
traction increases the rate of discharge. 
Openings, of any shape, may be made to 
discharge maximum quantities of fluid for a 
given head, by correctly rounding their edge. 
The author has constructed several round- 
edged circular orifices which, when tested, 
showed a contraction coefficient of unity. 
The rounding was effected by using two 
radii having lengths shown in Fig. 60. In 
general, the use of one circular «.rc will not produce a contraction co- 
efficient of unity, the jet breaking away from the curved surface before 
reaching the outer face of the orifice plate. 

A slight roughening of the back face of the orifice plate will diminish 
the contraction by reducing the lateral velocity of particles close to the 
plate. 



70. Effect of Velocity of Approach 


Figure 61 shows a small open channel furnishing water to an orifice. 
Because of a rdatively small cross-section, there exists in the channel a 


velocity of approach which will be 
assmned to luve a value, ««, at all 
points in the section (really not so). 
For points m and n we may write 

J .+0 + 4 .- + 0 + 0 



Fio.61 
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fduch rq>resents the ideal vdodty of the jet. The effective head is seen 
to be the static head plus the vdodty-head in the channd, and the jet 
vdodty is therefore greater than would be the case had the water in the 
channd been at rest or moving with a negligible velocity. The unknown 
vdodty, Vo, may be eliminated by expresdng it in terms of the ideal jet 
vdodty. The rate of flow past a section in the chaimd (area A) being the 
same as past the contracted section (Area Cto), 

AVo * (Cefl) (c,Jl), 

cjv representing the real jet velocity. Substituting the value of as ob 
tained from this equation, in equation (57) and simplifying, 



The real vdodty is therefore 



For small ratios of ^ the value of Vo becomes negligible and Q ^ 

cay/lgh. It can be shown that this is the case if A equals, or is greater 
than, 15a. Values of c in (58) may be taken from the tables in Art. 62, 
when the orifice is sharp-edged, although it should be realized that ex- 
cessive turbulence in the channd-water will slightly affect the coefficient, 
.Any uncertainty in the coeffident, however, will be no greater than the 
error introduced by the asstunption that is uniform in value at all 
points of the crpss-section. 

71. Dfai^mginfOrificc in a Pipe 

The flow of fluids in pipe-lines is often measived by means of an orifice 
made in a plate and inserted between the flanges of the i»pe. The orifice 
and the pipe wall are concentric. Figure 62 diows the construction. It will 
be assumed that pressure measurements are made at secrions 1 and 3 
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which are located just upstream from the orifice and near the contracted 
section of the jet, respectively! For these points, 

2 g w 2 g w 

if friction be neglected. Assuming uniform velocity to exist across the 
pipe’s section, 

cava, 

a being the orifice area and 1*3 the ideal velocity at point 2. Substituting 



4 


Fio. 62 

for in the first eqxiation its value, cav2 -i- ^4, the value of vg is found 
to be 



The rate of discharge is therefore 
<3 -cm, 

The value of c will vary with the location of the downstream pie- 
zometer because the pressure constantly increases bq^nd the contracted 
section of the jet as ^e latter expands to fill the pipe. Any correlation of 
Its value, as , determined by various eogierimenters, requires that the 
'piezometer portions be geometrically Mmllar in all e9q)eriments. Un- 
fortunately this has not been the case and there is cm^derahte div eiv 
gence among the values of c that have been experimentally reoEH?ded. 


DIAPHRAGM-ORIFICE IN A PIPE I2i 

Fieqiiently eqiiatioo (59) is simplified by omitting c from the ndical 
quantity in the denmninatm:, so that 



The value of c' is thereby sligd^tly different from c and no longer is the 
product of c, and Ce. For a given ratio of (60) ^pUfies to 

Both theory and experunentation indicate that the value of the coeffi' 

dent in the above equations should be a function of the ratio, and o( 

the Reynolds number. The flow takes place in a dosed conduit, and it 
was diown in Art. 52 that complete dnularity between two such flows 
requires geometrical similarity between the boimdaries and that the flows 
have the same Reyndds number. Let us assume two diaphragm-orifices of 
different size installed in two pipes, and that the constructions are geomet- 
rically similar. If R be the same for both flows, complete similarity follows. 
The paths of dmilarly placed particles will be geometrically similar, in- 
dicating equality between the contraction coeffidents. Vdodties at cor- 
responding points m the flows will be in the same ratio, indicating equality 
between the coeflidents of velodty. The coefficients of discharge are there- 
fore equal, and tltdr value will vary only with the Reynolds number. If 

the ratio of ^ be changed in the two orifices, but be alike for both, the 

coeffidoits will be alike for a c^en value of R, but numerically different 

from the fonner value. The co^dent is therefore a function of R and 

The {dotting of eiqierimental values of c, or c', against values of R should 

yidd a smooth curve for a given ^ ratio. It should then be possible to 

corrdate, by a' wt of curves, aU experimental values of the coeffident 
provided the <mly change in geometrical dmilarity is that produced by 

changes in Sudi a jdot has the value of being apfdicable to any 

fluid having a ami tant <toiaity adiile passing the ctiBoe, regardless of 
what &iid was used in the acperimcnt 



122 FLOW THROUGH ORIFICES 

Ib OQBiputing R, the values of p and u are necessary, and unfortunate 
many capeiimenters have neglected to observe and record these (juanti- 
ties. 

Figure 63 shows the results of experiments by Johansen. Curves for 
four different ratios of ^ appear, and the value of R ranges from less 
than unity up to about 40,000. In computing R, the velocity past the 





Fio. 63. Coefficient of Discharge by Johansen 

orifice and the diameter of the orifice were used for the characteristic 
velocity and dimension. The mean velocity in the pipe and the pipe’s 
diameter could have been used with a corresponding change in the shape 
of the curves. The value of the coefficient is that of c' in equation (60). 
Both oil and water were used in the experiment. The pressure drop was 
measured between two points close to die up- and down-stream faces of 

the orifice plate (Fig. 64). The plate had a thickness of ^ and the in- 

terior of the pipe, as well as orifice plate, was yery smoqth. The positions 
of the pressure taps differ from those assumed in Fig. 62 when deriving 
the discharge equation, but are frequently used in practice. Inasmuch as 
the relation between the velocities at these two points is not that as- 
sumed in our derivation, it would be more logical to use equation (61) 

in which ^ is dropped and the burden of aUowii^ fat vdodty ap- 
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ptosdi is placed on the coefficient c". The advantage obtained by using 
these two points is that one eliminates any imcertainty as to tlM esnct 
location of the contracted section of the jet 
At veiy low values of R, the curves differ widely in location, but drop 
rapidly as R increases, and eventually become practicaDy horizontal and 
nearly coincident At a value for R of about 25,000, the curves for diame- 
ter ratios below 0.60 attain their final level. The curve for ^ »- 0.794 is 

dowly descending at this value and reaches a constant level, at which 
c' equals 0.608, when R = 50,000. Johansen’s data indicate that the co- 
efficient becomes quite constant as soon 
as tiurbulent flow in the pipe is estab- 
lished. The work was carefully per- 
formed and the results may be con- 
sidered reliable. 

Similar experiments by Tuve and 
Sprenkle gave results agreeing wdl 
with that of Johansen. They expeii- 
d 

mented with ~ values of 0.2, 0.4, 0.5, 

0.7 and 0.8; and they obtained a wide 

range in viscosity by the use of both ^ 

water and oil. For R = 50,000 they foimd that c' 0.62± for — ratios 

d . ^ 

between 0.20 and 0.50. They recommend that — ratios above 0.50 be 

not used, and point out possible instability of the coefficient for R < 100. 
Measurement of the pressure drop between points located one pipe 
diameter upstream from the orifice and 0.30 of a pipe diameter down- 
stream, gave practicaUy the same results as measurements made close 
to the plate. 

Johansen’s pipe and that of Tuve and Sprenkle were approximately 
1.25 inches in diameter. That the obtained coefficients apply to orifices 
in larger pipes is shown by R. Witte’s e^riments with pipes 2 and 4 
inches in diameter. No marked difference in coefficient was found. Ref- 
erences to all three experiments are given in the bibliography at the end 
of this chapter. ^ ^ 

Use of Fig. 63 for obtaining the value of cf, when — and Lp are known, 

is made as follows. A value for c' is first assumed (say 0.65) and Q com- 
puted by equation (60). A tentative value for v is then obtained from ^ , 



Fig . 64 
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and for R from — • With this value of R, a closer value for is obtained 

from the curves and Q recomputed. One or two repetitions of this process 
permit the determination of c'. 

Instead of a sharp-edged orifice, one having rounded edges may be 
used, but the value of the coefficient must be obtained for each orifice 
by previous calibration. 


72. Flow of Air through a Diaphragm^Orifice 
Bernoulli’s equation, modified for a compressible fluid, was shown in 


Art. 49 to be 


vr 


2g 


+ S2 + 


I 


Since the change in velocity, while passing the orifice, takes place almost 
instantly, little heat can escape from the air, and the flow may be as- 
siuned as adiabatic. Bernoulli’s equation for adiabatic flow, with s-terms 
omitted, is 


Referring to Fig. 62, the equation of continuity is 

v)iAv\ W2cai)2, 

since the weight of air passing any section per second is constant, and 

1 

equation 19). 

Substituting this value of Vi in the preceding equation. 


Vt 


V’a cavs 

tt'i A 


k-hXiKsf-l 

mi- 

Since the wdght of ur per second, IV, is wacava, 


(62) 


W - c'au>a 




-my 


(63) 
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In obtaining (63), the numerator and denominator of (62) mte mul* 
t^ed by minus one, and the c in the denominator was droijped, making 
^ bear the burden of the change. 

The equation is complicated for frequent use, the complication arising 
from the fact that the fluid is compressible. If it were incompressible, we 
might write from equation (60), 



If A be an adiabatic factor, this latter value multiplied by K may be 
equated to (63) and the value of K obtained. 



For any compressible fluid, therefore. 



if the expansion be assumed adiabatic. The value of c' is to be taken from 

d 

the curves in Fig. 63 which apply to all fluids. For given values of — and 


k, K varies with — , and may be computed for air {k « 1.4) from the 
P’- 

following equations, Pi and p 2 being absolute pressures. 


d 

D 

L 

D 

d_ 

D 

i 

D 


0.20 

K - 0.57 ^ + 0.43 
pi 

0.30 

K - 0.575 ^ + 0.425 
Pi 

0.40 

K - 0.585 ^ + 0.415 

Pi 

0.50 

K - 0.61 ^ + 0.39 

Pi 


For 
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Equation (65) was derived with the assumptkm that Pt and pa were 
the pressures just upstream from the orifice and at the contracted sec- 
tion of the jet. The respective distances from the orifice may be taken 


as D and — , where Z? is the diameter of the pipe. 
<5 


Example.— Compressed air flows through a 6-inrh pipe fitted with a 
2.4-incl. standard orifice. The observed data are: pi = 15 lb. per sq. in. 
(absolute); ^2 = 12 lb. per sq. in. (absolute); temperature 70® F. Com- 
pute the pounds of air flowing per second past the orifice. 

From equation (16), 


15 X 144 „ 

For ~ x 0.40, the value of K is found to be 0.883. Assuming a trial value 
of 0.62 for the coeflicient, 


W 


0.883 X0.62 X 0.0314 X0.0767 / ^ 3X144 

■V“‘5:o76J 


0.804 lb. per sec. 


The value of i» at the orifice is 0.804 - 5 - 0.0767 X 0.0314 => 334 ft. per sec. 
0.384 X 10-* 




32.17 


p 0.0767 
334 X 0.20 
0.000161 

0.62 was correct for the coefficient. 


0.000161 sq. ft. per sec. 


Therefore R 


415000, for which value Fig. 63 shows that 


73. Discharge under a Falling Head 

If the head on an orifice is not constant with time, the flow becomes 
unsteady. A simple case is that wh6rc the head 
constantly decreases due to the depletion of the 
reservoir feeding the orifice, no inflow taking 
place. 

Let ki (Fig. 65) be the head on the orifice at 
the moment of opening, and ha the head at the 
end of a time interval, t. The horizontal cross- 
section of the reservoir is assumed constant.* 
At any particular instant, the velocity of flow b 

V ^ CvVJgk, 

k being the instantaneous head. The quandty discharged under thb head 

would be * 

Q = caVlgk, 

* It is also assumed to be large compared with tlie orifice area 
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and in the s mal l time, dt, a small volume, ca>/lgh dt, would be discharged. 
In the same time interval the head would drop the amount dh, and the 
amount of fluid leaving the reservoir would be AdA. Evidently, 


or 


-Adh 

dt 


cay/ 2gk dt, 
Adh 

cay/2^ ' 


the minus sign expressing the fact that ^ is negative, since dt is an in- 

an 

crement and dh a decrement. Since h varies from hi to A 2 the integration 

of the above will give . 

f ~ 7^ I ' ft~^dh 

cay/2g Jh, 

or 


2A 


cay/2g 


ihi^ - * 2 *). 


( 66 ) 


The value of c has been assumed constant although it is known to vary 
slightly with the head. If the change in head be rdatively small, the 
error involved will not be large. If the time to empty the reservoir be de- 
sired (Aa » 0), the variation in c as the head approaches sero will render 
anything but an approximate solution impossible. 

If the horizontal cross-section of the reservoir is not constant in area, 
the problem is still possible of solution if A be expressed in terms of h. 
Where, as above, the surface area of the reservoir remauis constant, we 
may determine the average value of the velocity of flow from the orifice 
as follows: 

Total Q ^ Ajhi — h^ 

Area of jet X time 2A(v^ — y/h 2 ) 


or 

Si, - c,V2i^*li±^ = -f- W2gA2 


(67) 


Thus we find that the average velocity during the time of discharge is the 
arithmetical mew of the vdocity due to hi and that due to As- 
Since 

Total Volume Discharged = Average rate X time, we have 


and 


A{hi - ha) - CtOVn X t, 

I _ 2 A (At — Aa) 

“ ca(y/2ghi + y/2gha) 


( 68 ) 
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It is evident that (66) and (68) differ only in the arrangonent of tenns, 
but the use of the average rate of dischai^e makes the solution of proh- 
lems easy. Again it should be noted that only with A constant can the 
average velocity method be used. 

Example. — One of the locks on the Lachine Canal has a surface area 
of 12,150 square feet, and its water level is 9 feet below that of the water 
in the canal above the lock. Hie gate between the two levels is supplied 
with two sluices and the level of the water in the lock is raised to that 



Fto. 66. Locks at Gatun, Panama Canal 


above the gate in 2 minutes and 48 seconds. Assuming c equal to 0.60 
and no fluctuation in the canal levd, determine the area of each sluice 
opening. 

Since the head varies from 9 feet to zero, the average rate of discharge is 



2 


- 0.6o X 12.04 - 7.22o 

Total Volume Discharged -■ 12150 X 9 » 109350 cu. ft 

109350 


i o 168 sec. 


0 « 90 sq. ft. 


7.22a 


As this is the combined area of two sluices, each must have an area of 
45 square feet. Ans. 
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Emaple 1.— A prismatic vessel (Fig. 67) has two compartments A 
and B, communicating by a standard orifice 6 inches square, its center 
being 3 feet above the bottom of the vessel. The horizontal cross-section 
of A is 100 square feet, and that of is 
200 square feet. At a certain time the 
water stands 13 feet deep in A and 9 feet 
deep in 3. How soon thereafter will the 
surfaces reach a common levd? Assume 
c - 0.60. 

Let y be the depth of water in A at 
any instant, and dy be the change in 
depth during any interval of time dt. 

The rise in B’s level during the same time will be dy (100 + 200), and 
the net change, dh, in head will be 

dA-|dy. 

Through the orifice there flows in dt seconds 
dQ « cay/^k dt; 

also 

dQ - 100 dy - ^^‘■dh. 

/. cay/lfhdt - 0.6 X X 8.02 X h* dt. 

t • - h'^dk. 

t » 221.6 sec. Am. 



Solution by usinf average rate of disckarge . — 

- 0.6 X ^ * ^ 1 . 1,2 cu. ft. per sec. 

X 

Level in A descends x ft. Therefom F’s levd rises - ft. 


« » 2f ft. 

Total Volume leaving A — 100 X 2| — 267 cu. ft. 

tm^m, 221.6 sec. Ans. 

1.2 
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Example 2.— A reservoir has the form of an inverted, truncated pyra- 
mid, and the dimensions shown in Fig. 68. If filled with water, how much 
time will elapse, after opening an orifice in its base, before the water^evd 
will have fallen 2 feet? Area of orifice is 6 square inches, c ■> 0.80,' and 
the value of Cc is unity. 

-Adh » caVlgh dl = 0.80 X 0.0417 X 8.025 A* dt 



From the figure, the value of A at any head, 
h, is 

v2 


d. « 

16 \8 ■/ 


A = 0.25(4 + h)^ 
dt = -0.935(4 + 

(16A"* + 8A^ + h^dh 


1 1 


t = -0.935 
1 = 53 sec 


74. Discharge under Falling Head with Con 
stant Inflow to Reservoir. 


Fig. 68 


Let the rate of inflow be denoted by Qo. 

Starting wth any head, h, as in Fig. 65, the 
drop in dt seconds would be dh and out from the reservoir would flow a 
quantity which would be expressed as Adh plus the amount Q^it which 
would enter in the same time. Proceeding as in Art. 73, 


Adh + Qgdt 
dt 


ca-^s/l^dt 

Adh 


c&y/lgh - Qo 


dt 


the minus sign in the right-hand member expressing the fact that — is 

dh 

negative as dt is an increment and dh a decrement. 

•/hi 2 ^^ Qo 

t - [caVTi (Vh,-Vh 2 )- Qo log. (69) 
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75. Special Case of the Sluice Gate 

Frequently the discharge from a reservoir takes place through a gate 
located at the base of a reservoir wall, or dam, and the issuing stream 
flows along the bottom of a channel. (Fig. 69). Choosing a datum at the 
floor of the sluice and writing Bernoulli’s equation between a point in the 
reservoir surface and any point in the 
stream’s cross-section where the contrac- — 

i 

tion has become complete, 


B 

. V) 


V* P 

:r + - + 2 

2g w 


2g 


+ d, 


V = “^Igih — d), (ideal) 


I 

♦ r I 


V = c«V 2g (Ji — i), (real) 


j; H*T 


Q = ca^ Ig {h — d). 




Fic. 69 


Obviously, the discharge coefficient for the particular form of orifice must 
be known from previous experiment. If the opening be rectangular, the 
coefficient of contraction would have approximately the same value as 
for a rectangular opening of the same width, but having twice the height. 





Fic. 70. Locks with Six Lifts on the Rideau Canal, Ottowa 


The time required to lower the reservoir’s surface a given amount, by 
means of this type of orifice, may be computed by (66) if (/< — d) be sub- 
stituted for A. If a flow into the reservoir exists, equation (69) should 
used with the same substitution. 
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PROBLEMS 

1. Compute the rate of diacbsurge in cu. ft. per sec. from a 2-ipcfa circular 
orifice under heads of 9, 49 and 81 ft of water, using (a) Medaugh and John- 
s’s, (6) Judd and King’s, and (c) Bilton’s coefficients. 

2. A standard orifice, 2 in. in diameter, is placed in the vertical side of a 
reservoir which receives water at the rate of 0.87 cu. ft. per sec. Determine the 
height above the center of the orifice to which water will rise in the reservoir. 

3. Water spurts vertically upward from an orifice in a horizontal plane under 

a head of 40 ft. What is the limit to the height of the jet if the coefficient of 
velocity be 0.97 and air friction negligible? Ans. 37.6 ft. 

4. A liquid having a specific gravity of 1.57 is discharged into the free atmos- 
phere from an orifice in the side of a reservoir. If the pressure at a point in the 
reservoir, on the same horizontal plane as the orifice but remote from it, be 50 
lb. per sq. in. (absolute), compute the ideal velocity of the jet. 

Ans. 57.7 ft. per sec. 

5. Water spurts out horizontally from a half-inch round hole in the side of a 
timber penstock, the wall of which is 2 in. thick. The jet strikes at a point 6 ft. 
horizontally distant from the orifice and 2 ft. lower down. Assuming the stream 
to issue from the orifice without contraction, due to the thickness of the wood 
penstock, compute the probable leakage in gallons per 24 hours. 

Ans. 14,960 gal. 

6. The jet from a standard 0.5-inch orifice (in a vertical wall), under an 18- 
foot head, strikes a point distant 5 ft. horizontally and 4.67 in. vertically from 
the center point of the contracted section. The discharge is 1 19 gals, in 569 secs. 
Compute the coefficients of discharge. \^elocity and contraction. 

Ans. Ca “ 0.60; Cj, « 0.94; Cc « 0.64. 

7. A sharp-edged orifice of 4 sq. in. cross-section (plane vertical) discharges 

a jet of water which at a point 3 ft. below the center of the contracted section is 
4 ft. in front of it. Compute the probable discharge in gallons per hour. » 
0.98 and c « 0.608. Ans. 4300 gad. per hr. 

8. A steel box, rectangular in plan, floats with a draft of 2 ft. If the box be 
20 ft. long, 10 ft. wide, and 6 ft. deqp, compute the time necessary to sink it to 
its top edge by opening a standard orifice, 6 in. square, in its bottom. Neglect 
the thickness of the vertical sides, and assume c » 0.60. Ans. 472 sec. 

9. What will be the rate of discharge through a l-inch orifice in the bottom of 
a vessd moving upward with an acceleration of 10 ft per sec. each second, the 
water being 8 ft. deq> over the orifice? Assume c « 0.61. 

Ans. 0.087 cu. ft. per sec. 

10. A reservoir has a side wall, inclined backward 30 degrees from the ver- 
tical, in which is an orifice having a velocity coeffici^t of 0.97. With a head of 
9 ft on the orifice, compute 

•(a) Vertical height, nhove center of orifice, which jet will reach. 

(b) Horizontal distance from orifice to jet. 
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Ic) Velocity of jet as it strikes the ground a distance 7 ft. betow orifice. 

Ans. (a) 2,12 ft 

(b) 14.7 ft. 

(c) 31.6 ft 

1 1. If the actual velocity of flow from a certain orifice under an 6-foot head 
was found to be 22.09 ft. per sec., what was the loss in head by friction? 

, Ans. 0.43 ft 

12. Find the theoretic discharge through a vertical, sharp-edged orifice hav- 

ing the form of an isoceles triangle with an altitude of 10 in., b^ (horizontal) 
6 in., and vertex level with the reservoir^s surface. Disregard the velocity of 
approach. Ans. 1.22 cu. ft. per sec. 

13. A sharp-edged orifice, 1 ft. square, discharges under a head of 1 ft., the 

latter being measured above the center of the orifice. Confute the rate of dis- 
charge assuming the mean head to be 1 ft., and compare the result with that 
obtained by using the exact formula in Art. 64. Ans. 4.81 cu. ft per sec. 

4.7S cu. ft. per sec 

14. A standard 2-inch orifice connects two vessels, A and B. In A the water 

stands 4.6 ft. deep above the center of the orifice and its surface is exposed to 
steam at a pressure above atmospheric equivalent to 18 in. of mercury. In B 
the level of the water is 1 ft. above the orifice center and the air pressure on it is 
less than atmospheric by an amount corresponding to 10 in. of mercury. Com- 
pute the probable discharge in cubic feet per second. Ans. 0.62 cu. ft. per sec. 

15. Find the head necessary in order that the energy of the jet from a 2-inch 
orifice shall be 2 horsepower. Assume Cc = 0.65 and c„ « 0.96. 

16. A thin plate closes the end of a 6-inch pipe and a 3-inch orifice is made in 
the center of the plate. At what rate will water be discharged through the orifice 
when a pressure of 10 lb. per sq. in. is mainrained in the pipe a short distance 
back from the orifice? Assume Cv » 0.98, Ce 0.61 , and make the computations 
with and without consideration ql the effect of velocity of approach. 

17. If the orifice in problem 16 be 2 in. in diameter and the pressure 15 lb. 
per sq. in., what rate of discharge is indicated? Assume c » 0.590. 

Ans. 0.61 cu. ft. per sec. 

18. An oil having a specific gravity of 0.934 and a viscosity of 800 Saybolt- 

seconds, flows through a 3-inch diaphragm-orifice in a 5-inch pipe. The pressure 
drop (measured as stated in Art. 71) being 10 lb. per sq. in., what rate of flow is 
indicated? Ans. 1.39 cu. ft. per sec. 

19. Compressed air flows through a 2-inch pipe fitted with an 0.8-inch dia- 
phragm-orifice. The flow data are: pi » 100 lb. per sq. in., Pt « 85 lb. per 
sq. in. nx>th absolute); temperature 120^ F. What is the flow in lb. per sec.? 

Ans. 0.512 lb. per sec. 

20. Air is forced through a 3-inch pipe fitted with a 1.2-inch standard dia- 

phragm-orifice. The data are: Pi » 22 lb. per sq. in. (absolute); ^ » 18 lb. 
per sq. in. (absolute) ; temperature 70® F. Compute the pounds of air flowing per 
second past the orifixx. Ans. 0.28 lb. per sec. 



134 


FLOW THROUGH ORIFICES 


2L A rectangular tank with vertical sides, 16 ft. long and 4 ft wide, contains 
water to a depth of 4 ft. How long will it take to empty it by opening a 4-inch^ 
sharp-edged, circular orifice in its bottom, assuming a constant discharge 
coefficient of 0.60? Ans. 610 sec. 

22. A small orifice of 0.5 sq. in. area is in the vertical side of a rectangular 
tank. The horizontal sectional area of the tank is 4 sq. ft At a given instant 
the head on the orifice is 4 ft., and 267 sec. later is 2 ft. Compute the value of c. 

Ans» c « 0.63 

23. The head in a vessel with vertical sides, at the instant of opening an 

orifice, was 9 ft. and at closing had decreased to 5 ft. Determine the constant 
head under which in the same time the orifice would discharge the same volume 
of water. Ans. 6.65 ft. 

24. From a given prismatic reservoir the discharge from an orifice at the 
base would be 32 cu. ft. in / seconds if the head were constant at 16 ft. 

(a) Under a falling head, starting at 25 ft., how much must it fall during the 
same time, /, so that the discharge during that time shall also be 32 cu. ft., 
assuming the coefficient of discharge constant? 

(b) What is the area of the vessel in square feet? 

(c) If C 4 » 0.85 and / » 40 sec., what would be the area of the orifice? 

Ans. Fall « 16 ft. 

Area 2 sq. ft. 
a = .029 sq. ft. 

25. A cylindrical vessel, 10 ft. high and 4 ft. in diameter, is filled with water 
to a depth of 8 ft. In its side is a 2-inch circular orifice (ca ^ 0.60) placed 1 ft. 
alx)ve the bottom of the vessel. If the vessel be rotated about its own axis at 
60 rpm. and the water allowed to escape through the orifice for a period of 3 
minutes, how deep will the water stand in the vessel if brought to rest? 

Ans. 4.23 ft. 

26. A prismatic vessel has two compartments, A and B, communicating by 

a standard orifice 12 inches square with a coefficient, c, of 0.60. The horizontal 
cross-section of A is 100 sq. ft. and that of B is 400 sq. ft. At a certain time tiie 
water in A is 18 ft. above the center of the orifice, and in B 9 ft. How soon there- 
after will the water surfaces be 4 ft. apart? Ans. 33.2 sec. 

27. A canal lock 400 ft. long and 90 ft. wide is emptied through a submerged 

opening having an area of 60 sq. ft. and a discharge coefficient of 0.64. The 
water discharges into the lower canal, which is maintained at a constant level 
20 ft. below that in the lock when full. How long will it take to bring the lock 
level down to that in the lower canal? Ans. 17.4 min. 

28. A hemispherical vessel, 4 ft. in diameter and filled with water, has a 1- 
inch circular orifice in the center of its bottom. There is no contraction in the 
jet, and « 0.98. Compute the time required to lower the water levd 1 ft. 

Ans. 221 sec. 

29. A rectangular tank, 10 ft. by 6 ft. in plan, has vertical sides 5 ft hq^ 
Its bottom forms an inverted pyramid 4 ft. deep, and an orifice of 16 sq. in. is 
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at the apex. If filled with water, how long a time will be required to lower the 
surface level 6 ft, e having a value of 0.80? Ans. 202 sec. 

30. The sides of a vessel have a surface-form similar to that of a paraboloid of 

revolution with axis verticai. The radius of any horizontal section is related to 
the height of the section above the vertex by A = 4irr\ \t the bottom of the 
vessel is an orifice of 2 sq. in. having a coefficient of 0.66; The time required to 
lower the head (A) from 12 to 8 ft is desired. Ans. 43 sec. 

31. Water fills a vessel whose shape is that of an inverted p}rramid with a 

square base. If the base measures 12 in. on a side and the altitude is 2 ft., how 
long a time will be required to empty the vessel through an orifice at the apex 
1 in. square. Assume that Cd « 0.88 and disregard changes in dimensions of 
pyramid caused by cutting the orifice. Ans. 11.6 sec. 

32. A reservoir, \ acre in area (21,780 sq. ft.), with sides nearly vertical 

so that it may be considered prismatic, receives a stream yielding 9 cu. ft. 
per sec., and discharges through a sluice 4 ft. wide which is raised 2 ft. Calculate 
the time necessary to lower the surface 5 ft., the head over the center of the 
sluice, when opened, being 10 ft. Assume Cd = 0.62, and d (Fig. 69) 1.4 ft. 

Ans. 11 SO see. 
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CHAPTER VI 


Short Tubes and It^ozzles 




76. General 

Broadly speaking, the term orijice may be applied to an opening of any 
size or shape, and the tubes and nozzles discussed in this chapter may be 
classed as special orilices. The flow of any fluid through them therefore 
conforms with the laws oi flow already derived in the previous chapter. 
The effect oi size and shape is to change the numerical value of the co- 
efficients and the amount of head lost. 

77. The Short Cylindrical Tube 

The short tube in Fig. 71 may be thought of as an orifice in a wall of 
considerable thickness. Placed in the side of a reservoir filled with water, 
the issuing jet completdy fills the mouth of the tube and the contraction 
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<»effident is therefore unity. Inade the tube at m, the stream is con- 
tracted by passing the edge of the qimung, but it aomi expands to fill the 
tube. Between m and the section where the ei^uinsion is cmpieted, there 
occurs a sudden decrease in velocity which is accompanied by much tur- 
bulence. The latter is noticeable in the jet which ^ a roa^ exterim*. 
The jet from a standard orifice is smooth and tranqMtrent, and moves so 
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steadily tBat its motion is bardly perceptible. Since the tube is an orifice, 
the exit velocity is 

V = c^Vigk. 

For a tube having a length of 2^ or 3 diameters, the value of c, is found 
to be approximatdy 0,82, varying somewhat with the diameter and head 
as in the case of the standard orifice. Weisbach found from his experi- 
ments a mean value of 0.815. 

As to the rate of discharge, 

Q = 0.82 a\'' 2gh, 

since Ct = 1.00. The rate of discharge is therefore approximately one- 
third greater than from a standard orifice of the same diameter imdei 
the same head. Assuming 

c, = 0.82, 


Lost head = (1 — 0.82 )h = 0.33A, 


or 


Lost head 


« (_L_ _ 

\(0.82)» / 2g 


0.49 


2g 


The large loss and the low value of are due mainly to the sudden ex- 
pansion within the tube and to the consequent sudden decrease in ve- 
locity. That a loss of head always accompanies a sudden decrease in ve- 
locity is one of the important lessons to be learned from the study of the 
tube. Such expansions are common in pipes, open channels and centrifu- 
gal pumps, as will be seen later. In general, good design requires that 
sudden expansions be avoided if energy losses are to be kept small. 

Where a pipe-line enters a supplying reservoir, having its end flush 
with the inner face of the wall, the flow characteristics in the first three 
diameters of length are identical with those in the tube, and a loss equal 

to 0.50 — is assumed to take place in this length (Art. 114). 

2i 

The pressure at tn must be less than at the exit of the tube, rince the 
vriocity decreases between the two points. With the discharge taking 
place into free air, the pressure at m is less than atmoqiheric as indicated 
by the piezometer in Fig. 72. Between a point in the reservoir surface 
andm, 


0-1-^ + A 

w 


2g 


w 


-1- 0 -f lost head. 
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The value of v„ may be approxitnated by assuming a coefficient of ocHi* 
traction for the stream at m. In the case of a standard orifice this is about 
0.61 ; but at m the contraction is probably less, due to the low pressure 
surrounding the section. Assuming Ce 0.63, and using Weisbach’s co- 
efficient of 0.815, 

0.63 av„ - av, 

v„ - l.S9t) = 1.59 X 0.815\/2^ - l.sVlgk, 

= 1.69A. 

2g 


Between the points considered, the friction loss should be that occur- 
ring in passing a sharp-edged orifice. 

This was found to be 0.041 — (Art. 

2g 

60), the loss .being expressed in terms 
of the velocity at the contracted sec- 
tion. Therefore the loss, up to the 
^ point m, may be written 

Lost head = 0.041 X 1.69A = 0.069A. 

Substituting this value, and that of 

~ , in the general equation, 

2g 

0 -i- 34 -f A « . r"* 
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1.69A + ~ + 0.01 h 
w 


from which 


t 

VI 


^ 34 - 0.76A. 


Accordingly, the pressure-head at tn is less than atmospheric by 0.76A, 
and the latter is the height of the piezometer colimm in Fig. 72. 

The vahdity of the relation and the reasonableness of our assumptions 
was demonstrated by Venturi. With a head of 0.88 meters he obtained 
a water column of 0.65 meters, giving a rdation of ki » 0.74A. 

Referring to Fig. 72, it will be seen that if the distance J8-C is less than 
Ai, the water will enter from the glass tube into the main tube and be 
expdled with the jet. This is the prindple of the jetjnui^ and the steam 
ejector. FuithemKxre, as the hei^t of the water column cannot eacdeed 
a|>{»oxunatdy 33 feet at normal water temperatures, it follows that the 
pressure in the contracted sectvm anil have its mininium posrible vdiue 
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when h it about 43 feet (since 33 * 0 . 16 k). Experiments at the Massa- 
chusetts Institute of Technology showed that when h reached a value of 
^ 42 feet, the flow became unsteady. Hiis was doubtless due to the break- 
ing down of the contracted .section when the pressure there approached 
zero. 

The short tube b important only as it serves to present the flow char 
acteristics discussed above. . 

78. Borda's Mouthpiece 

A short cylindrical tube, attached to the side of a reservoir and extend- 
ing inwardly as shown in Fig. 73, is known as Borda's mouthpiece. If its 
length be about equal to its diameter, the liquid in the reservoir will 
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issue from the tube without touching its sides. The contraction of the 
jet b found to be greater than in a jet from a standard orifice, if the wall 
of the tube be thin, or its inner end be sharp. Particles approaching the 
inner edge from the region a have an inertb which causes their change 
in (Erection at the oriflee edge to be less abrupt than at the edge of a 
standard oriflee. If the reservoir be large, so that particles remote from 
the oriflee have no velocity, it is possible to compute the value of Ce. 

Along the wall, abed (Fig. 74), there exists no apprecbble velocity, due 
to the presence of the tube. The pressure variation over this wall is 
therefore that of a liquid at rest. On the plane e^, the pressure variation 
b the same as on abed, rince no velocity exbts in the reservoir. The total 
pressure force on ef therefore exceeds that on abed by an amount awk. 
where a b the area of the opening at the inner end of the tube. Between 
ef and am, the liquid changes its vel(Kity from zero to v. By the momen- 
tum prind|fle (Art. $0), the product of thb change and the mass flowing 
per second mtist equal the unbidanced force which acts (in the direction 
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of v) upoli the liquid Ijring between ej and tnn. This force is Accord- 
ingly. w 

awh — (CeOti) - V 


A = Cc — 

g 

^ ... 

For a frictionless liquid, h may be replaced'by — , giving . 

Cc = 0.50. 

, 1,2 

For water, v * 0.9&-y/2^, A = — 4- 0.96, and 

2g 

Cc = 0.52. 

It has been stipulated that the inner end of the tube have a sharp edge, 
or the wall of the tube be thin. The sectional area of the jet is therefore 

Cc ^ dj^, do being the outside diameter of the tube. If the wall of the tube 

has an appreciable thickness, no change in the contraction will occur, 
provided the thickness is not sufficient to cause the jet to touch the inner 
edge of the tube. The jet will still spring from the outer edge. If the thick- 
ness be considerable, the jet will spring from the inner edge of the wall 
of the tube and the amount of the contraction will be practically that in 
a jet from a standard circular orifice. 

Borda’s mouthpiece is of interest as furnishing the only case when Ce 
may be numerically computed for a real liquid. It has no practical use. 

If the length of the tube be increased to 2.5 or 3 diameters, it is ami- 
lar to the short tube discussed in the previous article, except that it pro- 
jects into the reservoir. At the inner end the stream contracts but subse- 
quently expands to fill the tube. The amount of expansion being greater 
than in the standard short tube, it follows that the resulting loss is greater; 
and the tube’s coefficient of velocity will be less than 0.82. Experiments 
indicate that c, has an average value of about 0.75, giving the loss in the 
tubeas / j 

Lost head = I — ~ 0 T" “ T*’ 

\0.75* / 2g 2g 

If the w£ll of the tube has a considerable thickness, the characteristics of 
the flow simulate those occurring in the standard tube, and 


Lost head 


as shown in the previous article. 
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Pipe*liius are often inserted through a reservoir wall and allowed to 
project beyond the inner face of the wall. Assuming the end of the pipe 
to be squarely cut and having well dehned edges, the loss in the first 
three diameters of its length will be given (70) if the pipe tliirlrn>!<»i» be 
an al l relative to its diameter. For a thick wall, equation (71) gives the 
loss. In practice, the inner end of the pipe would not have sharp, well 
defined edges, and equation (71) is generally used. 

79. The Conical Nozzle 

As commonly used, the conical nozzle is attached to the end of a pipe, 
or hose, and may be considered as a tapering orifice made in a thick 
plate. Flow through it therefore follows the orifice laws. 



If V and p represent the velocity and pressure at m (Fig. 75), and v 
the velocity at n, 

jL.. 

2g w “ 2g Vc,® / 2g “ c,*2g 

/dV 

Also, AF - Cc<w by the equation of continuity, so that V *'• 

Substituting this value in the first equation, 


and 



(72) 


(73) 


The c under the radical sign is often omitted and Q expressed as 



(74) 


making the remaining c' bear the burden of the change . The value of c' 
thoi is no longer r«Cc< ^ ^ ^ nRIT has a value equal 
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to, or greater than, 0.998 and may be drq>ped from the equation. This is 

i 

equivalent to saying that, for — 5 0.25, the head corresponding to tlie 
velodty of approach is negligible. 

The contraction of the jet varies in amount with the convergence of 
the nozzle cone. Because the rate of discharge is diminished by the con- 
traction, it is common practice to shape the interior surface of the nozzle 

so as to do away with it. This may 
be accomplished by adding a cyliu- 
^ drical tip to the conical portion and 
rounding the inner surface at the 
junction; or the nozzle may be made 
convex on the imside with the curve 
taiygent to the cylindrical tip (Fig. 
76). Such nozzles furnish effective 
streams for fire fighting, since they 
have coefficients of discharge equal 
to their velocity coefficients. A first-class fire stream should have a dis- 
charge of at least 250 gallons per minute. The diameter of the tip ranges 
from 1 inch to inches for a hand-held nozzle. 

Equation (73) or (74) permits the computation of c when Q has been 
obtained by an experimental run, and the corresponding pressure meas- 
ured. 

Besides their use in connection with fire streams, nozzles are extensively 
used in water-power developments and for washing away soils in mining 
and engineering operations. Those used in power development are illus- 
trated in Chapter XII. 

The energy in the free jet being wholly in kinetic form, the energy per 
second may be computed from 

ti* 

£ ■> IF — ft. lb. per sec. 

2g ^ 

\ 

Example. — Compute the velocity, rate of discharge and energy per 
second in the jet from a 2-inch nozzle, attached to a 4-inch {upe, when 
the pressure at the base of the nozzle is 10 pounds per square inch. 

Assume c, « 0.97 and c« « 0.95. 

J2. 

64.4 “ 64.4 ■' V(0.97)*' / 2g 

‘ V » 0.95 - 0.238®. 
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By substitution^ 


V * 38.4 ft. per sec. 


Had the velocity in the pipe been neglected, the result would have 
been 37.4 feet per second, entailing an error of 2.S per cent. For the rate 
of discharge, 

Q « Ccav » 0.95 X 0.0218 X 38.4 « 0.795 cu. ft, per sec. 

E = 0.795 X 62.4 X (38.4)® - 64.4 - 1140 ft. lb. per sec. 


Equations (72) and (73) could have been used with the same results. 

Had the nozzle been shaped so as to make Cc = 1 .00, the above values 

would have been ^ 

V *= 38.5 ft. per sec. 


Q - 0.84 cu. ft. per sec. 


E « 1205 ft. lb. per sec. 


80. Nozzle Coefficients 

Experimenting at Lawrence, Massachusetts, in 1888, John R. Free- 
man* found the following values for c in equation (73), using smooth fire 
nozzles with no contraction in the jet. 


Diameter in inches 

0.983 

1 

1 

li 

0.976 

li 

Coefficient of discharge 

0.982 j 

0.972 

0.971 


These coefficients were obtained when the nozzles were screwed on to 
the small end of a play-pipe, 25 inches long and tapering from 2.5 to 1.55 
inches, inside diameter. The large end of the play*pipe was attached to 
a fire hose of the same diameter, and the pressure was measured at the 
point where the play-pipe joined the hose. It would appear that the co- 
efficients were really for play-pipe and nozzle combined and were smaller 
than what would have been determined for the nozzles alone, had the 
head been measured at their bases. This is apparently proved by Free- 
man’s later experiments in 1890. Using smooth nozzles on a 3f-inch pipe 
and measuring the head close to the nozzles, he obtained the following 
values of c. 


Diameter in inches 

1.75 

2.00 

2.50 

Coefficient of discharge 

.999 

.996 

.997 


* TrensaeHons A.S.C.E., vol. 2J, pp. 30J-482. 
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From these and other experiments, it appears that the variation in c for 
smooth nozzles, having Cc * 1.00, is from 0.97 to 0.99, mid that a mean 
value of 0.98 may be assumed where experimental values are lacking. 

Nozzles are commonly used for measuring discharge rates during the 
experimental testing of pumps. Under normal pressure they have a rela- 
tively large capacity, and if their coefficients of discharge have bera de- 
termined, they function with a high degree of accuracy. 

81. The Nozzle Flow'Meter 

Figure 77 shows an adaptation of the nozzle for metering fluid flow in 
a pipe where free discharge into the air is not possible. The nozzle is 



shaped so as to make Ce 1.00, and the pressure drop is measured be- 
tween a section located upstream from the nozzle a distance equal to the 
diameter of the pipe, and a section coincident with the tip of the nozzle. 
Under these conditions, equation (60) may be used, by which 



for all liquids. For a compressible fluid. 



as givoi by equation (65) in Art. 72. The value of c' in both equationa 
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vaiy with the Rqrnolds number, 


vdp - 

— , V being the velocity at the nozzle 


tip, TTie value of K, the adiabatic factor, may be determined from the 
equations in Art. 72 if the fluid be air, or from equation (64) for other 
fluids.. 


The nozzle shown in Fig. 77 is the A.S.M.E.* “long radius” flow nozzle. 
The interior surface is very smooth and a cylindrical tip, having a length 
of 0.6d, is provided in order to insure no 
contraction of the jet. The normal vari- 
ation in velocity across a jet issuing 
from such a nozzle is shown in Fig. 78, 
the velocity being uniform in the central 
portion but decreasing toward the sides 
of the jet. For small values of d, the 
average velocity will be smaller than 
for larger values of d, hence c, and c' 
will be smaller also. The report of the A.S.M.E. Committee on Fluid 
Meters indicates that the value of d may be computed from 



Fio. 78 


C' 


0.996 - 


0.0036 
d ’ 


d being expressed in inches. The application of the equation is limited to 

100 000 

values of Reynolds numbers equal to, or greater than, 400,000 


In computing R, the diameter of the tip and the velocity at that point 
are to be used. The report also recommends that the above equation be 
d 

limited to — values less than 0.50, 





De«gn 


Tnaumt ^r h as values of R much less than 400,000 are frequently met, 
the author offers the curve shown in Fig. 79 based on Buckland’s experi- 
ments with the General Electric nozzle, which is very similar to that of 
* A.S.M.E., FMd Utitrs. Their Theory and Aptlieation, 4th ed.. 1937. 
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the A.S.M.E. For precise measurements the value should be ob* 
tabled experimentally for any particular nozzle, and for any unusual 
location of the pressure taps. 

Example 1. — A 3-inch A.S.M.E. flow nozzle measures the flow of 
water in a 6-inch pipe. The water temperature is 60° F. and the pressure 
drop is given by a mercurial differential gauge which shows a defection, 
z, of 8 inches. What is the rate of discharge? 

c' - 0.996 - 0.0036 - 5 - 3 » 0.995 


i (13.55 - 1). 8.37 ft. 

Q . v'gjuro? 

VI - 0.0625 


1.17 cu. ft. per sec. 


» 

V 

R 


1.17 + 0.0491 = 23.8 ft. per sec. 
1.21 X 10-® (Art. 9) 


2 3.8 X 0.2 5 
Ul X 10-® 


492000. 


Since this value of R is greater than 400,000 — 100,000 -f- 3, the assumed 
value of c’ was correct. 

Example 2. — If </ = 1 in., D = 3 in. and s = 3 in. of mercury, what 
will be the rate of discharge? 


Assume c' * 0.996 — 0.0036 = 0.992 

= 7 (13.55 - 1) » 3.14 ft. 
10 4 


Q 


0.992 X 0.00545 
VT^ 0.0123 


V64.4 X 3.14 


0.078 
‘ 0.00545 


14.3 ft. per sec. 


0.078 cu. it. per sec. 


- 1.21 X 10 ® as before 


14.3 X 0.0833 
1.21 X ur^ 


98500. 


Because this value of R is less than 400,000 — 100,000, the value of 
c' was incorrect and must be taken from Fig. .79. From the graph, d «■ 
0.978, hence 


0. 


- 0.078 X 


0.978 

0.992 


0.077 cu. ft. per sec. 
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Example 3. — Air at a temperature of 80® F. ^ws through a 4*inch 
pipe and is metered by a 1-inch A.S.M.E. flow nozzle. The pressure drop 
is gfven by a differential gauge, containing oil, which shows a deflection, 
z, of 6 inches. The specifle gravity of the oil is 0.90. The air pressure up- 
stream from the nozzle being 30 pounds per square inch, compute the rate 
of flow. 

Assume c' ■» 0.996 — 0.0036 - 0.992 


(30 -1- 14.7)144 

“ ■S3irx s39.4 * ® (Equation 16). 

c -i: •* r -I w * • 62.4 X 0.90 

Specific gravity of oil relative to air = — — — * 2S1 




0.224 

s(5 - 1) = 0.5(251 - 1) - 125 ft. 


0.224 X 125 „ , „ 

= ■ "TTa “ 0.195 lb. per sq. in. 

144 

Pi = 44.7 — 0.195 = 44.51 lb. per sq. in. 

^ Sf - 


For this ratio, and for — ■ 0.25, K = 0.998 (Art. 72). 


W 


0.998 X 0.992 X 0.00545 X 0.224 


V64. 4X 125 by equation (65) 


Vl*- (0.25)* 

W » 0.109 lb. per sec. 

To check the value of c' 

0109 , 

p ec ' ■ » 89.2 

0.00545 X 0.224 

H - 0.385 X 10"* (table Art. 12) 

V - 0.385 X 10-« X - 55.3 X lO"* 
0.224 


89.2 X 1 


12 X 55.3 X 10-« 


134000 


From Fig. 79, 


0 982 

« 0.982. and W - 0.109 X - 0.107 lb. per sec. 

0,992 
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82. The Diverging Tube 

Figure 80 shows a tube, having a gradually expanding aectioi^ at*, 
tached to the side of a reservoir by means of a rounded monthpiece.'The 
mouthpiece is used in order that the water may enter the tube reasonably 
free from turbulence. If the length of the tu^ and its angle of flare, a, 
be not too great, the stream fills the tube at its exit and c, equals c. The 
issuing jet is turbulent, showing the effect of the expandon within the 
tube. The turbulence increases with the angle of flare and the coefficients 



of velocity and discharge decrease. The flow has certain noteworthy 
characteristics. 

(а) The pressure at the small section is less than at the exit since the 
velocity-head at m is greater than at n. With discharge into free air, the 
pressure at m is less than atmospheric. This causes a velocity at m greater 
than is due to the head of water on the tube. 

(б) If the angle of flare be increased, and the tube flows full, the differ- 
ence between the velocities at m and n increases, and the difference be- 
tween the pressures at these points likewise increases. In other words, 
with constant pressure at », the pressure at m will decrease as a is in- 
creased. The limit of a would be reached, therefore, when Pm is absolute 
zero. Practically it is found impossible to keep the tube flowing full when 
large angles are used, and the formation of water vapor at low pressures 
prevents pn from bdng zero. 

(c) If ^e head on the tube be increased, both and Vn increase, but 
the vdocity-head at m will increase more rapidly than at n, since the 
velocity-head varies with the square of the velocity. It follows that Pm 
decreases as h increases (if the tube flows full), approaching a limiting 
value of absolute zero. 
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If Uw end of the tube be submerged (Fig. 81), the effective head, k, 
is Aji — as in the case of the submerged orifice. Submergence of the 
tube win not overcome the difficulty of maintaining full flow at all sec- 
tions if the angle of flare, the length of the tube, or the head be excessive. 
Under any one of these conditions the stream will leave the sides of the 
tube before reaching its end, and the sur- 
rounding space will be filled by non-flowing, 
turbulent water. 

As in previous tubes, we may write 

V = 

Q = cAy/^, 

and / , V , 

Lost head ( — ^ — 1 ) ^ 

W / 2g 

As a measuring device, the tube is of 
little value, since its coefficient varies widely 
with length and angle of flare. It is used commonly in hydraulic con- 
structions, the Venturi meter (Art. 137), the draft tubes of hydraulic 
turbines (Art. 188) and the enlargements used in connecting pipes of 
different diameters being a few examples. 

A series of experiments, by the author, were made upon small tubes 
placed in a vertical position. The. angle of flare varied from 3 to 30 de- 
grees and various lengths were used with each angle. The diameter at 
the small end was 1.22 inches for all tubes. The head w'as varied from 
0.05 foot to 1.60 feet, the end of the tube being submerged. The results 
are shown in the following table. 

Coefficients for Diverging Tubes 
(By Russell) 

Diameter at Throat 1.22 inches 



Fic. 81 



(a) It will be noted that no rqx>rt appears on the 30° tube. It was 
found impossible to e^qpand the stream to fill this tube, the stream lines 
leaving its sides immediately upon passing the throat. 
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ib) The codficients as given were fairiy constant at afl heads if the 
he^ exceeded 0.2 foot. Evidently this was a critical head as bdow it the . 
coefficients decreased lightly with the head. Since this critical head was 
practically the same in value for all tubes, and the only constant dinuni> 
sion on the tubes was its throat diameter of 1.22 inches, it would appear 
that the critical head was about twice the throat diameter. 

(c) Within the limits of heads and lengths investigated, the discharge 
increased with the length. 

(d) With any given length of tube, the maximum discharge ob- 
oiined with flares of from 7^ to 10 degrees. 

Although unable to get experimental proof of the fact, the author be- 
lieves it probable that none of the tubes having flares greater than 10° 
were filled throughout their lengths by the stream lines. 

Example.— The tube shown in Fig. 80 has end diameters of 3 and 5 
inches, a discharge coefficient of 0.70, and it discharges under a head of 
9 feet. The rounded mouthpiece, to which it is attached, has a velocity- 
coefficient equal to 0.98. The pressure at the point m is desired, also the 
rate of discharge. 

Between the reservoir surface and n, 



If for Vm we substitute its value, -^Vn, given by the equation of con 
tinuity, 

9 = 2.35 — , and t'„ = 15.7 ft. per sec. 

28 


Q =. 0.136 X 15.7 = 2.14 cfs. 

Cm “ X 15.7 » 43.6 ft. per sec. 
Considering points m and n. 


(43.6)» a (15.7)2 (15.7)* 

4 - — «s 4 - 1.04 ■ ■ 

64.4 w 64.4 64.4 


^ - -21.8 ft. 
w 

p “ —9.44 lb. per sq. in. 

83 . Divetfent Fknw 

It hu pointed out, in the cases of the sluvt tube and the diveig 
tuhe^ that eiqumskm of secticm produces tiirbulenoe winch causei 
additional loss of eneirgy. Tins is always true, save in the lather inhe- 
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queQt case of laminar ft>w. When mergy losses are to be k^t at a mini* 
mum, the use (rf expanding sections in any design should be avoided il 
possiUe. The flow of any fluid may be accelerated through cotteerging walls 
without a marked increase in turbulence or in energy loss. The coefli- 
dent of velodty for a short, smooth, conical nozzle is oiten as high as 0.99, 
indicating little loss. 

The occurrence of the turbulence which accompanies expandon may 
be understood with the aid of Fig. 82. Between m and n the pressure 
gradually rises and the velocity decreases. Particles in close proximity 
to the boundary walls have less energy than particles more remote, due 
to the wall friction. As they move forward against increasing pressure, 



Fro. 82 


they reach some point, a, where their kinetic energy (hence velodty) 
becomes zero. A group of such partides accumulates and is given a ro- 
tary motion by the adjacent flow. The eddy thus formed is carried along 
with the flow, other eddies taking its place. The point a is known as a 
point of separation. It will approach the section m as the velodty of flow 
through the tube is increased. Evidently the amount of turbulence be- 
twear m and n will increase with the value of the Reynolds number. 

PROBLEMS 

1. Water is discharged from a reservoir through a standard short tube under 
a head of 30 ft. 

(a) What is the velodty head in the stream at exit? 

(5) What is the vdocity head in the contracted section? 

(c) What.is the absolute pressure-head at the contracted section? 

Ans. 20.2 ft.; Si.Oft; 10.9 ft. 

2. A diort cylindrical tube is attached to the vertical wall of a reservoir, 

but differs from a standard slmrt tube in that it projects into the reservoir 
a lik tanpe (d half its length. This causes the amount of the coatraetkm at 
entranoe to be increased uid experimoital observations indkate a coeflkient of 
oontractiem at this pmnt of 0.50. The coefficient of vdodty for the whole tube 
brag 0.72, determine what value the head on the tube must be in mder that 
the uessureift the contracted vein shaU be abedttte zero. Am. 29.2fb 
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3, Compute the values of the total loss in head for Problems 1 and 2* 

Ans. 9.83 ft; 14.1 ft 

4* A horizontal 12-inch pipe leaves the vertical wall of a reservoir at a point 
9 ft. helow the water surface, and has its inner end flush with the surface of the 
wall. During flow the pressure in the pipe, at a point 3 ft. within the pipe, is 
3 lb. per sq. in. What head is lost in the 3-foot length? Ans, 0.69 ft. 

5. A standard short tube, axis vertical, is attached to the bottom of a. reser- 

voir whose water surface is 12 ft. above the discharging end of the tube. The 
tube is 6 m. in diameter and 18 in. long. Assuming the section of maximum 
contraction to be 4 in. from the inlet end, compute the pressure at that point 
during flow. Ans, p « —4.5 lb. per sq. in. 

6. A 2-inch nozzle is attached to a 6-inch pipe. Pressure at the base^of the 
nozzle during the flow is 50 lb. per sq. in. If the coefficient of velocity and dis- 
charge are both 0.90, find 

(a) Velocity and rate of discharge. 

(ft) Energy per second in water discharged. Ans, {a) 11,1 ft. per sec. 

1.70 cu. ft. per sec. 
(ft) 9900 ft-lb. per sec. 

7. A Ij-inch nozzle, attached to a 2|-inch pipe, discharges 290 gal. per min. 

under a pressure of 40 lb. per sq. in. at the base of the nozzle. What is the coeffi- 
cient of discharge of the nozzle? Ans, 0.96. 

8. A nozzle points vertically downward and terminates in a l|-inch orifice. 
It is supplied by a 2j-inch pipe, to which is attached a pressure gauge 3 ft. 
aliove the nozzle orifice. When the gauge registers 30 lb. per sq. in. the discharge 
is found to be 310 gal. per min. What head is being lost between the gauge and 
the orifice? Assume coefficient of contraction at exit to be 1.00. Ans, 8.7 ft. 

9. A l}-inch nozzle, attached to a horizontal 2}-inch pipe, has a coefficient of 
discharge of 0,95. If, during flow, the gauge pressure in the pipe be 80 lb. per 
sq. in., what should be the discharge in gal. per min.? Ans, 409 gal. per min. 

10. The nozzle which furnishes the water to a certain hydraulic turbine is 
11 in. in diameter and has coefficients of velocity and discharge of 0.975 
and 0.960 respectively. The nozzle is supplied from a 24-inch pipe in which the 
water approaches the nozzle with a total head of 1 100 ft. Compute the velocity 
and rate of discharge from the nozzle, also the energy per second delivered by 
the jet to the turbine. What energy, measured in hp., is lost in passing through 
the nozzle? What is the efficiency of the nozzle? 

11. Water at 70® F., flowing in a 4-inch pipe, is metered by a 2-inch A.S.M.E. 
flow nozzle. The pressure drop is measured by a mercurial differential gauge 
which shows a deflection of 9 in. What is the flow rate? 

Ans, 0.55 cu. ft. per sec. 

12. Water at 70® F. flows in a 6-inch pipe and is ifietered by a 2-inch A.S.M.E. 

flow nozzle. The pressure drop is measured by a differential oil gauge which ^ 
shows a deflection of 24 in. The specific gravity of the oil being 0.71?, what is the 
Indiatted flow rate? Ans, 0.11 cu. ft. per sec. 
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13. The end diameters of the tube shown in Fig. 81 are 3 and 4 in. The 
rounded mouthpiece to which the tube b attached has a velocity u>ef&cient of 
0.98, and hi and As have values of 16 ft. and 2 ft., respectively. If the tube's 
coefiBident be 0.85, what will be the water pressure at the small section? 

, Ans. —6.3 lb. |)er sq. in. 

14. The values of hi and As in Fig. 81 are 10 ft. and 3 ft,, respectively, and the 

smaller end of the diverging tube has a diameter of 2 in. Assuming that the 
vapor pressure of the water is 0.25 lb. per sq. in. (absolute), what value for the 
diameter of the discharging end will be consistent with a maximum rate of flow 
through the tube? Coeflfleients of mouthpiece and tube are 0.Q8 and 0.75, 
respectively. Ans, 3.86 in. 

15. The tO-degree, 12-inch tube mentioned in the table of Art. 82 waa 

attached, in a vertical position, to the bottom of a reservoir by means of a 
rounded mouthpiece. Compute the head lost in the mouthpiece and in the tube 
when discharging under a head of 1 ft., the exit end of the tube being submerged 
6 in. Ans. 0.184 ft.; 0.73 ft. 

16. A horizontal diverging tube discharges from a reservoir into the air under 
a head of 6 ft. If the diameter at the large end be 5 in., and its discharge coeffi- 
cient be 0.73, what diameter at the small end will be necessary to produce an 
absolute pressure there of 5 lb. per sq. in.? Assume the loss in the connecting 
mouthpiece to be 0.05 of the velocity head at the smaller section, 

Ans, 2,75 in, 

17. A diverging tube, 6 ft. long, axis vertical, is attached by a rounded 
mouthpiece to the bottom of a reservoir and discharges in the free air. During 
flow, the pressure at the throat, which is 2 ft. in diameter, is | of an atmosphere, 
and the velocity is 30 ft. per sec. The losses may be assumed as follows: 

Loss in mouthpiece ^ ^ the velocity head in throat 
Loss in tube » i the velocity bead at exit. 

Compute the diameter at exit and the head on the discharging end. 

Ans, 2.26 ft.; 12.9 ft. 

18. A short re-entrant tube (similar to Borda’s mouthpiece), 3 in. in diam- 

eter, is fitted in the vertical side of a reservoir whose superficial area is 22 sq. ft. 
What time will be required to lower the water level 2 ft. from an ijiitial head of 
8 ft? Ans, 83.3 sec. 
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84. Definition* 

As generally understood, the term weir is used to designate a notched 
opening made in the upper edge of a vertical wall, through which water 
is allowed to flow for purposes of measurement. Overflow dams and spill- 
way sections in dry-crested dams are sometimes spoken of as weirs since 
they offer means for an approximate determination of the rate of dis- 
charge over them, lliey will be separately discussed later. As usually 
constructed, the weir has a simple geometrical shape and the notch is 
sharp-edged as in the case of the standard orifice, so that the stream 
touches only a line. The opening is usually rectangular, tria n gular or 
trapezoidal. In each case the edge of the opening over which the water 
flows is called the crest, and its height above the bottom of the reservoir 
or channel is known as the crest height. The French term nappe (sheet) 
is often applied to the overfalling stream of water. 

85. The Rectangular Weir 

The more common type of weir is rectangular, the sides of the notch 
being horizontal and vertical, 'fhe horizontal side is the crest. If the crest 




and ^des of the notch be far enough removed from the bottom and sides 
of the reservoir to permit free lateral approach of the water in the plaqS 
of the wdr, the stream issues from the notch contracted <m these three 
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sides and we have what is known as the conirackd weir (Fig. 83). Tf the 
length of the crest be extended, as in Fig. 84, so as tc make the sides of 
the notch coincident with the side walls of the reservoir or channel, the 
side or end contractions will be suppressed and the weir is known as a 
suppressed weir. In both weirs, the surface of the water over the crest, 
and immediately back of it, assumes a curve, forming tWe surface contrac- 
tion, The head^ H, is the vertical distance from the level of the crest up 
to the general reservoir surface at a point where the latter is unjiffected 
by the surface curve. 

If a large, rectangular orifice discharges with a head on its upper edge 
equal to zero, we have results analogous to the flow over the rectangular 
weir. Let Fig. 85 represent in section such an orifice placed in the end 
-T 

I 



Fig. 85 


wall of a channel, in which exists a velocity of approach, If v repre- 
sents the velocity of the discharge through any imaginary, horizontal, 
elementary strip situated a distance x below the surface, the discharge 


per second is 

and for the entire orifice, 


dQ dA V b dxv, 


i J' V dx. 


To express v in terms of *, Bernoulli’s theorem may be written between 
the points m and n giving 

^ + — + — + 0 , 

2g v> 2g w 

and 

9 - + *)*, 

whwe i has replaced Substituting this value for v in the above ex- 
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pression for Q, there results 

Q * ^(x + ff)^dx. 

The quantity (x + A) may be regarded as a variable with limits of 
(Ai + A) and (A* + A) inasmuch as d(x + A) = dx. With these limits the 
above equation becomes, when integrated, 

Q « •|6\/2i[(A2 + A)* - (Ai + A)*]. 

By making Ai equal to zero, the orifice becomes a weir, and, replacing 
A 2 by n, we obtain 

Q = ^bVTgliH + A)* - A*]. ■ (75) 


If there be no velocity of approach, A * 0 and 

e = |Av^//*. (76) 


Neither (75) nor (76) allows for the effects of friction and contraction, 
but these may be recognized by the introduction of a discharge coeffi- 
cient, c, whose value must be discovered by experiment. 

The determination of c has been the object of much experimentation 
and the results of these efforts will be cited. Before doing so, it will be 
helpful to discuss some of the conditions surrounding weir flow and their 
effect upon discharge. 

(a) Contraction of tAc Jet . — ^Just as in the case of the orifice, the effect 
of jet contraction is to diminish the rate of discharge. Experiments in- 
dicate that the contraction coefficient is a variable, its value being af- 
fected by the proximity of the edges of the weir to the sides of the chan- 
nel, and by the roughness of the back face of the weir plate. Under low 
heads, capillarity and surface tension doubtless have an added effect. 

(A) Velocity of ApproacA . — This quantity makes itself felt in at least 
three different ways. 

First, the discharge under a given head, H, increases with the velocity 
of approach. In the derivation of equation (75) it was assumed that v. 
is uniform over all parts of the cross-section of the channel. We know this 
is not so, the effect of the channel walls being to retard the water near 
the sides and bottom. Water near the surface will have a velocity greater 


than Vo, as determined from Ve 


^ , and it is the kinetic energy of this 


water that affects the discharge, more than that of remote and more 
slowly moving water whose velocity must be changed in ^pproadnng" 
the weir. It would appear that A, as computed from the average vdodty, 
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is really too small and that a value, oA, should pr^erably be used in (75), 
a having a value greater than unity. 

Second, the velocity of approach, if large, must have some effect upon 
the amount of the jet contraction. 

Third, the existence of velocity in the channel indicates that the water 
surface is sloping in the direction of flow, the slope varying approxi- 
mately with the square of the velocity (see C^p. DC). Because the head, 
H, is measured from a horizontal plane trough the crest up to the water 
surface, it follows that slightly different values may be obtained for a 
given discharge, by varying the distance upstream from the crest to the 
point of measurement. This is particularly true for high velocities of ap- 
proach. At low velocities the surface is practically level over short dis- 
tances. 

86. Francis’ Formulas 

During the years between 1848 and 1852, James B. Francis carried on 
at Lowell, Massachusetts, an extensive series of experiments with rec- 
tangular weirs. The length of crest varied from 3.5 feet to 17 feet, but in 
the majority of the experiments, the length was practically 10 feet. The 
head, H, varied from 0.6 to 1.6 feet and the volume discharged was 
measured in a large collecting basin immediately below the weir. As a 
result of over eighty experiments, he proposed the two following equa- 
tions: 

Q - 0.622 X 3 (fc - ) VTgiiH -H A)* - A»], (77) 

and 

Q = 0.622 X j (a - ) Vh H*, (78) 

as being adapted to rectangular weirs, with or without end contractions. 
The first provides for the effect of the velocity of approach, and the second 
is to be used when this is so small as to be negligible. It will be noticed 
thnt they are very similar in form to our fundamental equations (75) 
and (76), the effect of velocity of approach being cared for in the same 
way. In studying the effect of contraction, Francis was led to conclude 
that the coefficient of vertical contraction was constant at all heads, while 
the coefficient of end contraction (when end contraction was present) 
varied with the head| He accordingly divided his coefficient into two 
parts, the first having a value of 0.622, an average value which in over 
eighty experiments differed from the extreme values by about 3 per cent. 
To provide for the effect of the end contractions, he con4uded tiuit since 
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the amount of contraction varied with the head, H, the diminution in 
discharge caused by it was constant for any head and had the effect of. 
decreasing the effective length of the weir. He therefore proposed that 

^6 — represent the effective length of the weir, the quantity ^ 

being wholly empirical, and the value of n r^resenting the numbw of 
end contractions present. Since » » 2 for the contracted weir and zero 
for the suppressed weir, equations (77) and (78) may bo written as 
follows: 

(a) Contracted weir 

Q - 3.33 (ft - [(// + A)* - A*], with vcl. of approach. (79) 

(80) 

(8t^ 
(82) 

If for any reason the contraction at one end only is suppressed, then 

« » 1 . 

Francis also found that the curvature of the end contractions extended 
horizontally over a distance of about 1.5H, and consequently recom- 
mended that, for a weir with two end contractions, the length ft be greater 
than 3H. Otherwise, the effect of end and vertical contractions would 
not be properly cared for by his coefficient 0.622 and the quantity 



A direct solution of equation (79) or (81) necessitates a knorriedge of 
A whose value cannot be determined imtil Q and Vg are known. A solution 
by the method of trial is possible, the approximate value of Q bring de- 
termined by (80) and (82). Using this value, v, and then A may be com- 
puted and the more exact equations (79) and (81) used to give a new 
value of Q. This latter will still be somewhat approrimatr if the value of 
Vo be considerable, and it must be again used to determine a new v, and 
A to give^a value of Q which will not differ from the prerious one enouj^ 
to warrant a recalculation of A. This method of correcting for the vriodty 
of approach should be strictly adhered to in u^g Francis’ formulas, 
since it was the method used by him when determining the value of his 
coeffirient. 


Q = 3.33 (ft — no vel. of approach. 

(ft) Suppressed weir 

Q = 3.33ft[(// + hy — A®], with vel. of approach. 
Q = 3.33bB^, with no vel. of approach. 
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Fiands’ equations have been widdy used in this country, and when 
apjdied to conditions falling within the range of his experinumts diould 
give good results. It is obvious that th^ can be no more accurate 
his coefficient, 0.622, which differed from extreme values by 3 per cent, 
as previously mentioned. For heads less than 0.30 feet, the real discharge 
is greater tlum that given by the formula. 

Example.— A suppressed weir having a crest 1G.S8 feet long discharges 
under a head of 0.682 feet. If the depth of the channel of approach be 
2.2 feet, find the discharge per second. Neglecting the velocity of ap- 
proach, 

Q - 3.33 X 10.58 X (0.682)* 

Q « 19.84 cu. ft. per sec. 



19.84 

10.58 X 2.2 


0.85 ft. per sec. 


(0.85)* 

64.4 


0.011 ft. 


Using formula (81), 

Q - 3.33 X 10.58 [(0.693)^ - (0.011)^] 


Q * 20.3 cu. ft. per sec. 


This may be taken as the final value, inasmuch as a recalculation of h 
gives 0.012, and this differs so slightly from the value used as to make 
resubstitution unnecessary. 

87. Fteley and Steams Formulas 

In 1877-79, Alphonse Ftdey and Frederick P. Stearns experimented 
with rectangular wdrs at Framingham, 

Massachusetts, using weirs 5 feet and 19 
feet long. As a result of more than fifty ex- 
periments on the 5-foot weir having end 
contractions, they stated their inability to 
express accuratdy the effect of end contrac- 
tions and recommended that such weirs be 
not used tmless previously calibrated. 

As the result of thdr work on rectangular suppressed wdis, 5 and 19 
feet l<mg, th^ proposed 

Q - 3.316F* -I- 0.0076, (831 



Fig. 86 
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to be used when the vdodty of ai^roach is neg^Ue, and 

Q - 3.31J(H + ah)^ + 0.0076, (84) 

when it is so large as to influence the discharge. 

The value of a they made dependent upon the ratio of ff to the crest- 
height, Z (Fig. 86), and furnished the following table of values. 

VaLXTES of a FOR USE IN FtELEY AND STEARNS SOFPRE^ED WeIR 

Formula 


Head on 
iveir 

Depth of channel of approach below crest 

2.60 

1.70 

1.00 

0.50 

mm 

mSM 

■H 

■SB 






BBH 

0.40 


1.63 



0.50 


1.62 

1.75 


0.60 

1.47 

1.60 

1.71 


0. 70 

1.46 

1.59 

1.68 

1.51 

0.80 

1.45 

1.57 

1.65 

MEM 

0.90 

1.44 

1.56 

1.63 

■iH 

1.00 

1.43 

1.54 

1.61 

■iH 

1.10 

1.42 

1.53 

1.59 


1.20 

1.41 

1.51 

1.57 


1.30 

1.40 

1.49 

1.55 


1.40 

1.39 

1.48 

1.54 1 


1.50 

1,38 

1.46 

1.52 


1.60 

1.37 

1.44 

1.51 


1.70 

1.36 

1.43 

1.49 


1.80 

1.35 

1.41 




1.34 

1.40 



WM 

1.33 

1.38 


■I 


It will be noticed that equation (83) is nmilar to (76) save for the term 
0.0076, which is wholly empirical and caimot be satisfactcuily e]q>lained. 
Their method of allowing for vdodty of approach, by addkig a6 to the 
measured head, accords with the reasomng alieady given in Art. 85. The 
range of head in their experiments was from 0.07 to 1.63 feet, and be- 
cause of the indusion of very low heads, thdr formula often has bea 
preferred when the head is less than one-half a foot. 
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88. A More Logieal Formula 

It should be noted that the velocity of approach depends, in vadue, 
upcm the dimensions of the wdr and channd. In I<1g. 86, the ratio of H 
to H + Z defines the geometry of the flow, hmce the velocity of ap- 
proach must be some function of this ratio. The head corresponding to 

/BY 

the velocity will vary as . If for a given head, H, the value of 

Z be infinite, the vdodty will be zero; if ^ be zero, the velocity will have 
its maximum value. The ratio also influences the variation in velocity 
between the water surface and the channel bed, and it has been shown 
by Schoder and Turner* that the rate of discharge is considerably af- 
fected by this variation. It would appear quite logical to adopt the 
equation, 

Q^c\VTgbH\ (85) 


as applicable to the suppressed weir, regardless of the magnitude of the 
velocity of approach, and make c bear the burden of correcting for ve- 
locity of approach by causing its value to depend, in part, upon 
This may be done by assuming 





Co being the value of c for a weir of infinite height (velocity of approach 
zero), and a ^ , a percentage increase in to correct for the 

effect of velocity of approach. 

Lauckt has shown that the value of c, for a weir of infinite height (fric- 
tion neglected) should be 


Co 


T-l- 2 


0.611 


and independent of H. 

Equation (85) has been adopted by many experimenters, but they 
have been unable to express their results by giving to c the value indi- 
cated by equation (86). Their data indicate, in general, that c, varies 
dig^tly with H. Some of thdr obtained values follow. 


'Schoder, E. W., and Turner, K. B., “Predie Weir Meaiurementt,” Tram. AS.C.E., 

wd. as, t9». 

t UmA, a., "Uebcridl Utcr ein Wehr,” Z. Angim. Math. Mack., vot. 5, 1925. 
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89. Butn’t Formula 

In 1886 H. Bazin of France undertook a series of experiments that at- • 
tracted much attention by reason of the careful manner in which thc^ 
were conducted. He adopted 

and for c obtained 

. 0.01476 
c ™ 0.6075 "i* — =“■ 

H 


for the condition of no velocity of approach. With vdocity of approach 
present, he proposed 

With this value, the discharge equation becomes 

« - 0 “ + [i + »■“ (fTz)1 '*’) 

Bazin's weirs ranged from 1.64 to 6.56 feet in length, and the head 
from 0.164 to 1.969 feet. The value of Z varied from 0.66 to 6.56 feet. 
The figures show that his weirs were shorter than those of Francis, and 
the heads larger in proportion to the weir length. 

90. Formula of the Swiss Society of Engineers and Architects 

Prominent among the formulas favored abroad is that adopted by the 
above society in their Code for Measuring Water, 1924. They, too, make 
use of equation (85), giving to c the value, 

‘ = ‘’“’(‘ + 5o5HTT6)['+“'(^)1- 


The discharge equation becomes 




91. Rehbock's Formula 

In 1929 Professor Th. Rehbock of Karlsruhe published the r»ult8 of 
more than twenty years of study on the suppre:^ wdr and proposed 


. 0.000294 
1.6035 -f- 0.0813 •4' ■ ■ y ■ 

€i 2 i 
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In amfdified form the discharge equation becomes 

Q - [ 3.23 + 0,435 b(H + 0.0036)» (89) 

The expression for c is more complicated and empirical than others, 
but it apparently fits Rehbock’s data closely. His weirs were sin^e bronze 
plates set in a glass-sided channel 0.5 meter wide. The approach channel 
was long, and the water before reaching the weir was quiet and free from 
disturbances. Rehbock claims the equation holds for all heads, but recom- 
mends that heads less than 0.10 feet, or greater than 2.0 feet, be not 
used. Results from his equation agree well with those from the Swiss 
formula in the previous article. 

92 . General Agreement of Formulas 

Provided the velocity of approach be small, and the head be greater 
than 0.25 feet, all the foregoing formulas for the suppressed weir, save 
Bazin’s, give results agreeing remarkably well. As velocity of approach 
increases, the agreement is less close. The following table shows the re- 
sults of applying the several formulas to a weir discharging under differ- 

H 

ent heads, and having different values of — • 


H 

z 

H 

my 

Stearns 

Bazin ■ 

1 

Swiss 

Rehbock 

0 20 

1.50 


1.000 

wm 

1.100 

l.OIO 


0.50 

4.00 


1.000 

ns 

1.030 

1.000 

mm 

1.00 

4.00 


1.000 

1.001 

1.011 

1.000 


1.00 

2.00 

1.2 

1.000 

1.012 

■iSI 

1.017 

WBM 

2.00 

2.00 

2.6 

1.000 

1.029 

m 

1.064 

H 


For purposes of comparison, the discharges obtained by the Francis 
formula are taken as'Units for comparison, and the other discharges are 
expressed in terms of this unit. This does not impute greater accuracy to 
the Francis formula. Any other might have been chosen. Five different 
ratios of H to Z are assumed, ranging from 0.125 to 1.00, giving veloci- 
ties of ^roach varying from 0.17 to 2.60 feet per second. The divergence 
of results, as the vdocity increases, is dearly evident. The Bazin values 
are in all cases larga than the others. 
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93. Choice of a Formula 

It is impossible to say that a certain formula is to be preferred to others 
for general use. For many years it has been the practice in this country 
to use the Steams formula for heads less than 0.50 of a foot and the 
Frands formula for higher heads. The Rehbock formula and that of the 
Swiss Society of Engineers and Architects have 
not received general recognition, but under labora- 
tory-controlled conditions the author believes they 
are to be preferred. 

For weirs whose crests are not sharp and clean, 
or where the back face of the plates forming the 
crests is rough or corroded, it is possible that the 
Buzin formula will prove the most satisfactory. 
Schoder has shown that a slight roughening of 
the plate near the crest will produce an increase 
in discharge, especially under low heads. A very 
slight rounding of the crest’s edge will do like- 
wise. Bazin’s formula gives larger discharges, in 
general, than do the others. 

94. Measuring the Head 

All the experimenters previously mentioned 
measured the head by observing the height of the 
water level in an open vessel or box, which com- 
municated with the water in the channel back of 
the weir by means of a tube. The tube was in- 
serted through the side wall of the channel, and 
its inner end was flush with the surface of the wall, 
Fir. 87 Hook Gaufc specified in Art. 26. This method has been 
by w. and L.E. Gurley adopted as Standard and should be followed, espe- 
cially for low heads. 

To measure the height of the water level in the vessel, a hook gauge 
is used. This may be described briefly as a graduated metal rod arranged 
to move vertically between fixed supports and having at its lower end a 
pointed hook. The rod is controlled in its vertical movement by a slow- 
motion screw, and a scale with a vernier attachment enables its position 
to be read to the oue-thousandth part of a foot. Figure 87 shows a gauge 
as manufactured'by W. and L. E. Gurley of Troy, New York. 

In using the gauge, the hook is lowered beneath the surface of the 
water and then raised until the point causes a tiny pimple, or elevation, 
to appear on the surface. The latter is a dbtOTtion oi the thin surface 
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film whose particles are hdd together by surface tension. The hook is 
then lowered sufficiently to cause this just to disappear, and the point is 
assumed to be at the surface of the water. The scale is then read. 

The hook gauge is much used in experimental work where variations 
in water level must be measured. By it, differences in level of one-thou- 
sandth of a foot are readily detectable, and with practice a level 
may be determined with an error not exceeding one two-thousandth of 
a foot. 

In using the gauge to ascertain the value of H in weir measurements, 
it is necessary to determine the gauge reading when the point of the hook 
is in the horizontal plane of the crest. One method is to use an auxiliary 
gauge placed just upstream from the crest. Its point is placed level with 
the crest by means of a sensitive spirit level and the scale then read. If 
water now be admitted to the channel until its level is slightly below the 
crest, simultaneous readings of both gauges will enable one to compute 
the reading of the main gauge which corresponds to the placement of its 
point level with the crest. This zero reading, subtracted from observed 
surface readings during flow, gives the value of H. 

Another method, successfully used by the writer, consists in making 
use of an engineer’s level and a very light level-rod to set the point of the 
hook at the same elevation as the crest. Using a carefully adjusted level, 
with a sensitive bubble, and a rod obtained by borrowing the center slide 
of an ordinary 10-inch calculating rule, it was found possible, by rejjc- 
tition, to set the point of the hook at the elevation of the crest with an 
error entirely negligible. The light rod was alternately placed on the crest 
and the point of the hook, the latter being lowered or raised to give the 
same rod reading as the crest. The reading of the vernier on the gauge 
was noted for each setting and the mean calculated. 

For coarser grades of work and for large heads, a vertical staff gauge, 
graduated to hundredths of a foot, may be set in the gauge box or even 
in the stream itself, provided the surface be kept quiet. This may be ac- 
complished by surrounding the staff with a bottomless box or one having 
a few holes either in the bottom or in the sides that are parallel to the 
direction of flbw. 

Francis’ piemmeter was inserted at a point six feet upstream from the 
crest and about six inches below it. Fteley and Steams also located their 
piezometers six feet upstream, but the distance below the crest varied, 
being 0.4, 2.4 and 0.0 feet in their experiments. Bazin’s piezometer was 
16.4 feet upstream and dose to the b^ of the channel, and it is not im- 
possible that this location resulted in larger observed heads when the 
vdodty of aiq>roach was large. 
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Rehbock recommends tbat the distance be made equal to iff, or to 
2(ff +Z), whichever gives the greater value. A piezometer omnectiqn 
somewhat below the elevation of the crest, but not close to the bottom 
of the channd, b preferable. 

95. The Rectangular Contracted Weir 

It has been pointed out that the effect of end contractions is to. reduce 
further the rate of discharge for a given head. The Francb equations for 
such a weir have been discussed in Art. 86. Ftel^ and Steams, as a re- 



sult of their experiments, recommended that weirs of this type be avoided, 
but proposed the equation, 

Q - 3.31(4 - + 2.054)^ + 0.0076. (90) 

Like Francb, they considered that the effect of the contractions might 
be represented fairly well by subtracting 0.2ff from 6. 

It b obvious that the contractions complicate the problem of formu* 
lating an accurate expresaon for the rate of discharge, and few experi- 
menters have attempted to improve the Francb or Stearns formulas. 
Whra precision b not required, the equations will give satisfactory re- 
sults. For precise work a contracted weir should be carefully calibrated 
before uung. 

If 6 be ^ .2ff, the value of (6 — ^ff) becomes zero or negative. Frau- 
ds recognized this fact and spedii^ that 6 must always exceed 2H as a 
minimum value, and preferably be greater than 3ff. He also stated that < 
the end contractions should be made complete by allowii^ a dearance of 
Iff (better 3ff) between the ends of the wdr and the ddes of the channel - 
Likewise Z should at least equal 3ff. Such minimum dbtaiu;es indicate a 
wdr and channel of the proportions shown in Fig. 88. It can be shown that 
the vdodty of ai^roach will be nej^ble when the area of the cross- 
section of the channel bat least dx times the wdr area, 6H. Thb apfdks 
to both the suppressed and contracted ww. For the supptessed weir thb 
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is equivalent to saying that Z should be at least five times H. A con* 
tracted wdr having the minimum dimensions shown in Fig. 88 will have 
a neg^giUe vdocity of approach. 

96. Weir Construction 

In addition to the facts already enumerated, the following precautions 
should be taken in constructing a weir, if accuracy is to be attained. 

.4. The crest should be sharp-edged, straight, horizontal and normal to 
the direction of the approaching flow. The crest need not be knife-edged, 
but the thickness should be small and the upstream corner straight and 
well formed. If the weir is to serve for some time, the crest should be made 
of brass or other metal not eadly corroded. The back face of the plate 
forming the crest should be quite smooth for a considerable distance 
bdow the crest. 

2. In the suppressed weir, provision must be made for the free admis- 
sion of air to the space beneath the falling sheet or nappe. If this be not 
done, the entrapped air will be removed, in part, by the falling nappe 
and a partial vacuum will exist. This will cause a depression of the nappe 
and an increase in the discharge. 

3. The head must not be so low as to cause the nappe to cling to the 
front face of the weir. 

4. The plane of the upstream face of the weir must be vertical. 

5. A long straight channel above the weir is necessary to insure nor- 
mal distribution of velocity and bring about a smooth flow before reach- 
ing the crest. 

Where water enters the channd in turbulent condition, screens or 
bafSes must be provided to quiet the flow. These should be placed well 
upstream from the weir. The writer has had success with screens made 
by placing two sheets of wire mesh across the channel and filling the 
space between them with crushed stone. The thickness of the screen and 
the dze of the stone may be varied to meet conditions. 

7. Tlie surface of the tail-water below the weir must not approach the 
crest. The pressure in the curving nappe is not atmospheric until the 
water reaches a point well below the crest, and the pressure at this point 
must not rise above that of the atmosphere. 

97. Triangular Weir 

Triangular wdrs are sometimes used when the quantity of water flow- 
ing is not large. The customary arrangement is idiown in Fig. 89, both 
sides of the notch bdng equally indined from the vertical. Inasmuch as 
the issuing stream is of siinilar cross-section for all heads, the value d 
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the coefhdent should be fairly constant. Experiment has shown this to 
be the case. 

The formula for theoretical discharge may be obtained as follows. In 
Fig. 90 let X be the head on an elementary horizontal strip. From similar 
triangles its length is 4 (£f — x) + H, and for its area we have 

dA — x)dx. 

Neglecting velocity of approach, the discharge through the strip (con- 
sidered as an orifice) is 

^ x)dxy/2^ - ^ \/Tg{Ilx^ - x*)dx, 


/ 

AH 

et 

Via. 89 Fio. 90 

and if this be integrated with H and 0 as the limits of x we obtain 

Q^^^by/2gH\ (91) 

The sides of the triangle being equally inclined, b = 2H tan a, and 

P =■ tan aV 2g B\ 

Introducing the usual coefficient to correct for friction and contraction, 
(? >= c tan ay/ 2g (92) 

If the notch has a vertex angle of 90° (a =» 45°), equation (92) becomes 

Q - C4.28//V 

In 1861 Professor James Thomson experimented with a 90-degree 
notch, using heads from 2 to 7 inches in height, and in 1908 Mr. James 
Barr extended the heads up to 10 inches. The results of the two men were 
closely identical. It was found that c increased slightly as the head de- 
creased down to 2 inches, and then decreased. Between heads of 2 and 7 
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inches Thomson estimated the mean value of c as 0.593 which inserted 
in the equation above gives 

Q - 2MH\ (93) 

Barr found more variation in c as the head increased to 10 inches, but 
the average value was dose to Thomson’s. 



Diaduige from Triangular 


Mr. A. A. Barnes, from a study of Thomson’s and Barr’s experiments, 
proposed ^ ^ 2.48^* « (94) 

as fitting all of Barr’s experiments, with an error less than one-fifth of 
one per cent. 

Professor Raymond Boucher of the Ecole Polytechnique de Montreal 
has recently obtained 

Q « 2.49F* " 

as did Mr. V. M. Cone in 1916. Mr. Cone also obtained values for other 
an^es as follows: 

60 degrees Q 1.45ir*'*’^ 

30 degrees 0 - 0.685i?* " 
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The triangular weir is very sensitive to any change in roughness of the 
weir plate and the equations given assume a smooth {date. 

98. Trapesoidal Weir of CipoUetti 
This weir, invented by an Italian engineer whose name it bears, is 
mentioned because of its ingenious design and the fact that it is more or 
less used in irrigation work m this country. As the name indicates, the 
notch is of trapezoidal form as shown in Fig. 91. The side slopes are alike 

and have an inclination of 1 hori- 
zontal to 4 vertical. The reason for 
this is of interest. The discharge 
may be considered in two parts — one 
through the rectangular area of 
length b, and the other through a 
triangular area having a base width 
of 2d. The total discharge is, there- 
fore, greater than from a rectangular 
contracted weir of length b. CipoUetti 
proposed giving the sides such a 
slope that this increase would be 
just equal to the decrease in discharge through a contracted weir, caused 
by end contractions. This would make the trapezoidal weir the equiv- 
alent of a rectangular suppressed weir of length b. The increase, being 
the discharge through the end triangles, may be written from equation 
(91), as _ 

Q “ c X 2d‘\/ 2g H*, 

and the decrease due to and contractions is, according to Francis, 

* c X 2g X 0.2fl'* (See equation 78.) 

Equating these values and assuming the two values of c to be alike, there 
results 



giving the slope which CipoUetti recommended. 

From his own experiments and those of Francis, CipoUetti proposed 

Q - 3.367 bk^, (95) 

the correction for velocity of a^^roach to be made as in the formula of 
Francis (Art. 86). 



Fro. 91 
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Messrs. Fliim and Dyer in 1893 experimented with a weir of this type 
and obtained a value for the coefficient of 3.283. This was the value 
deri^ from 32 experiments, in which the head varied from 0.3 to 1.25 
feet. In correcting for the velocity of approach, however, they considered 
the total head to be BT -f 1.4A, while Cipolletti used the method of Fran- 
cis (Art. 86). The difference in method would nearly account for the dif- 
ference in coefficient; and their conclusion was that the formula pro- 
posed by Cipolletti himsdf gave results within one per cent of the truth. 

The chief advantage of this weir lies in the fact that it permits the use 
of a contracted weir where a suppressed weir would be impracticable, 
yet avoids the tedious computations involved in correcting 5' for end 
contractions by the Francis method. It is often used in measuring water 
in irrigation ditches where there are many varying heads to be recorded 
and computed. Its use is then a matter of convenience, and its accuracy 
is sufficient for the purpose. 

99. Broad-Crested Weirs 

If the weir crest be made broad, smooth and horizontal (Fig. 92), a 
simple formula for discharge may be derived, assuming no frictional losses. 



Fig. 92 


Just upstream from the crest the total head, including that due to velocity 
of approach, may be represented by H. At a section on the level crest 
where a uniform depth is assumed, the velocity of flow should be 

t - V2g(H - D), 

and the rate of discharge for a crest length, 6, should be 

Q = bDy/2g{H - D) - b\^2gi£^B - Z?^) (96) 

It will be fts smiMj d further that the rate of discharge is a maximum for 
the av^ble head, H. The equation shows that Q will have a maximum 
value when — D^) is a maximum. The value of D, in terms of H, 



m 


FLOW OVER WEIRS 


to make tlie latter a maximum, may be determined by equating to zero 
the derivative of (p^H — D®) with respect to D, giving 

2DH - 3£)* - 0 
H = |£>. 

Substituting in (96), 

Q = bPgP = 5.67JZ)*. (97) 

Introducing a coefficient to allow for frictional resistances, 

Q = cbVW “ c 5.67bDl. (98) 

The value of c being determined, a single depth measurement of D should 
give the discharge. 

In practice it is found that a parallel flow at depth D will not be at- 
tained if the width of the crest, L, is too short. For very wide crests, D 
increases slightly in the direction of flow, and sometimes the surface 
undulates. Because of the difficulty in locating the proper point at which 
to measure D, equation (98) may be changed by replacing D with \H. 
There results, 

Q^c 3.0965*, (99) 

H representing the total head, including that due to velocity of approach. 

This equation has been used generally by experimenters. The value of 
c as determined by each one should be regarded as applicable only to 
weirs having the same dimendons as, or at least geometrically similar to, 
the weir of the experimenter. It has been pointed out previoudy that the 
co^dent must be a function of dimensions that fix the boundaries of 
the flow, hence of the ratio of 5 to (5 -|- Z). H in this case is the ob- 
served head. 

The results of a few of the most prominent eiqjeriments are briefly 
summarized on page 173. 

The variation of c in the above experiments is dearly noticeable and, 
imless previously calibrated, a broad-crested weir cannot be regarded as 
an accurate measuring device. It offers one advantage over other types 
of weirs. The levd of the water below the weir may rise to the levd of 
the crest, and even to the level of the water on the crest, without affect- 
ing the rate of discharge. It is the difference in levd, k, (Fig. 92) that de- 
termines the discharge. Such a weir, therefore, a>uld be used in a 
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Experimenter 

B 

z 

Range of 
Head 

Range of 
i CX3.09 

Upstream 

Cmner 

Bazin 

6.56 

\ 2.46 ‘ 

0 3 to 1.60 

2. 58 to 2. 91 

Rounded 

U. S. Deep Waterways 
Board 

6.56 

1 

4 56 

0.8 to 5.0 

2.81 

Rounded 

Woodburn 

10.00 

1.75 ' 

0 .5 to 1.5 

2.77 to 2.85 

Rounded 

Bazin 

6.56 

2 46 

0 2 to 1.50 

2.41 to 2.63 

Sharp 

U. S. Deep Waterwaj's 
Board 

6.56 

4.56 

0 9 to 5 0 

2. 38 to 2 .SO 

Sharp 

Woodburn 

10.00 

1 1.75 

1 

! 

0, 5 to 1 . 5 

2. 60 to 2.63 

i 

; Sharp 

1 


All dimensions in feet. 


without necessitating a large drop in surface level at the weir. This is 
often of great importance, especially in irrigation ditches extending over 
level terrain. 

100. Dams Used as Weirs 

The many overflow dams existing on natural streams offer opportuni- 
ties for measuring the flow if their coefficients A/, in the general formula 

Q = MbH* 

can be ascertained. Since the shapes or profiles of dams vary greatly in 
detail, it would be a difficult task to determine and tabulate the coeffi- 
cients for the many types. It would have to be accomplished mainly by 
the use of models and the assumption made that values of M found for 
each model would apply to its prototype. Because both gravity and fric- 
tion would be present, in addition to inertia forces, the flow would be a 
function of the Froude and of the Reynolds number, and exact hydraulic 
similarity could not be attained (Art. 54). Neglecting friction, and operat- 
ing the model according to the Froude relationship, approximate deter- 
minations of M could be made. Experiments show that M differs slightly 
with the scale of the model. 

Several excellent studies on model dams have been made, covering 
many types. The first was by Bazin in 1897, and another was made by 
G. W. Rafter in 1898 at the Cornell Hydraulic Laboratory for the United 
States Deq> Waterways Board. Tlie results of both experiments appear 
in the TransacHms of the American Society of Civil Engineers (vol. 44, 
1900), and are discussed in detail by R. E. Horton in Water Supply 
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Paper No. fOO, United States Geological Survey. Other references ajqsear 
in the bibliography at the end of this chapter. 



For overflow dams of the type shown in Fig. 93, the value of M ranges 
from 3.S to nearly 4.0. 

101. Spillway Design 

Dams, in general, must be constructed with spillway sections. These 
provide means for passing surplus water and flood flows. Sometimes the 
entire dam is designed as an overflow dam, and its profile should be such 
that it will pass the maximum amount of water possible for a given head 
on the crest. The usual section employed is similar to that shown in 
Fig. 93, and is known as the ogee section. It is also important that, under 
ail occurring heads, the descending water be in rnntart with the surface 
of the spillway and be guided smoothly to the lower level, a reverse 
curve directing it horizontally at the toe. Present practice in this country 
is to shape the upper portion of the profile so as to conform to the pro- 
file of the under side of a free nappe springing from a sharp-edged wdr. 
The point, a, represents the crest of such a weir, the discharge taking 
place under the head. Ho- Neglecting frictional resistances, the flow over 
a spiQway, having its profile coincident with the under side of Jthe nappe, 
would be that from the weir; but the head, S, 'on the spillway would be 
much less than H». 

For a shaip-crested weir, having a height, Z, at least equal to 2B, ex- 
periments have shown that the profiles of all nappes are geometrically 
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dmilar over a wide range of head, if the coordinates of the curves be ex- 
pressed in terms of H. Bazin and others have determined this profile.' 
The curve of the under dde of the nappe cannot be expressed mathemati- 
cally, and is not parabolic, due to the effect of the overlying water. From 
Bazin’s profile, aided by studies made by the United States Bureau of 
Reclamation, we may ea^y determine a profile for the upper portion of 
a spillway that should provide constant contact with the water. The 
portion, ab, Fig. 94, closely fits Bazin’s profile. The part, be, lies slightly 

I 

M 



Fig. 94 


above Bazin's profile, therefore insuring contact with the water and a 
slight positive pressure. It may be continued beyond c any desired dis- 
tance in accordance with the equation, y = 0.48 ->- 

The effective base width, I, of the spillway must be delermirfed by 
structural requirements for strength and stability. The middle portion of 
the profile may be straight and tangent to the upper curve. The lower por- 
tion is generaUy curved to'deflect properly the water at the end of its fall. 

In determining the profile from Fig. 94, the procedure is as follows, 
nie maximum rate of flow at flood stage having been determined, the 
head, Eo, required to pass this flow over a sharp-edged crest may be 

determined from ^ „ 

g - ZMbE, 

The head, //, over the crest of the spillway will be 0.89^,, end the co- 
ordinates of the profile shown are in terms of E, 

Inasmuch as 3.33bE^ equals MbE^, and E » 0.69Eo, the value of A/ 
is found to be 3.96. It is probable that friction on the crest will reduce 
thb value slightly. 
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102. Oueharge by Wein under a Falling Head 
Let it be required to compute the time that would have to elapse while- 
reducing by a certain amount the head on a given weir supplied by a reser- 
voir of constant area, A . The problem is very similar to that of the orifice 
worked out in Art. 73. 

From the weir in dt seconds of time, a small quantity 

dQ - cbE^dt, 


would be discharged, causing a decrease, dff, in the head. Evidently, 


and 


dQ - cbff‘dt ^ AdH 


f"*AdH 

Jo ^ Jhi cbH^ 


2 / 1/1 1 \ 
cb KVWa VS\)‘ 


( 100 ) 


It will be noted that if H 2 be given the value of zero, the value of t will 
be found to be infinity and the problem is indeterminate. The e]q>lanation 
is that both the head-suad the area of discharge are approaching zero as a 
limit. Were the area fixed, a definite time would result. 


103. Effect on Computed Discharge from Error in Measuring Head 

The question may arise as to what extent an error in measuring the 
head will affect the computed discharge. For the rectangular and tri- 
angular weirs this may be computed as follows: 

(a) Rectangular Weir 


Since 

0 

11 

II 


or 

dQ = 1.5 A’# dn. 

Then 

dQ i.SKU^dU 


Q ~ KB^ 


1.5 


H ' 


That is, a percentage change in H produces 1.5 times the same percentage 
change in Q, or an error of 1 per cent in measuring H will produce 1.5 
per cent error in the computed Q. 

(b) Triangular Weir. Proceeding as above, 
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<Mr 

dQ 

- 2.SK^ dH. 

TbeD 

dQ 

2.SKH*dH 2.Sdn 


Q 

KH* “ H 


Therefore a small change or error of 1 per cent in the head produces an 
error of 2.5 per cent in the computed discharge. 

PROBLEMS 

1. A rectangular weir with end contractions has a crest 10.37 ft. long and 

3.87 ft. above the bottom of the channel. If the channel width be 16 ft., what 
amount of water will be discharged under a head of 0.875 ft.? Use Francis’ 
formula. Ans. 27.9 cu. ft. per sec. 

2. A suppressed weir having a crest length of 6.80 ft., a height of 2.5 ft., 

discharges under a head of 0.67 ft. Compute the rate of discharge by Francis’ 
formula. Ans. 12.58 cu. ft. per sec. 

3. A contracted weir is to be built in a rectangular channel, 10 ft. wide, dis- 

charging a quantity of 8 cu. ft. per sec. What length and crest height should the 
weir have in order that the head shall not exceed 8 in. or the water depth behind 
the weir 3 ft.? Use Francis’ formula. Ans. 4.55 ft; 2.33 ft. 

4. Solve Problem 2 by use of the Francis and Swiss Society formulas. 

5* A rectangular channel 15 ft. wide contains water flowing 4 ft. deep with 
a mean velocity of 2.2 ft. p)er sec. If a suppressed weir, 4.5 ft. high, be built 
across the channel, how much will the level of the water back of it be raised? 
Use Bazin’s formula. 

6. A rectangular flume, 10 ft. wide and 6 ft. deep, is carrying water to a 
depth of 4 ft. with a mean velocity of 1.5 ft. per sec. How high above the bot- 
tom of the channel may the crest of a suppressed weir, 10 ft. long, be placed and 
not overflow the sides of the flume? Use Francis’ formula. 

7. A suppressed weir, 6.97 ft. long, has its crest 2.79 ft. above the bottom of 
the channel. Compute the discharge under a head of 0.679 ft., using (a) Ftdey 
and Steams’ formula; (5) Bazin’s formula. 

8. A triangular weir has a 90-degree notch. What head will be necessary to 
discharge 1000 gal. per min.? Use Barnes’ formula. 

9. A triangxilar weir has a 60-degree notch. Compute the discharge under a 
head of 1.6 ft, by Cone’s formula. 

10. A triangular weir has one side doping at 45^ and the other at x hori- 
zontal to 1 vertical. Assuming the coefficient of discharge to be 0.60, what value 
of X should give a discharge of 10 cu. ft per sec. under a head of 1 ft.? 

Ans. 6.74 ft 

11. A triangular weir has one side sloping at 45^ and the other has a slope of 
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6 horizontal to 2 vertical. Assuming the coefficient of discharge as 0.60, find 
the probable rate of discharge under a head of 1.44 ft. 

12. A Cipolletti weir with a crest length of 5.87 ft. discharges under a head 
of 0.875 ft. Compute the rate of discharge. 

13. Compute the theoretical rate of discharge over a trapezoidal weir 2 ft. 
long on the crest, and having one side vertical and the other sloping outward 
2 horizontal to 1 vertical, under a head of 2 ft. Ans, 54.5 cu. ft. per sec. 

14. Compute the rate of discharge over a trapezoidal weir, crest length 

5 ft., ends sloping out at 45^, head 1 ft. and velocity of approach negligible. 
Assume coefficient of discharge 0.62. Ans. 19.3 cu. ft. per sec. 

15. A reservoir, 500,000 sq. ft. in area, is to be controlled by a concrete spill- 

way with a permanent crest at Elev. 100 ft. It is intended to make the lepgth 
of the spillway such that (by removing flash-boards) water can be drawn from 
Elev. 104 down to Elev. 102 in 30 minutes of time. What should be the length 
of the spillway if M « 3.5? Ans. 32.8 ft. 

16. A reservoir whose area is 12,000 sq. ft. has an outlet through a suppressed 

weir whose crest is 3 ft. long. How long a time will be required to lower the 
reservoir level 1 ft. from an initial head of 1.60 ft. on the weir crest? Use the 
Francis formula. Ans. 20 min. 

17. A reservoir, 50 ft. by 200 ft. in plan, has its sides vertical. It discharges 

through a rectangular suppressed weir, the initial head being 15 in. How long 
is the crest if 30 min. are required to lower the level 13.50 in.? Use the Francis 
formula, Ans. 6.47 ft. 

18. A reservoir, 150 ft. by 200 ft. in plan, discharges over a suppressed weir 

10 ft. long. Beginning with a head of 2 ft., how long a time will be necessary to 
lower the water level 18 in.? Use the Francis formula. Ans. 21.2 min. 
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CHAPTER VIII 


Flow Through Pipes 


104. Explanation 

The use of the term pipe is generally limited, in its application, to 
closed conduits carrying water under pressure. Pipes are commonly cir- 
cular in section, this form combining the advantage of structural strength 
with that of structural simplicity. The circular pipe also has the follow- 
ing important property. Of all pipes having equal sectional areas, but 
differing in shape of section, the circular pipe has the smallest perimeter 
of section and, therefore, per foot of length, the smallest inside wall area. 
It follows that the resistance which a circular pipe offers to water flowing 
through it, is less than in a pipe of any other section. 

When pip>es carry water with their sections only partially flUed, as in 
the case of sewers and large aqueducts, it is sometimes of advantage to 
employ sections other than circular. Such conduits, being under no pres- 
sure, do not carry the flow by reason of an external head which they may 
be under, but depend upon the inclination of the conduit and the sur- 
face of the water, to give to the latter its velocity. They are of the nature 
of open channels and, although they obey the same frmdamental laws as 
do the pressure pipes, it will be foimd more convenient to classify them 
with open channels and discuss them in the following chapter. 

In view of the above facts, the present discussion will be confined to 
pipes of circular section; but at the proper point it will be shown how the 
formxilas derived may be used, with slight modification, for sections of 
any shape. 

109. Pipe Friction 

In a smooth straight pipe, in which laminar flow of a liquid takes place, 
the reastance to flow arises from the viscous shear between particles 
moving in parallel paths with different velocities. At the pipe wall, par- 
tides adhere to the wall and have no motion. Partides moving over than 
are subjected to a viscous shear which decreases as the center of the 
pipe is approached. The vdodty variation across the pipe is whoQy de- 
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tennined by the viscous shear between the ima ginar y moving layers of 
liquid (Art. 111). This redstanee to flow is often described as due to 
wall or pipe friction, but the term is a misnomer, since the resistance is 
wholly of a viscous nature. 

If the flow be turbulent, the vdocity variation across the pipe no longer 
is determined soldy by viscosity, but depends upon the amount and 
strength of the turbulence. The amount of viscous shear present, how* 
ever, is increased by the iimumerable eddies or vortices accompanjdng 
turbulence, and pipes with rough walls tend to increase the tiu-bulorce. 
Again, as in laminar flow, the resistance to flow is wholly a viscous phe- 
nomenon, although commonly referred to as due to pipe friction. 

106. Head Lost by Pipe Friction 

Probably no other subject in fluid flow has received the attention given 
to the study of the law governing loss of head by pipe friction. From 
this study it has been learned that resistance to flow is 
(a) Independent of the [M-essure under which the liquid flows. 

(Jt) Directly proportional to the length of the pipe. 

(c) Variable with some power of the vdocity. 

(d) Inversely proportional to some power of the diameter.. 

(e) Variable with the roughness of the pipe if the flow be turbulent. 
Since the lost head depends upon the resistance, these facts may be 

summated by writing . . 

Lost head = A ^ , (101) 

« 

K representing the constant of proportionality and being affected in 
value by the roughness of the pipe if the flow be turbulent. 

Experiments show that n varies in value, being unity for laminar flow. 
For turbulent flow its value ranges from 1.70 for a smooth pipe to 2.0 
for a rough pipe. Likewise x has a value of 2 for laminar flow and varies 
from 1.0 to 1.3 for turbulent flow. These facts would make it appear 
difficult to formulate an expression for head lost that will fit the varying 
conditions indicated by the facts. However, the problem can be solved 
quite satisfactorily as follows. 

Writing the Bernoulli equation between any two sections of a stnught 
horizontal ffipe, 

^ ^ + Si - ^ + — + *8 + l<»st head. 

2g w 2g w 

Since Vi « and Si <■ Sa, 

Lost head ^ . 

w w 



182 


FLOW THROUGH PIPES 


The lost head is therefore proportional to the pressure-drop, Pi ~ Pi, 
occurring in the length, 1. For the flow of any fluid through a jnpe, the. 
factors affecting the resistance are the variables, v, d, /, p, p and the pipe’s 
roughness. No other quantities or dimensions enter the problem. We 
may therefore write . . vjtjmn » $ 

pi ^ p2 Aa / V fJL p » 


The expression does not include a factor representing the pipe’s rough- 
ness, and for the present this will be ignored, the pipe being assumed 
very smooth. Each of the quantities involved may be expressed dimen- 
sionally, using mass (M), length (Z.) and time (7^ as units of measure. 


d - Z 
L 


ML 

P - J2l% 


A* 

P 


LT 

M 

Z* 


K has no dimensions, being the constant of proportionality. 
These dimensions substituted in the above equation give 

-= z‘+’"(zr-‘)»(ifz-‘r-‘)‘'(iifz-^)'. 

Theory and experiment show that the value of m is unity, so that 


Since the dimensional values on both sides of a homogeneous equation 

must be alike, , . 

’ y -H s “ 1 

— y — n - — 2 

X — y — 3s-Hn-|-l “ — 1. 

The values of x, y and z in terms of n are found to be 


ar = » — 3 
y « 2 - » 
s =• « — 1, 




which placed in the original equation give 
P\ - Pz 

Dividing both members of the equation by w, and noting that w 

Pi-Pz 


Lost head 


w 


<P 
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which may be written 


hf - 2K 


I s* *p*“® 

__ 
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In ix^ -4- M, we recognize the Reynolds number (Art. 52), and (102) may 
be simplified to ,2 

*/-2/i:R-*i^, (103) 


Oi 


Iv^ 


(104) 


This value for hf was proposed by Darcy in 1857 and has been widely 
used. Inspection of the equation shows / to be dimensionless and there- 
fore independent of the units of measure employed. This also follows from 
the fact that it is a function of R, which is, itself, dimensionless. Since j 
equals 2A'R““*, its numerical value will vary with v, d, p and p. For a 
given fluid, it will vary inversely with d and ». Because rough pipes pro- 
duce more turbulence than smooth pipes, / will increase with roughness, 
as proved by e.xperiments. 

Equation (104) does not indicate that the loss is always proportional 
to ^ and inversely proportional to d. Thus, if experiment indicates that 
the loss in a given pipe is proportional to then n » 1.8 and by (102), 

The true powers of v and d, by which the loss varies in this particular 
pipe, here appear. 

Finally, nothing in the derivation of (104) 
requires that the t 3 rpe of flow be known, 
and it may1>e either laminar or turbulent. 

The nature of the liquid was not specified, 
hence (104) holds for all liquids.' 

107. Determination of / 

The quantity / is generally spoken of as 
the friction factor, and its value for any 
particular pipe ^d velocity of flow may be W 

obtained experimentally as follows: — 

Figure 95 shows two piezometers inserted in a pipe at two sections a 
distance I apart. Since the* velocity at both sections is the same (diame 
ter constant), we may write, 

■ _ _ P* I 1..-* 
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and ^ A 

Lost head » — — — + 0 '"A. 
w- w 

lidjl,h and Q be measured, equation (104) may be solved iotf. 

106. Values of / 

. Experimental values of / show a variation in strict accordance witt 
the theory just presented. Working with water, early experimenters at* 
tempted to formulate tables showing the variation of /, with v and d, ka 



Twenty-four-inch Cast Iron Pipe Line. (Courtesy of U.S. Pipe and Foundry Co.) 

a {npe made from a given material. The results of various experimenters 
differed somewhat, owing to riight physical differences in the surface con* 
dition of the pipes employed, and to errors of observation. Not only will 
a given material, like cast-iron, vary in surface roughness, but experi- 
ments made upon long pipes, where joints are frequent and inaccuracies 
of alignment are present, should yidd results dightly different from what 
would be obtain^ in laboratory experiments upon short lengths where 
jmts are few and the losses so small as to be susceptible to errors of 
measurement. Changes in and p with temperature were neglected by 
eaify experimenters, due to ignorance of their effect. Neverthelem, by 
careful avera^ng of results it has been posable to tabulate values of J 
for pipes of different mataials with fairly satisfactory results. From a 
review of the most trustworthy e^>eriments, the author has compOed 
the tables on the following pages. The given figures represent average 
values and apply to water onl^. In Art 112 will be shown another method 
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of detmnioing/, based on the fact that it is a function of the Reynolds 
numbor. The method applies to any liquid flowing in pipes. 

The table for cast-iron pqw gives values for lost head agreeing closdy 
with results obtmned by t^ Hazen and Williams formula (Art. 129), 
using a value for C equal to 130. This formula has received wide acc^t- 
ance among hydraulic engineers. The same table may be used foi sted 
pipe and for concrete pipe cast on steel forms having oiled surfaces. For 
concrete pipe, less smooth, cast on wooden forms or having surface ir- 
regularities, the tabular values should be increased by 15 per cent. These 
recommendations are based on Scobey’s well known experiments de- 
scribed in Bulletin 852, United States Department of Agriculture. 

Values of / for fire hose are based on experiments by the National 
Board of Fire Underwriters. Those for wood-stave pipe agree with the 
experiments of Scobey as reported in Bulletin 376, United States De- 
partment of Agriculture. 


Values or / for Clean, Smooth, Cast-Iron, Steel and Concrete 

Pipes 


Velocity in feet 


m 

inches 

1 

2 

3 

B 

5 

6 

8 

10 

15 

20 

4 

.0285 

.0255 


.0230 

.0225 

.0220 

.0210 


.0190 


5 

.0275 

.0245 

Bgg 

.0225 

.0215 

.0210 



.0185 

.0175 

6 

.0265 


.0225 

.0215 

.0210 

.0200 

.0195 

.0190 

0175 


% 

.0255 


.0215 

.0205 

.0200 

.0195 

0185 

.0180 

0170 

,0160 

10 

.ms 


mm 


.0190 

.0185 

.0180 

.0175 

0165 

.0155 

12 

.0235 

.0215 

Bia 


.0185 

.0180 

.0175 

.0170 

.0160 


14 

.0233 


.0197 

.0188 

.0183 

.0178 

.0170 

.0165 

.0155 

.0148 

16 

.0228 


.0194 

.0185 

.0180 

.0175 

.0167 

.0162 

.0152 

.0145 

18 

.0220 

.0200 

.0190 


.0175 

.0170 

.0165 

.0160 

.0150 


20 

.0215 

.0195 

.0185 

,0175 

.0170 

.0165 

.0160 

.0155 

.0145 

.0140 

24 





.0165 1 

.0160 

.0155 

.0150 

.0140 

.0135 

30 


.0185 

.0175 

.0165 

.0160 

.0155 


.0145 

.0135 

.0130 

36 

.0195 




.0155 

.0150 

.0145 

.0140 

.0130 

.0125 

42 

.0100 

.0175 

.0165 

.0155 

.0150 

.0145 

.0140 

.0135 

0130 

0125 

48 

.0185 

,0170 


.0155 

.0150 

.0145 

.0140 

.0135 

.0125 

.0120 

60 


.0165 

.0155 


.0145 

.0140 

.0135 

.0130 


.0115 

72 


mm 

.0150 

.0145 

.0140 

. 0135 ^ 


.0125 

.0120 

.0115 

84 

.0170 

.0155 

.0145 

.0140 

.0135 

.0130 

.0125 

.0120 

.0115 


06 

.0165 

.0150 

.0140 

.0135 

.0130 

.0125 

.0120 

.0120 


.0105 
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Values or / soe Sicall Wsoucht-Ieqn os Steel Pipes 


Nomiiial 

diam.in 

Actual 

diam.in 

inches 

Velocity in feet 

1 

2 

3 

— 

4 

5 

6 

8 

10 

15 

20 

i 

0.S24 


RSS 

wm 



R!B! 


ippffl 

wm 


1 

1.048 

.0415 

.0370 

.0350 

.0335 


.0315 


.0295 

.0275 

.0265 

Ij 

1.38 

.0395 

.0355 

ESS 





mm 

.0265 

.0255 

it 

1.61 


.0345 

.0325 

.0315 

Rtiffl 

.0295 

.0280 

.0275 

.0255 

.0245 

2 

2.0 


.0335 

.0315 


.0290 

.0285 

.0270 

.0265 

.0245 

.0235 

2t 

2.5 

Rtf? 

.0325 


.0290 

■fiTHTT 

.0275 


.0255 

.0240 

.0230 

3 

3.0 

.0345 

.0315 


■ 

.0270 

.0265 

.0255 

.0245 

.0230 

•,0220 


Valves of / fos 2.5*Inch Fibs Hose 
(smooth rubber-lined cotton) 

Velocity in feet 


5 

10 

( 

12 

14 

16 

18 

20 

25 

30 

0.0220 

0.0195 

0.0185 

0.0180 

0.0178 

0.0172 

0.0168 

0.0163 

0.0160 


Increase these values 50 per cent for rough rubber Haing. 


Values oi / for Smooth, Wood-Stave Pipe 


Diun. 


Velocity in feet 


in 

inches 

1 

2 

B 

■ 

5 

6 

fl 

10 

15 

20 

6 

.0305 



.0230 

.0220 


.0200 

.0190 


.0165 

12 

.0270 


Rml 

.0205 

.0195 

R)!!j1 

.0180 

.0170 

.0155 


24 

.0240 

R>ti!l 

.0195 

0180 

.0175 

.0170 

.0160 

.0150 



36 

.0225 

.0195 

.0180 

.0170 

.0160 

.0155 

.0150 

.0140 


0125 

48 

.0215 

.0185 

.0170 

.0160 

.0155 


.0140 

.0135 

.0125 

.0115 



.0180 

.0165 

:0155 

.0150 


.0135 

.0130 


.0115 

72 

ES3 

,0175 

.0160 

.0150 

.0145 


.0130 

.0125 


.0110 

84 

.0195 

.0170 

.0155 

.0145 

.0140 


.0130 

.0120 

.0115 

.0105 

96 

.0190 

.0105 

.0150 

.0145 

.0135 


.0125 

.0120 

.0110 

.0105 


.0185 

.0160 

.0150 

.0140 

.0135 


.0120 

.0115 


.0100 

lao 

.OISO 

.0160 

.0145 

.0140 

.0130 


.0120 

.0115 

H 

.0100 
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109. Variation in / with Age of Pipe 

Ezpmments made upon iron pipes which have been in use for a long 
time often show values of / much larger than those given in the tables. 
This is because of the gradual roughening of the pipe due to the accumu- 
lation of rust tubercles, or other matter, upon the pipe wall. This deterio- 
ration of the pipe with age follows no rule, as the rate is dependent upon 
the quality of the water and metal. In designing pipes of a desired ca- 



pacity, it evidently is the future value of / that is important if the pipe 
b to be satisfactory over a long period of years. Pipes of small diameter 
deteriorate faster than do larger pipes, owing to the proportionately 
greater ^ect of wall resbtance and to the fact that the section area is 
rapidly reduced by incrustations. 

In 1936 M. S. Carter made a thesis study of the problem at the Massa- 
chusetts Institu.te of Technology, using data obtained from an experi- 
mental survey of 385 cast-iron pipes serving in^municipal water systems 
in various parts of the country. Their ages varied from 0 to 70 years, 
and the diameters ranged from 4 to 60 inches. It was found that an ap* 
proxiiirate value of /, for a pipe of stated age, could be obtained by rnul- 
ti{dytng the value of /, as given in the table for new pipe, by an age factor 
detained from the plot in Fig. 96. The curves shown were carefully drawn' 
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with reqtect to the plotted pdnts, which in many cases wariai widdy lot 
pipes of the same size and age. This scattering of points was particulady 
noticeable among the smaller pipes, and, of the two curves shown, that 
for the smaller pipes is the less dependable. The scarcity of informatitm 
on tlus important subject warrants the inclusion of these data. 

110. Critical Velocity 

In Art. 43 it was shown that the change from laminar to turbulent 
flow begins to take place when a certain velocity, known as the critical 
velocity, is reached and passed. Because of the difference in the laws gov- 
erning the two types of flow, it is important to know the value of the 
critical velocity for a given condition of flow. 



Vitioa 


The problem was first studied by Sir Osborne Re 3 molds in 1883, using 
a glass tube in connection with a reservoir of water. His apparatus is 
schematically shown in Fig. 97. The entrance end of the tube was fitted 
with a bell mouth, and a valve near its other end controlled the rate of 
flow. Colored fluid was introduced at the entrance in the form of a fine 
jet. With the water in tbe reservoir devoid of motion, the slow opening 
of the valve produced a flow so steady that the colored fluid passed 
through the tube as a sharply defined ribbon, not mixing with the sur- 
rounding water. The flow was laminar. As the rate of flow was prc^es- 
sively increased, a velocity was reached at which the filament of colored 
fluid commenced to waver and lose its sharpness of definition, this change 
a{^>earing first at a point remote from the entrance. Further increases in 
velocity resulted finally in complete di^rsion of the colored fluid which 
mixed with the water throughout the length of the tube. 

Tbe velocity at which the change began corresponded to a Rtyaolds 
,Aumbar of about 12,000. By exerdring great care to diminate imtial db- 
"^tbibances in the reservoir and jarring of the apparatus, other e;q>«i- 
moiters have succeeded in maintaining laminar flow up to values of R as 
great an 40,000. Evidently the linuting value of R at which laminar flour 
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may be ma i nt a ine d is determine by the care with which diaturhimc fs 
are eliminated. 

Remolds also found that, starting with turbulent flow, a return to 
laminar always took place when the vdodty was reduced to a value cor< 
reqmnding to a Reynolds number of about 2000. Other experimenters 
have found likewise and we may state that R - 2000 marks the lower 
crUical vdocUy, below which all turbulence is damped out by the vis- 
cosity of the liquid. The importance of its value lies in the fact that water. 



12-Foot Pipe Line of the CsliforniA-Oregoii Power Co. (Courtesy of Continental Pipe Mfg. Qo,) 

or any liquid, usually alters a pipe in a turbulent condition which will 
continue turbulent unless the flow is at a velocity below this lower critical 
vdodty. 

Using R » 2000, the value of Ve may be obtained from 



values of v lot water bdng taken from the table in Art. 9. For ready refer 
ence, the fdlowing values are tabulated. 


Tmp. ® F. 

P 

v4 

40 

1.67 X 10-* ' 

MM 

50 

1.41 X 10 -• 


60 

1.21 X 10-* 


70 

1.08 X 10-* 


80 

0.929 X 10-* 

0.0186 
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VALtms or LOWER Critical Velocity, in Feet per Second, 
FOR Water at 50° F. 


Diameter 0.5 in. 

1 in. 

2 in. 

4 in. 

6 in. 

12 in. 

IV 0.6« 1 

0.34 

0.17 

0.08 

0.06 

0.03 


It is seen from the above table that velocities with which the engineei 
usually deals are above the critical and the flow will be turbulent. In 
tubes of very small bore the flow will be laminar. 

111. Laminar Flow in Pipes 

Expressions for the velocity and rate of flow in circular pipes, when lam* 
inar flow exists, may be derived as follows: 

Figure 98 shows a section of the pipe, and two such sections a distance 
I apart will be considered. The average pres- 
sure at the sections will be represented by Pi 
and p 2 . A cylindrical portion C, of the en- 
closed water, has a uniform motion under the 
action of the end pressures and the viscous 
resistance (shear) along its sides. The algebraic 
sum ol the end pressures is {pi — p^vo^, and 
the viscous shearing force is equal to IitxIt. 
The value of t was shown in Art. 8 to be 

Fig. 98 

*^dx 

Since the difference in end pressure must balance the viscous shear, 



= {pi - p2)Trx^, 


dv . 


the minus sign being used because — is negative. Rearranging and integ- 
rating, 


-2 /m I dv = {pi - P2) f xdx, 

»*o 




P\ ~ P2 

ifil 



Vg » Ve 


pi ~ Pi j 
4m/ 


»x - 
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IMb is a general expression for « at any distance x from the {ape’s centn. 
At the pipe vail (x » r) the velocity is zero, as the fluid adheres to the 
wall, and 

or 

„ Pi ~ _a 

‘ “ 4m/ 

This si)ecial value of v, substituted in the general expression for r,, gives 

Pi- p2 a pi - pa a 
4m/ 4m/ 

or 

The flow through an elementary ring, of radius x and width dx, will be 
( 2 tx dx)Vx, or 

dQ - 


^ r( pi - Pa) AV _ a^\ 
2id \2 4/ 


^*(Pi - Pa) 


In terms of d, 


rd*(pi - Pa) 


The vdue of the mean velocity is 

4Q iPi-Pa)^ 

and is seen to equal one-half the center velocity. An earlier equation in 
this article shows that Vt — v, varies as the square of the distance, x, from 
the pii)e’s axis. Therefore the curve of velo^es (Fig. 99) is a {Murabola 
with vertex on the axis. 

In a straight horizontal pipe the loss of head in a length, /, is given by 

j. _ Pi ~ P» 


w 
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If the value of pt — as given in the equation for be substitaUid, 

*/ (W) 


The friction loss is seen to vary with the first power of v, or » i, as was 
stated in Art. 106. By equation (104), 



Fic.99 


for both laminar and turbulent flow. Equating these two values. 

32fJv I 


but since - 


p, and 


Since no restriction was placed on the values of p and p during the deri- 
vation, this value of / holds for aU fiuids in laminar flow. 

Example 1. — ^It is desired to compute the head lost in 1000 feet of 
0.5-inch pipe conveying water whose mean velocity is 0.4 feet per second 
and whose temperature is 60** F. 

From the table in Art. 9, v - 1.21 X 10”* sq. ft. per sec. 


a ^ 

R a — . 

p 

64 


0.4 X — 1.21 X 10"^ • 1380, indicating laminar flow. 

TTi* 

0.0465 */- 0.0465 X 1000 X 24 X — 


f 


2.8 ft. 
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Example 2. — Oil having an A.P.I. gravity of 20* and a viscosity of 
800 Saybolt seconds, flovrs through 20,000 feet of 6-inch pipe with a 
velocity of 4 feet per second. Compute the friction less. 

141 5 

By equation (11), specific gravity « ■ » 0.934. 

a <31. ad 


By equation (8), m = (o.0022 X 800 - 0.934 - 1.642 poises. 

\ oOO/ 


Also ft = 1.642 -r 478.69 0.00343 lb. sec. per sq. ft. 

p = 62.42 X 0.934 -s- 32.17 * 1.81 slugs per cu. ft. 
p = 0.00343 + 1.81 = 0.00189 sq. ft. per sec. 

R = 4 X ^ -5- 0.00189 = loss (laminar flow) 


/ = 7 ^ = 0.0606 hj - 0.0606 X 20000 X 2 X ~ “ *03 ft. 

1055 64.4 

112. Value of / in Terms of Reynolds* Number 

64 

It was shown in the previous article that, for laminar flow, /«-=:• 

n 

On logarithmic paper this equation plots as a straight line. For turbulent 
flow, equation (103) shows / to be proportional to R""® for a given pipe, 
or f ^ aR*. This equation also plots as a straight line on logaritlunic 
paper. If experimentally determined values of / are thus plotted, the 
points representing amultaneous values of / and R do lie in a straight 
line if the flow be laminar; but for turbulent flow they lie on a line that 
is slightly curved. This indicates that / is not equal to aR*, and the ex- 
planation is that X, which equals n — 2, varies slightly with R. For a 
smooth pipe, n h^ a value of 1.75 for R » 3000, and approaches 2 as a 
limit as R approaches infinity. 

Curve A ip Fig. 100 shows / plotted logarithmically against R for 
laminar flow. This relationship is independent of the viscosity and den- 
sity of the liquid. Curve D shows the variation for turbulent flow as de- 
termined by Stanton and PanneU from their study of turbulent flow in 
very smootii pipes. For laminar flow, their plotted points followed line A 
down to a point represented by R » 2000. Between R — 2000 and 
R « 3000, the points lay on the irregular dotted line and followed no 
definite law. This interval represents a transition poiod during which 
the flow changes from laminar to turbulent. Stanton and Panndl found 
the curve, D, to be the locus of all points plotted for the turbulent flow of 
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water, oil and air in a pipe that had the smoothness of glass. 

In Art. 106 it was assumed that the pipe was smooth and the rough* 
ness effect negligible. Experimental values of /, determined for a pipe 
somewhat rougher than dtose used by Stanton and Paimell, do not lie 
on curve D, but in general have a locus appro.\imately parallel to D and 
placed higher in the diagram. The rougher the pipe, the higher placed is 
the curve. Curve B has been plotted by the author in the following man- 
ner. From the most reliable experiments available, made upon pipes of 
various degrees of roughness but all falling within the category of fairly 
smoolh pipes, a large number of values of / were plotted. Through the 
points lying highest in the group, the curve B was drawn. It may be said 
to represent the maximum values of / for pipes of this class. Midway be- 
tween curves B and D was drawn curve C as representing average values 
of / for fairly smooth pipes. The values of / given in Art. 108 for water 
in clean cast-iron pipes will be found to agree remarkably well with vdues 
taken from this curve, although they were determined quite differently. 

The curves are useful in computations involving fluids other than water. 
Curve D applies to very smooth pipes such as gljtss, drawn brass, tin and 
lead. Curve C may be used for new, clean cast-iron and steel pipes. Such 
pipes, after several years of use, may have / values as determined from 
curve B if corrosion occurs. Curve A may be used for all pipes. 

As previously stated, laminar flow will occur at values of R below 2000, 
and turbulent flow may be expected at values above 3000. For values 
intermediate, the state of flow is indeterminate, but values of / may be 
taken from the dotted curve. However, in designing pipes for a given 
capacity, it is advisable to assume the flow turbulent in this region, as 
the larger values of / will insure adequate capacity. 

113. Ikough Pipes 

Pipes that are rough differ much in their degree of roughness. The 
effect of roughening, due to corrosion, was treated in Art. 109 for the 
case of cast-iron pipes. The exact form and position of the / vs. R curve 
(Fig. 100) for a pipe of a given roughness is not known. Experiments by 
Nikuradse and Streeter have been made upon pipes artilicaliy roughened. 
Nikuradse simulated pipes of varying roughness by cementing sand 
grains of imiform’size to the pipe wall. By varying the size of the grains, 
different degrees of roughness were obtained. Using the ratio of the pipe’s 
radius, r, to the diameter of the sand grain, ifc, as a measure of the rdative 
roughness, Nikuradse obtained the curves shown in Fig. 101. It is seen 
that the curve for the smoothest pipe, followed the Stanton-Pannell curve 
for smooth jupes some distance before rising. The curves for roug^ 
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F^ws left the Stanton-Pamidl curve at succesaivdy lower values d R, 
the rise of each curve increasing with relative rou^iness. All curves tend 
to become hotiecmtal at some value of R, showing that/ finally becomes 
independent of R. To be independent of R, the exponent of R, n — 2, 
must be zero, or n equal to 2. All experiments have ^own that n has 
this value for very rough pipes, even for moderate values of R. It may 
have this same vdue for smoother pipes at very high values of R. 



Fh>. 101. Friction Factors for Artificially Roughened Pqies. (Data front Nikuradae) 


Nikuradse’s results are informative in a qualitative sense, but pipes 
that are rough in practice generally have no such uniformi^ of rough- 
ness as did those of Nikuradse. Streeter’s eiqieriments upon pipes, artifi- 
dally roughened by rifling, conclusively showed that the geometrical form 
of the surface irregularities had an important diect, as did their spacing 
along the pipe wall. Both sets of experiments showed that roughness is a 
rdative term, pipes of small diameter being relatively rougher than larger 
pipes, if having the some absolute roughness. Much more information is 
needed on the effect of roughness before quantitative knowledge of a re- 
liable nature is available. 


114. Straight Pipe, Uniform Diameter 

The simplest case of flow occurs when a fairly straight pipe of uniform 
diameter is inserted in the side of a reservoir and allowed to dischaige 


m 



into the free air under a constant head (Fig. 102). Writing the Bernoulli 
equation between points m and n , 

A - :r- + 
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The last term covers all the losses occurring betweoi the two pdlnts, no 
matter how caused. In the present case only two losses are involved — 
the head lost at entrance to the pipe and that lost in pipe friction. 

Entrance Loss . — If the end of the pipe entering the reservoir be flush 
with the inner surface of the wall, the conditions of flow in the first three 
diameters of pipe length are identical with those existing in the standard 
short tube, as was pointed out in Art. 77. We may assume the loss in 
this distance as equal to the loss in passing through the tube and write 

Entrance loss *= 0.5 — • (109") 

2g ' ' 

If this end of the pipe be fitted with a bell mouth, the loss is about .05 — 

2g 

and negligible. 

For a pipe projecting inwardly beyond the wall, 

Entrance loss => (0.5 to 0.78) — (110) 


as shown in Art. 78. 

Assuming, for the pipe under discussion, that its end is flush with the 
wall, the head equation becomes 


v* . s* / r® 


If the pipe be 12-inch cast-iron, the head 100 feet and / » 4000, the table 
of / values indicates an average value for / of 0.018. Using this tentatively. 


100 



+ 0.018 


X 


4000 
1 2g 


V B 9.36 ft. per sec. 


Thie / value correspondii^ is found to be 0.0172. 


100 


1.5 - -1- 0.0172 

2g 


X 


4000 V* 
I 2g 


V » 9.6 ft. per sec. 


H the corresponding / value of 0.0171 be used, the result remains 9.6 
feet per second. The uncertainty of the / values, however, hardly war- 
rants such close intotpdiations, and 9.5 feet per second may be regarded 
as the velocity. 
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If the end of the pipe terminated in a serond reservoir (Fig. 105), 
whose surface level was A feet below that in the first, the head equatim 
between m and » would be 


j)* V® / tl* 

* + *--- + *'+0.5-+/^-. 


and for the numerical values used in the above problem, the rate of flow 
would be the same. With the discharge end submerged, the effective head 

is the difference in reservoir levels, and 
I the amount of submergence has no 
/j effect upon the rate of discharge. 

Discharge Loss . — If the head equa- 
tion be written between points m and 
an additional loss occurring between 
n and «' must be included. The veloc- 
ity-head at n (or kinetic energy per 
pound) will be entirely lost in turbulence as the discharge from the pipe 
enters the water in the reservoir. Therefore 



Fig. 103 


Discharge loss =* ~ , 

and the head equation is 

I 

A = o + 0 + 0 + 0.5-+/-- + -, 


( 111 ) 


which contains the same terms as when written between m and n. This 
discharge loss always occurs when a conduit of any kind discharges be- 
neath the surface of a receiving reservoir, and must be considered when 
writing the head equation between an upstream point in the flow and a 
point in the surface of the receiving reservoir. 

An idea of the relative size of the friction losses in the problem just 
discussed may be obtained from the following summary. 

Velocity head = — = 1 .43 

2g 

Entrance loss = 0.5 — = 0.72 

2g 

I 

Pipe friction “ / 3 5“ “ 97.85 

^ 100.00 


For this particular pipe nearly 98 per cent of the head was lost in pipe 
friction, while less than one per cent was lost at entrance. Had the latter 
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kw beei mnitted from tlie liead equation, no appreciable change in the 
ccnrqmted value of v would have resulted. 

It can be shown that if the length of the pipe is 1500 diameters or more, 
the vdodty, as computed without the entrance loss, will be in error by 
less than one per cent when / has values between 0.015 and 0.025. Like* 
wise, both entrance loss and velocity head may be neglected without 
affecting the computed value of v more than one per cent if / » 5000d 
and / has values between the limits just stated. The head equation b 
then 

I p® 

an equation commonly used for long pipes. 

115. Other Losses in Head 

Because any sudden diminution, or change in direction, of the velocity 
will produce added turbulence, and therefore loss of head, it is seen that 
changes in diameter, the presence of curves (or elbows), gates and valves 
are further sources of loss. Detailed treatment of these losses follows. 


116. Loss by Sudden Enlargement 

If the cross-section of the pipe be 
abruptly enlarged, as in Fig. 104, the 
velocity will be suddenly reduced from 
Vi to t )2 and a loss in head will result 
from the eddying caused by the meeting 
of the more swiftly moving water in the 
small pipe with the slower water in the 
large pipe. A rational expression for the 
magnitude of the loss may be derived Ftc. iM 

as follows. 

Let the area of the pipe sections be at and a 2 , respectively, so that 
OiVi >■ OaVg. Between the points tn and n we may write 



from which 


?■! + & + 

2g v> 2g w 

L«tthead-?!-?!-(^2-4 

2g 2g \w Vi/ 


The vdodty vi b maintained up to, and probably slightly beyond, CD 
so that at m' the average pressure may be assumed to be p\. The total 
pressure in the large pipe <m section CD may then be taken as a^Pi , wlule 
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mEFit win be« 2 />a. That Pa is greatw than pi may be seen fsem the 
{act that between m and n there occurs a large decrease in vdodty head 
without a correspcmding gain in potential head. It is true that between 
these same points a loss is occurring, but anal3rsis will show that this is 
never large enough to cause Pa to be less than pi. There exists, therefore, 
an unbalanced, horizontal force (oaPs-^iPi) between CD and EF agaiiist 
which W' pounds of water move each second and thereby have their 
velocity changed from Vi to vg. By the momentum principle (Art. 50), 


or 


W 

Capa ~ OaPi = (»i — *'2) 

S 


h _ ti 

w w 


7 (»i - va). 

i 


(114) 


Combining (113) and (114), 
Lost head 




“1 ^2 , V 

2g 2g g 


Va 


(vt - P2)* 
2g 


(115) 


Another form of expression may be derived from (115) using the relation 
aiVi “ a 2 V 2 . If we substitute for vi its equivalent — , there results 

fli 


Lost head = 


/ 02»2 Y 

W ■ V 


2g 




(116) 


Equation (115) will be found more generally applicable than (116). 

The difference in the pressures existing on either side of the enlarge- 
ment may be found from (114), which shows that the pressure always 
rises in pasring the enlargement. 

The additional turbulence, produced by the change in vdocity, con- 
tinues for a distance of 50 to 100 diameters downstream from the en- 
largement, and the loss due to the enlargement is the total loss occurring 
in this distance minus the loss due to normal pipe friction in the same 
distance. Piezometers for measuring the loss must be placed just before 
the enlargement and at a considerable distance below it. The subtract- 
able pipe-friction loss must be determined by a separate experiment upon 
the larger pipe. Ihe same procedure must be followed when losses due 
to the presence of bends, fittings or otho: devices in a pipe-line are bring 
measured. 

The discharge loss discussed in Art. 114 is a speckd case of sudden 
eidargement. 
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117. Sodden Enlatfemcnt with Change in Direction 

If die azb od the larger pipe makes an angle, a. with that of the sratdler 
pipe (Fig. 105), a similar analysis to that presented in the previous artide 
will show that the head lost may be 
computed from 

Ad* 

Head lost — , (117) 

Ad being the vector difference between 
Vi and V 2 , and having the value, 

+ V 3 * — IvjVi cos a. While this 
case seldom, if ever, arises in pipe 
flow, a similar condition exists in 
some hydraulic machines such as the 
centrifugal pump equipped with a volute casing (see Chap. XIV). Here 
the water leaving the periphery of the rotating impeller undergoes a 
change in velodty, not only in magnitude but also in direction, as it flows 
into the surrounding casing. 

118. Gradual Enlargement 

Changes in diameter are usuaUy accomplished by inserting a short 
length of pipe having the shape of a truncated cone, and known as a 
diffuser (Fig. 106). Experiments by Gibson indicate that the gradual en- 



Fio. 106 


fargemoit has the ^ect of reducing the loss below that occurring for 
suddra enlaigement, if a be less than about 40 degrees. For this value of 
a the loss is about equal to that for sudden enlargement. For an^es be- 
tween 40 and 70 degrees the loss exceeds that of sudden enlargement 
These facts appear to be borne out by themy. The total loss in the 
diffuser may be divided into two parts — that produced by pipe friction 
and that due to the turbulence accompanying the reduction in velocity. 
For a given change in diameter, small values of a neceadtate a long 
length of (Offuser in whidi pipe frictum is larg^ and that due to reductimt 



Fio. lOS 
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in vdodfy is small. With incraase in a, the j^pe Irictkm decrmsesi due 
to ahertoied length,- and the turbulence loss increases. For some value of 
a the sum of the two losses will be a minimum, and Gq)erin»ntaindkate 
that this occiua when <x is approximately 6 degr^. B^rond this value 
the turbulence loss increases rapidly, the turbulence extending far into 
the large pipe. When a value of about 40 degrees is reached, the turbulence 
loss becomes so great as to produce a loss nearly equal to that of sudden 
enlargement. From 40 to 70 degrees the turbulence loss increases without 
a corresponding loss by pipe friction, the sum of the two being a maximum 
at the latter value. From 70 to 180 degrees the turbulence changes little, 
but the loss by pipe friction decreases to zero. 

If a diffuser is to serve the purpose of diminishing loss, it should have 
an angle, a, of not more than 30 degrees, for which Gibson’s experiments 
indicate a loss about equal to 0.7 that from sudden enlargement. 


Expressing the loss by, 

Gradual enlargement loss => k 




(118) 


Gibson’s values of k are approximately as follows. 


a 

k 

a 

k 

a 

k 

6** 

0.14 • 

o 

O 

re 

0.40 

50® 

1.00 

lO"* 

0.20 

30^ 

0.70 

60® 

1.10 

15* 

0.30 

40® 

0.90 

90® 

1.10 


119. Sudden Contraction 


Zf a pipe abruptly decreases in diameter in the direction of dow, a loss 



S 


results which may be analyzed as 
follows. Due to the presence of the 
vertical wall separating the pipes 
(Fig. 107), turbulence will exist in 
annular space, AaBb, in front of the 
wall. If the ed^ at od be well defined, 
the stream contracts on entering the 
smaller {upe, expanding again to fifl 
the pipe. .Doubtless tlw majm: por- 
tion of the loss oocuiiing « due to 
expansion beyond pomt m. ^aoe the 


amount of contraction at m dqiends upon the dirianqs, die, or Bi, it 
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Mfams tiuit the aq)ansion loss will dq)eQd upon the ratio of the two 
p%>e<lianteters, as will the entire loss due to change in secti<»i. 

Experimental investigation of the loss shows that it may be e]q>res8ed 
by 

» 2 

Lost Head -- Kc^ (119) 


V 2 bring the velocity in the smaller pipe, and A'* having values dependent 

di 

upon 3”* From what information is available, the author has compiled 

U2 

the following values of Ke. 


di 

d» 

■ 

3.5 



2.0 

1 

j 

1.5 

1.25 

1 1 

1.0 

A . 

0.45 

B 

0 42 

1 

1 

0.40 

0 37 

0.28 

0.19 

10 

■ 


The loss is generally very small when compared with that due to fric- 
Uon in the adjoining pipes, and is of secondary concern unless occurring 
in a short pipe. 

i 

120. Curves and Elbows 

The flow of water, or any liquid, around a bend in a pipe is accom- 
panied by a redistribution of velocities, by a ^iralling motion and ab- 
normal turbuloice. Turbulence occurs in the bend itself but the larger 
portion of it exists in the pipe below the bend. Schoder found evidences 
of it at a distance downstream equal to 75 or 100 diameters. As the water 
approaches the bend, its energy, or head, near the walls is small, due to 
viscous friction. In swinging around the bend beyond a point a (Fig. 108), 
the increase in pressure, due to centripetal force, causes the velocity of 
particles dose to the outer wall to become zero, resulting in the forma- 
tion of eddies and a sqaration from the wall. Separation and eddying 
also occur at a point b on the inside of the bend. Not only does the iner- 
tia of the water catise this, but the pressure on the inade of the bend, 
which is low at the midpoint, increases as 5 is approached, producing 
separation and eddying. 

If a radial section, x — x, he taken across the bend, a double ^railing 
motion will be found to exist as shown in the amaQ figure. Along the 
horizontal diameter of this section the pressure increases with radial dis- 
tahce, but rapidly decreases as the low pressure r^jon ncnr the waO is 
8|^pioadie(i This fall in pressure causes an outward motion tounid the 
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watt aM water k drawn in from the rej^ of the inner watt. The double 
t^ial which laeiilta adds to the friction Ion ami increases tuibuhmce in 
the tettr^j^. 

Tim lost head may be determined by pressure measurements made 
just above the bend and in the tail-pipe at a sufficient distance from the 
bend to ineure consummation of the loss. From the total loss so deter- 
mined, the heSd normally lost by pipe friction in a straight pipe haying 
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a length equal to the total distance between piezometers, must be sub- 
tracted, thus giving the excess loss due to curvature. 

The results of different experiments have so far been in quantitative 
disagreement. All indicate that, starting with a short radius of curvature, 
the loss decreases with increase in radius down to a certain point and 
then increases. It should be a function of the Re 3 molds number inas- 
much as viscous shear and inertia are the only forces involved. The loss 


nmy be expressed as 

Excess loss due to cxurvature 



( 120 ) 


Kt being a function of R and of the ratio, ^ , of the bold radius to the 

diameter of the p^. For like values of ^ , bends in {rapes of different 
diametor are geometrically similar, and erqmrimental results should allow 
its to be ploUed, for a given ^ , against R. Geometrical similarity also 
imiirei'the zdativesouikBcw the pqrnrto be the saaue. Lac^ of geo> 
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metrical similarity and laQure of ejqterimenten to leoord the values of 
R make it quite impossiUe to corrdate the available data. 

Most of the investigations have hem naade on bends of 90 degrees. 
Thcle of H<^man at Munich in 1929 involved both smooth and rott^ 



^atio R/D 

Fio. 109. Low CoefficieiiU for 90* Bendt 

pipes and appear to have been performed with much care. They show 
the loss to decrease with increase in - until a value of - equal to about 7 
is reached. From there on the loss increases. For the rough pipes Hoff* 
man found Kit to be fairly constant for a given and in Fig. 109 is shown 

a sim plified plot of his results. For smooth pipes, a given value of - pro- 
duced values (ff which decreased somewhat with moease in the Rey- 
nolds number. The owrofe value oi Kk, for a ipven ^ , was about half 
that for roujgh P^- 
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It is iaqNrobftble that the above statements apfdy to bends ol hige 
radius, and Hofiman's curve should not be extrapolated beycmd a value 

of ^ equal to 12. Ea^ bends having very long radii probably produce 

small losses which may be ne^^ected. 

For bends having central angles difierent from 90 degrees, very little 
data exist. Yamell found that a 180-degree bend produced a loss about 
1.5 times that in a 90-degree bend, and that the loss in a 45-degree bend 
was about 0.75 that in a 90-degree bend. 

More experimental data are necessary before a definite knowledge of 
the magnitude of the loss can be had. 

Elhows . — Bends in pipes are often made by using short, cast sections 
known as elbows. 'Iliey are commonly used for 90- and 45-degree bends 
and are made with dther flanged or screw connections. They are classified 

as short turns and long turns. The short turn has an ^ ratio of about one, 

a 

r 

and the long turn has an - ratio of 2 or more. Those having flanged con- 

a 

nections to the pipe generally cause no change in sectional area as the 
water passes through them. Those having threaded connections generally 
have a sectional area larger than the pipe and the change of section adds 
to the lo^. Values of Kt, for these elbows may be assumed as follows. 
Flanged connections 

Short turn, Kt = 0.50 

Long turn, Kt ■= 0.25 = 2 to 8^ 

Threaded connections 

Short turn, Kt •» 0.75 
Long turn, Kt *= 0.50 to 0.65. 


Sometimes the loss is expressed in terms of the length of a straight 
pipe in which the loss by pipe friction equals the bend loss. Assuming an 
average value of / equal to 0.02, 



I 


.02 


If - 0.25, I « 12.5d. 


If Rs - 0.7S I - 37.Sd. 
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If the loss be so e]q>ressed, it may be allowed for in |Hpe coQ^>utati<xls 

1^ adding, to the actual length of pipe, a length of -- d. The presence of 

one or more short bends in a tong pipe affects the rate of flow but little, 
the loss by pipe friction being compairatively very large. 

121. Low Caused by Valves 

Valves are used in pipes for the purpose of controlling the rate of flow. 
This they do by causing a loss of head that varies with the amount of 




Fig. 110. Gate Valve 


Fig. 111. Globe Valve 


valve closure. The loss is mainly the result of sudden contraction in the 
stream followed by sudden enlargement. The ideal valve should not 
cause a loss when wide open. One of the best in this respect is the gate 
valve shown in Fig. 110. In its open position the general direction of flow 
is unaltered, and the loss occurring is due mainly to changes in cross- 
section. The magnitude of the loss (valve open) varies with the design, 
and values for K,, in 

Valve loss A. f , (121) 

have been found to range from about 0.10 to more than 1.0. In the ex- 
periments by Corp at the University of Wisconsin in 1922, Kp ranged 
from about 0.20, for a l-inch valve, to about 0.10 for a 12-inch valve. 
Between these values, it decreased uniformly with increase in diameter. 
For a f-inch and a ^-inch valve, Kp was 0.30 and 0.80 respectively. A 
value commonly used for valves larger than 2-inch is 0.15. 

The general design of the gMfe valve appears in Fig. 111. One of its 
characteristics is that whoa wide open it causes considerable loss of head 
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In ft pipe-line where the pressure is normally low, this would be a dis- 
advantage. Professor Coip and others have shown that K, for this type 
of valve varies between about 6.0 and 15.0, an average value, commorJy 
used, being 10.0. The loss in this valve is therefore about IS to 60 times 
that in a gate valve, depending upon the size. ^ 

122. IiOng Pipe with Cihanges in Diameter, Bends and Valves 

The ^ect of changes in diameter, and the presence of bends and valves, 
may be seen from a study of the pipe-line shown in Fig. 112. A gate 
valve, wide open, is at point A, and at B are two 90-degree bends having 



a radius of 4 feet. Between points tn and n the entire head available is 
lost in friction, since velocity head and pressure head at both points are 
zero. Therefore 


f ^1* I r ^2 I /■ ^3 »3* , 


S»i* 




H 


2i 


2g 2g 


the losses being due to pipe friction, entrance, passing the valve, enlarge- 
ment, contraction, bends and head lost at exit. Ihe following dimenaons 
will be assumed. 


A -« 100 ft., di ■ 6 in., -> 12 in., » 8 in., l\ = 1000 ft., 
h - 3000 ft., h - 2000 ft. 


The vdodties being unknown, a tentative value of 0.02 may be assumed 
for/, and dnce it is probable that pipe friction is a large parentage of 
the whole loss, labor may be saved tty tempor^y neglecting the other 
losses and determining vi, «« and vs approximately. Acooidingjly, 

.02 X 1000 «i* .02 X 3000 va* .02 X 2000«i* 

1/2 2g 1 21 2/3 2g ’ 


100 
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and, rq[>lacing V 2 and by ^ and ^ reqxxtivdy, there results 

t),* 

— 1.6 ft, or »| » 10.2 ft per sec. 

vz « 2.6 ft. per sec. 

Ps = S.8 ft. per sec. 

Referring to the table of friction factors for cast-iron pipe, the corre- 
sponding values of / are: 

fi - 0.019;/a = 0.0207;/3 ■= 0.0196. 

The value of K, (for the valve) may be taken as 0.15, and Kt, from the 

table (Art. 119), is 0.28. Since ^ for the bends is 6, Kb equals 0.10. If 

u> 

these values be substituted in (122), there results: 

»i “ 10.18; Pj = 2.55; P 3 = 5.74. 

For these values, the/’s are the same as before and no further substitu- 
tion is necessary. The dose agreement between these values and those 
first found by assiuning / = .02 is accidental and not always to be ex- 
pected. 

The values of the separate losses are: 

feel 

Friction, 6-inch pipe 61.14 

“ 12-inch pipe => 6.25 

“ 8-inch pipe =» 29.92 

Entrance 0.80 

Valve 0.24 

Enlargement » 0.90 

Contraction » 0.14 

2 Bends » 0.10 

Discharge 0.51 

100.00 

It is seen that jnpe friction caused 97.3 per cent of the whole loss. In 
fact, ha4 all other losses been neglected, the .velodties would have been 
found to be 10.4 feet, 2.6 feet and 5.8 feet per second. In this i»pe-line, 
the uncertainty in the values of / would not warrant the vustt detailed 
cmnputatitm. The examine shows that changes in section, and the pres- 
ence of bends and <^>en valves (not induding j^obe valves), may be n^- 
lected in k»i|; pipes if th^ are not of frequent occurrence. 
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123. The Preamre Gradient. 

The pressure gradient may be defined as an imaginary line drawn above 
a pipe (and in the same vertical plane as its axis) so that the vertical 
distance from any point on the pipe’s axis to the line represents the pres- 
sure-head at that point. In other words, if a row of open piezometers 
were placed at frequent intervals along a pipe-line, the grade line would 
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join the levels of their water columns. For a straight pipe of uniform 
section, the grade line will be a straight line, sloping in the direction of 
flow as may be seen from a study of the pipe shown in Fig. 113. Two 
piezometer columns at any points, m and n, indicate the pressure-heads 
at the respective points, and reference to Art. 107 and Fig. 95 shows that 
the difference in their top levels measures the head lost between the two 

points. Since the length of the pipe sepa- 
rating the two columns is the only factor 
affecting the magnitude of the loss, it 
is apparent that the vertical distance 
between the tops of these columns is 
directly proportional to the intervening 
length. The line joining the tops is there- 
fore straight 

At the discharge end of the pipe, the 
pressure-head is equal to the depth of 
submergence below the reservoir level, and the grade line terminates at 
C. Had the pipe discharged into the air, the pressure at the aid would 
have been zero, and the grade line would have run to the end of the p^. 

Close to the upper reservoir, the gradient ceases to be straij^t owing 
to the rapid change in pressure-head which takes place in the first few 
..diameters of the pipe’s length (Fig. 114). Written between m and W) 
Bernoulli’s equation gjves 

, s* A 

A - — -f aitranoe loss. 

2g w 
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w 


'-(i 


+ entrance loss 


The pdnt B is therefore below A by the amount of the velociQr head 
at n plus the head lost in entering the pipe. Between A and B a curved 
line may serve to represent the gradient. In long pipes where the greater 
portion of the available head is lost in friction, the vertical distance, 
AB, is relatively so small that the curved pmrtion of the line is usually 
neglected and the gradient assiuned to run straight from A'. 

From .the figure it is seen that the minimum depth at which the end 

of the pipe may be submerged must be greater than + entrance loss^ 

if the pressure at n is to be greater than atmospheric. If a given pressure- 
head must be obtained at n, the depth must, at least, equal 

y p\ 

( — + entrance loss + -■ )• 

\2g w/ 


Pil>es that are straight in profile may not be straight in plan, but, if 
the changes in direction are effected by long easy curves, the pressure 
gradient will have a uniform rate of slope provided pipe friction be the 
only loss. Likewise, the pressure gradient will have a nearly constant 
slope even though the elevation of the pipe may vary from point to 
point. For any given pipe-profile, the exact position of the gradient, for 


a given flow, may be determined by computing the value of 


t 

w 


at a num- 


ber of points. 

Sharp curves, bends, or any other source of loss will depress the gradient 
at the pmnt where the loss occurs. One exception to this statement is 
found in the case of sudden enlargement, where the pressure actually 
rises in passing the enlargement (see equation 114). 

From the foregoing statements, the following facts regarding the 
gradient may be deduced: 


(a) Shows, by its distsmce above the pipe, the pressure-head at any 
point in the {fipe. 

{b) Has a general slq)e in the direction of l9ow. 

(c) In the same pipe, or pipes of like material and diameter, the steqiei 
the slope of the gradient, the high^ is the velocity of flow. 

(d) Shows 1^ its vertical drop the amount of head lost in any manner 
between two pmnts in t^ {fipe, provided the vdodty at the two 
pomts is the same. 
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(e) Is stnught for straight pipes of imiform section and practically so 
fw pipes whose length is sensibly Uie same as that of the straig^ 
line joining thdr ends. 

These facts, kept well in mind, will greatly aid in the solution of many 
proUems. 

A gradient for the pipe in Fig. 112 has been drawn, assuming that the 
valve at A is partly closed. Another line, not drawn, might be plotted 
above the gradient, the vertical distance between it and the pressure 
gradient being at all points equal to the velocity head at the pomt. Such 
a line is known as the energy gradient^ and by its drop between succesave 
points shows the energy loss per pound of water flowing. It is very help- 
ful in visualizing losses. If drawn for Fig. 112, it would start at the level 
of the upper reservoir, and the pressure gradient would start at a point 

below it equal to .. 

124. Pipes Which Run above the Gradient 

In Fig. 115 is shown a pipe that has a portion of its length above the 
gradient. The latter, while not quite straight, may be considered so in 
this discussion and be represented by ADB. At point C the pipe is above 
the gradient and the pressure must be below atmospheric, being measured 
by the pressure-head, CD. Where the gradient crosses the pipe the pres- 
sure is atmospheric. If the pipe be air tight throughout the portion lying 
above the gradient, and the velocity of flow be sufficiently high, the flow 
will take place under the head, h. Water generally contains a quantity 
of air in solution which is set free whenever the pressure falls below that 
of the atmosphere. For this reason the stipulation was made that the 
vdodty be sufficiently high in order that any air, set free in the portion 
of the pipe above the gradient, be swept idong by the friction of the 
water and removed from the pipe. If the vdodty be not sufficioit, the 
ur will collect in the summit of the pipe, tending to raise the pressure 
there. This will cause the point, D, on ^ gradient to be rested, and the 
portkm, AD, the gradient will have a lessoied slope, rndkating a re- 
duced rate of flow in the pipe. The portion, DB, of the gracfloit then 
would have a total dnq) greater than shown, indicating Utaroasoi rate of 
flow in the second portion of the This would be inqxMsilde if the 
pg)e were to flow full. It is probaUe that the pipe beyemd C would not 
be filled until a pennt was reached where positive pesrare was neceaiaiy 
to fmxe the wat«r along the remaining part tiae pipe aga^ hictiooal 
resistance and the pressure at the submerged of the pipe. 
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would be possible fw tbe pipe in Fig. IIS to flow fufl 
undtt the head, h, even though the point C was at a higher elevation 
than the levd <rf the supplying reservoir. Such a pipe is called a siphon. 
It would be necessary first to fill the entire jupe with water. This could 
be d<me by evacuating the air, using an air pump or ejector placed at 



the summit. If free discharge occurred at B, a valve at that point would 
be kq>t closed while filling the pipe. 

The practical difficulty in operating a siphon is keeping air from col- 
lecting at the stmunit, as stated earlier. Low velocities of flow favor the 
collection of air which not only would be set free from solution in the 
water but also might ascend the pipe from B if the end of the pipe were 
not submerged. The formation of 'water vapor in the region of low pres- 
sure causes nmilar trouble. 

The height to which a siphon may be carried above the level of the 
reservoir may be computed as follows. 

Between m and n (Fig. 116) the head 
equation is 

e® 0 / e* 

34 “ T — I (- 2 -f- 0.5 " "f" / 3 ^ > 

2g w 2g ■' d2g’ 



the pressure bong computed above absdute zero. The lowest limit which 
p may reach would be absolute zero, were it not for the water vapor 

which would produce a pressure-head, ^ , whose value may be computed 

tiom the table in Art. 20. The maximum height, z, is therefore 

..34-(&+1.5^+/S^ (123) 


Flow pndw this condition would be uncertain unless the velocity were 
lu|^. Tbe air pump or ejector used for priming the {ape might have to 
be (Operated occasionally to remove accumulated air and v^ptar. Iowa 
values of z than those given by (123) should be used wheneva possible 
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AMVunkg dm i2 in., I m 2000 ft, v 6 ft per sec., and T » 60** F., 

* - 34 - (0.6 + OJ + 20.2) - 12.4 ft 

A amtrol valve diould never be placed in the MranHing of a sipbrai 
because the attendant loss would decrease the pressure at the summit 
It should be placed in the descending leg. 

125. Pipe'Line Supplied by Pump 

Pipe-lines are more often furnished with water from a pump than from 
a gravity reservoir. The point of discharge is generally at a higher de- 



vation than the piunp and the latter supplies the head necessary to main- 
tain the discharge. No new principle is involved in the theory of flow 
through the pipe under these conditions, but the location of the hydraulic 
gradient and the amount of head and energy furnished by the pump 
should be noted. A ample case is fllustrated in Fig. 117, water bang 
pumped from a reservoir at A to a higher-level reservoir at C. When at 
A, the water possesses no energy or head with reference to a datum 
through As it passes through the pump, work is done upon it and 
enti'gy stored in it. On leaving the pump at B its energy per pound (or 
head) is 


Energy per pound 


2g^ w 


+ » 


ami if Qw pounds of water have passed through the pump each second, 
then 


Energy delivery by pump per second 




We see that the pump has raised the wata thiou^ a distance s, |^vea 
it vdodty (hence kinetic energy) aird raised its piessiae. 


PIPE-LIN,E SUPPLIED BY PUMP 


If we consider the heads at the points B and C we find 


e* p 

2i + S + ' 


I 

I^+/3? + ? 

'' d2g 2g 


m 


in which the last term represents the head lost by discharge into the 
reservoir. By reason of the equality expressed in the equation, the right* 
hand member represents the head (or energy per pound) reedved from 
the pump. Again we may write, 

/ / ii*\ 

Energy delivered by pump per second = Qw (Lift + / j ;r + 7 " ) (125) 


and we see that the pump has raised water from A to C, pven it velocity* 
head and supplied the head lost in friction. In general, the head (or 
energy per pound) supplied by a pump may be determined by comparing 
the total heads at two points separated by the pump, and adding to 
their difference the head lost between the points, excluding losses in the 
pump. 

The pressure gradient for the given conditions is ac. The pressure- 
head at B is just sufficient to raise the water to the level of C and supply 
the head lost by pipe friction. The velocity-head at B is lost at exit. 

Example 1. — In Fig. 117, let it be assximed that 7.85 cubic feet per 
second are being pumped through 1000 feet of 12-inch pipe to a reservoir 
whose level is 100 feet above that of the supplying reservoir. From equa- 
tion (125), 

Energy per second 


(7.85 X 62.4) (lOO 


.017 X 1000 100 

1 ^ 64.4 64 


1M\ 

>4.4/ 


- 491(100 + 26.4 + 1.6) 

- 62800 ft. lb. 


Horse power ddivered 62800 550 — 114 

If point B be to feet above A, 

Pressure-head at B « 100 -f 26.4 - 10 - 116.4 ft. 

Example 2i — ^With the pipe and devations given in the preceding ex- 
ample, how much water can be ddivered if 100 hp. be delivered to the 
pomp and the efficiency of the latter be 75 per coit? 

Enezgy per second ddivered hy pump * 100 X 550 X 0.75 * 41256 
ftib. 


Qmt ag » 0.785e. 
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Ftam equatioa (125) 


41250 - (0.785V X 62.4} ^100 + 


.02 X 1000 V* 

1 64.4 64 




or 


V » 7.2 ft. per sec. 


From the table in Art. 108, this corresponds to a value for / of 0.0177. 
Using this value and resolving, 

V “ 7.3 ft. per sec., 

living a discharge of 5.7 cu. ft. per sec. 

126. Pipe Diameter for a Given Si, I and h 

A veiy common problem is the determination of the size of pipe neces- 
sary to produce a given rate of flow, the length and allowable loss being 
known. If the loss may be considered as due to pipe friction only, the 

value of IT, from h = f ,\s 

a 2g fl 

In terms of Q and d, 


" 0.785d* ’ 

Equating the two values of v‘, 

2ghd 

fl 


firom which 


or v 


,2 


0.617d* 




0.61 7d*’ 

39.7 h 


(126) 


Both d and v being unknown, a trial value of / must be assumed and 
sqrproximate values of d and v obtained. A closer value of / may then be 
sdected and d recomputed, until the d and v, so obtained, indicate an J 
equal to that used in their determination. An example will make the 
steps dear. 

It will be assumed that 4 cubic feet per second must be carried by a 
pi^ 10,000 feet long, with a head loss not exceeding 100 feet. Cast-iron 
pipe is spedfied. 

Assuming/ ■■ 0.02, 

^ 16 _ 0.02 X 10000’ 

39.7 ^100 


d » 0.96 ft. or 11.5 in. 



. ^ DIAMBTEK Boil A GIVEN §, i AND * atf 

IBb obnaiq^ding secUpnal area is 0.72 square feet, aad v is S.6 feet pat 
Mtsod. FAan the table of / values in Art. 108,/ « 0.0182. 




0.805 X 


0.0182 

0.02 


0.732 


d » 0.94 ft. or 11.3 in. 


Forthar computation is unnecessary due to the uncertainty in the tabu- 
lated values of /. 

Standard stock sizes of cast-iron pipe offer diameters of 10 and 12 
inches, and the latter size must be selected. 

No account has been taken of the possible deterioration in carrying 
capacity with age, and if the pipe is to serve satisfactorily for a SO-year 
period, the computation must be revised. The curve in Fig. 96 incUcates 
that / may be approximately trebled in a cast-iron pipe during 50 years, 
reaching a final value, therefore, of 0.055. Since d in equation .(126) varies 
directly with the fifth root of /, the new value of d becomes 

d - 11.3 X 3®-® » 14.2 in. 


A 14-inch pipe would be satisfactory, probably, and is a standard stock 
size. 

If / were to be chosen from Fig. 100, as would doubtless be done for 
any fluid other than water, a similar method for computing d would be 
followed. The first obtained values of d and v, in the above example, 
were 0.94 feet and 5.6 feet per second. Assuming a water temperature of 
60° F., for which v has the value, 1.21 X 10~® square feet per second 
(Art. 9), the Reynolds number corresponding to these values is 


R 


5.6 X 0.94 
1.21 X 10“* 


435000. 


From curve C in Fig. 100,/ equals 0.018, and d is found to be 1 1.3 inches 
as bdtore.- 

It was assumed in the above discussion that losses of a minor nature, 
sudi as those due to entrance, valves, bends and other fittings, were ab- 
acM, or neg^ble as compared with loss by pipe friction. Where this is 
true, ^ conqiotation becomes slightly more complicated. It is pos- 

As* . SAs* 

aSile to equess Mch such loss as equal to -j- , and their sum as 


llsi aitite loss is the^ 
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Proceeding as before, 


and 


«• » 

ar+/i 

ut 0 * 

a 

5^*- 


(127) 


The equation can be solved by trial, assuming values of d. For this pur* 
pose it may be re-arranged and written 




39.7d** 
2Kd + Jl 


(128) 


Let it be assumed that A « 50 feet, I 2000 feet, Q ~ 1.2 cubic feet 
per second, and that "ZK » 10 by reason of entrance loss and losses pro- 
duced by bends and one valve in open position. It also includes the dis- 
charge loss at exit. 

The first trial value for d may- be conveniently assumed as 1 foot, 
corre^nding to a pipe area of 0.785 square feet and a velocity of 1.2 -t- 
0.785, or 1.53 feet per second. The tabular value of / is approximately 
0.0225. 


Accordin^y, 


39.7 X 50 
10 + 45 


36.1, 


which is much larger than 1.44, the square of the desired Q. Refettnce 
to (128) shows that varies approximately as d”, and the next tfunmH 
value for d may be approximated from 

d\® 1.44 

1/ 36.1 


This gives d « 0.53 foot, and a diameter of 6 inches iriO be triad, Inc 
which « would be 6.1 feet per second, and / etiual to 0.02. 


^ 39.7(0.5)* 50 

" 5 + 0.02(2000) 


1.38. 
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Thii value of we may assume tIie6'4Bdi 

pipe satisfactoiy. The foOowing check computatkm may be made. 

I ^ 

50 - (10 + .02 X 2000 X 2) f 

2g 


2i' 


■0.56, 


»«6 ft. per sec., 


and 


()“0.196X6»1.18 cu. ft. per sec. 


Where computations for necessary diameters must be made frequently, 
the use of a dagram like that in Fig. 118 is very convenient. The one 
shown is based on the data from which the friction factors for clean cast- 
iron pipe were obtained, and may be used for pipes of wrought iron, steel 
and smooth concrete. The method of using the diagram is evident. Simul- 
taneous values of Q and /; give coordinates, which by their intersection 
indicate the necessary pii)e diameter. 


127. Economic Pipe Diameter 

In the previous article the imposed conditions resulted in a definite 
diameter of pipe. If the quantity, Q, and the length, I, were the only 
limiting factors, any size of pipe could be used if the head lost were of 
no importance. When pipes are supplied by a pump, it is apparent that 

a large pipe will produce a small fric- 
tion head, against which the pump 
must work. On the other hand, a 
smaller pipe will increase the friction 
head but will cost less than the larger 
pipe. The most economical diame- 
ter is that which will make the com- 
bined annual cost of the pipe and 
pumping a minimum. This may be 
seen from an inspection of the curves 
in Fig. 119, where the annual cost of 
pumi^g through pipes of different diameter is shown by <me curve, and 
the annual cost of the pipe by another. The third curve gives the com- 
bined cost, and its low point determines the econmnical diameter. The 
annual cost of the pipe includes interest on tl^e invesUnait and dicpie’ 
daUon charges. 




C]^£Zy*S FORMUtA FOR PIPE FLOW 2« 
CShesy'l FomiiU for Pipe Flow 

Where the length of a pipe is sufficiently great to warrant the me^ect 
of all losses save {ape friction, it was shown in Art. 1 14 that the avail- 
aUe head may be equated to this loss, ^ving 


as a fonnula for flow through such pipes 
The hydraulic radius of a pipe is a term used to express the ratio of 
the area of the pipe to its wetted perimeter, so that 


rd* 



The name is a misnomer, inasmuch as R is not a radius; but it may be 
accepted as a distinguishing name for this ratio Substituting for d the 

h 

value 4R, and replacing - by 5, the formula becomes, by transposition, 

I 



ot _ 

V - CV'RS. (129) 

This form of expression was proposed by ('he/y as eaily as 1775, and for 
many years has been in common use. The quantity 5 represents the head 
lost pet foot of pipe and Ls sometimes referred to as the hydraulic slope 
of the pipe. That it closely represents the slope of the pressure gradient 
may be seen from Fig. 113. If the length of the gradient between points 
m and n be assumed equal to the corresponding length, I, of the pipe. 

then - is the rine of the an^e made by the gradient with a horizontal. 

Because C is a function of /, it varies in pipes of like roughness with 
the Ri^dkls number, or with v and d. For ail liquids. C may be computed 
from Ftg. 100 for pipes of commercial roughness. Values of C for water 
in dean cast*!ron, steel, concrete and wood pipe api^ear in the following 
tables. Tluy ate based on the/ values given in Art. lOfl. 
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VALtms 07 C 70B CuEAN, SuooDa, Cast-Ibon, Steel and Concbetb 

Prass 


Velocity in feet 


Duun. m 
inches 

1 

2 

3 

■ 

5 

6 

8 

10 

15 

20 

4 

95 

101 

104 

106 

107 

108 

111 

114 

116 

120 

5 

97 

liB 

106 

107 

no 

111 

DB 

115 

118 

121 

6 

99 

■21 

107 

110 

in 

114 

Ba 

116 

121 

123 

8 

101 


no 

112 

114 

115 

BB 


123 

•127 

10 

lOJ 

la 

112 

114 

116 

118 

m 

19 

125 

129 

12 

105 

no 

114 

116 

118 


mm 


127 

131 

15 

106 

112 

ns 

118 

120 

mvM 

123 

125 

129 

134 

18 

108 

114 

116 

120 

121 

123 

125 

127 

131 

136 

20 

no 

115 

118 

121 

123 

125 

127 

129 

134 

136 

24 

111 

116 

120 

121 

125 

127 

129 

131 

136 

138 

10 

114 

118 

121 

125 

127 

129 

131 

134 


141 

S6 

115 

120 

123 

127 

129 

131 

134 

136 

141 

144 

42 

116 

121 

125 

129 

131 

134 

136 

138 

141 

144 

48 

118 

123 

127 

129 

131 

134 

136 

138 

144 

147 

60 

mwim 

125 

129 

131 

134 

136 

138 

141 


150 

72 

■fW 

127 

ni 

134 

136 

138 

141 

144 


150 

84 

121 

129 

134 

136 

138 

141 

144 


150 

153 

96 

125 

ni 

136 

138 

141 

144 

147 


153 

157 


VAtULS OF C FOR SMALL WrOUCHT-IrON PiPES 


Nominal 
diam. in 
inches 

Actual 
diam. in 
inches 




Velocity in feet 




1 


3 

B 

5 

6 

8 

10 

15 

20 

1 

0 824 

77 

81 

84 

86 


88 

90 

92 

94 

96 

1 

1 048 

79 

84 

86 

88 



92 

94 

97 

99 

11 

1 380 

81 

85 

88 

90 

91 

93 

94 

96 

99 

101 

u 

1 61 

82 

87 

89 

90 

93 

94 

96 

97 

101 

103 

2 

2 0 

84 

88 

90 

93 

94 

95 

98 

99 

103 

105 

2| 

2 5 

85 

89 

92 

94 

96 

97 

100 

101 

104 

106 

3 

3 0 

87 

90 

94 

96 

98 

99 

101 

103 

106 

m 
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Valitbs or C roK Woco^tavb Pms 


Velocity in feet 


inches 

1 

2 

3 

■ 

5 

6 

8 

10 

15 

20 

6 

92 

98 

103 

106 

Bi 

M 

IB 

116 

121 

m 

12 

98 


109 

112 

li 

nn 

IBi 

123 

128 

H 

24 

104 

111 

115 

119 


IBI 

Bi 

Da 

136 

140 

36 

107 

115 

120 

123 

la 

HI 

132 

wm 


145 

48 . 

no 

ISI 

123 

126 

129 

131 

135 

138 

144 

149 

60 

112 

IBI 

125 

129 

132 

134 

138 

141 

147 

151 

72 

114 

la 

127 

131 

134 

136 

140 

143 

149 

154 

84 

116 

124 

129 

133 

136 

138 

142 

145 

151 

156 

96 

117 

125 

130 

134 

137 

140 

144 

147 

153 

158 

108 

118 

126 

132 

136 

139 

141 

145 


155 

159 

120 

119 

128 

133 

137 

140 

142 

147 

1 

156 

161 


129 . Other Formulas for Pipe Flow 

Many formulas have been proposed for pipe flow, on the basis that 
the total available head may be considered as lost in pipe friction. For a 
long pipe of given material and roughness it was shown in Art 106 that 
head lost may be written 

(130) 

it, n and x having values corresponding to the roughness. It was also 
pointed out that n and x vary slighdy for a given fluid, if v (therefore R) 
varies widdy. Inv’estigators have dther assumed n and x constant, or 
given to them average values. Expressing d m terms of the hydraulic 

ladius, R, and substituting for the hydraulic slope, S, equation (130) 

nay be written as 

V • CRT S^. (131) 

In thb form the rdationship is dmilar to Chezy’s equation (Art 128) 
in which a and /9. have the value 0.50. Both (130) and (131) have been 
used by esperimentecs and values of K, n, x and C, a and fi determined. 
SI » and « woe redly oemstant for a given pipe, it would follow that K, 
C,«andBwoiiidbeconstant Because naM ado vary sUghdy with E 
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K and C are not quite constant. Nevertheless thqr vary but little, tud 
in the formulas that fdkm they are assumed constant. 

William and Bozen's Formula.— la 1905, and again in 1920, Williams 
and Hazen published the results of a study of all avaOable eiqpeiiinaDits 
upon pipe flow. The pipes ranged in diameter from 1 inch to about 15 
feet, and the materials included tin lead, brass, wrought iron, cast iron, 

riveted steel, wood, cement, brick and glass. They proposed 

« 

» - C R® 0.001“® ®*, (132) 

or 

V - 1.318 “5® “ 

If to R an(^ be given the values unity and 0 001 lespectivdy, v has the 
value CVb.OOl, which would be obtained, also, from the Chezy formula. 
It follows that Williams and Hazen’s C (constant for a given roughness) 
is the same as Chezy’s C (variable with roughness, d and v) if the hydraulic 
radius be unity and 5 be 0 001 . The wide use of Chezy’s formula, and the 
availability of tables for its C values at different slopes, led Williams and 
Hazen to introduce the term 0.001“® ®*. The proper value of C in (132) 
may be taken from such tables by selecting the C for a 48-inch pipe hav- 
ing a hydraulic slope of 0.001. 

More detailed information as to C is contained in the following quo- 
tation from the authors’ book, Hydraulic Tables.* 

In a general way it may be said that for cast-iron pipe, very str^ht and 
smooth, C may be as high as 140, but for ordinary conditions 130 is a fair value 
fur new pipe. As pipes rust and become dirty, the value of C decreases, as has 
been mentioned above. Fur new riveted steel pipe C is about 110. 

In making estimates for pipe-lines where the carrying capacity after a aeries 
of years, rather than the value of the new pipe, is the controlling factor, a con- 
siderably lower value of C must be used, depending upon the amount (d deterf 
oration which is contemplated. A fair value for general cumputatlou is C •• 100 
for cast-iron pipe and C 95 for steel pipe, but lor small iron pqies a some- 
what lower value of C should be taken. Lead, brass, tin, and glass, and other 
pipe presenting perfectly smooth surfaces, and perfectly straight, will give 
values of C up to 140. A very little falling off in the smoothness will reduce UK 
value of C to 130 and 120, or even less. For smooth wooden pipe or wooden- 
stave pipe 120 seems a fair value. For masonry conduits of concrete, or iflastered, 
with very smooth surfaces, ndwn clean, values of C - 140 may be ebsezvod. 
Generally such surfaces become slime-covered, reducing the value of C to 130 
or less in a moderate length of time; and if the surfaces are only * Utde IssS 
smooth, say in such shape as is rqpiesmited by ordinary good work, the vutue 

* WOty sad Sons, New York. 
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dtC it (educed to 120 . A conservative value for general use with fint-daas 
masonry structures is about 120 . For brick sewers much lower values may be 
uaed,andC » 100 seems safe. For vitrified pipe C * 110 may be used. It must 
be understood that these values d^nd entirely upon the smoothness and 
rqiularity of the surfaces, and are likely to vary in individual cases. 

To facilitate the use of their equation, the authors devised a special 
form of dide-rule, and their tables are arranged to give, either Q and v 
for a given diameter and head loss, or the necessary diameter for a given 
Q and head loss. The formula and tables are widely used by engineers, 
and the alignment chart in Fig. 120 offers a graphical solution of the 
formula. 

Schoder’s Fmnulas. — The formulas offered by Professor E. W. Schoder 
of Cornell University are another example of empirical formulas. He 
divides all pipes into four classes, as follows. 

For extremely smooth pipes, 

277 or kf - 0.0003 

For fairly smooth pipes, 

/j,l 89 

17Sf?«^5®< or hf - 0.000.18^, ^5 

For rough pipes, 

7 .1 9S 

V = 120 A 5 or hf * 0.00050 jj .^5 

For extremely rough pipes, 

i- - 91 1? or hf - 0.00069 

Evidently a given pipe may lie between these liassitications, and con- 
siderable experience is required in selecting the proper equation or in 
modifying the coefficients and exponents. In Hydraulics, by Schoder and 
Dawson* descriptions of the classifications are given. 

130. Branching Pipes 

In any water supply, water power or sewerage system it is common to 
find pipes arranged with bran^es or laterals which may or may not re' 
turn to the parent main. Many of the problems thus presented are very 
oomji^icatiyl and often impossible of exact solution, but certain general 
princ^les may be laid down as applicable in nearly all cases. An under- 
standing of these may be had from a study of the following probtems. 


• McOnw-Hm Book Co., New York. 
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(t) The Tnbtm Three iEe$wtwjr.r.— Figure 12t Ulttfttntci a problem 
iibidi nuy mIk in design of water supply ^tems. A hij^-level reacf* 
voir is to be connected with two others at lower levds by of a 
main and branches. Given the length and diameter of each {upe and the 
Icvds of the junction and the reservoirs, it is desired to find the rate of 
discharge between reservoirs. It was pointed out in Art. 114, equatfam 
(112), t^t in the case of long pipes the loss by friction is so nearly the 



entire head, h, on the discharging end, as to permit the law of flow to be 
represented by 


h =/ 


I 

dig' 


without incurring an error larger than is apt to result from the selection 
of a proper value for/. 

We may therefore apply this equation to the flow in the pipes AD, 
DB, and DC, obtaining respertively. 



(«) 


m 

( , P\ fh Va* 

(f) 


Since thnre are four unknowns appearing in these equations, — , vi, v^, 

w 

and ss, a fourth equation must be had for solution and this is fundshed 
from the eqmhm 0 / cotainuUy,— 

OiSj - otva + ostj. (d) 


The aoltttion involves the use of tenutive values for/, which may be 
moie doedly found from the resulting values of vi, ss, and as* 
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11i»«dl^tkm of (a) and (ft) faults in 

*i-*a 


‘ d^U ’ d,U 


j^tnilariy the addition of (a) and (c) ^ves 

, * 4 . 




(/) 


which with (d) and (e) enables the flow in each pipe to be found. 

It is to be noted that the above solution depends on the araun^)tion 
that the flow is from reservoir A to both B and C. A little thought wiH 
enable the student to see that the dimennons of the pipes and the levels 
of the reservoirs might be so arranged that the intermediate reservoir at 
B would discharge through DB instead of being filled by it. If the pipe 
DB is to ddmr water to the reservoir B, its gradient must slope in that 
direction, and this requires that the pressure-head at the junction be such 


that ^So + > *2- If ^*0+ ^ just equals *2, then the water in DB will 

have no movement. If ^zo must be from B to Z). In any 


problem, therefore, where the level of B is higher than the junction, it is 
necessary to determine first the direction of flow in BZ>. This may be done 

by assuming that (zo + just equals Z2, so that in this pipe no flow occurs. 


P 

We may then compute, for the resulting value of - , what the quantities 

Qi and Qa would be [equation (a) and (c)]. If Qa is found larger than Qi, 
it means that flow must be from B to D. For, assuming the reverse to be 
true, the grade line for DB would slope as shown in Fig. 121 , under which 

P 

condition the actual value of - , would be greater than assumed, and Qz 

would be increased while Qi would be diminished. With Qa huger thaa 
Qi by the first assumption, and the difference in amount increased by 
the second, it can be seen that the second is not possiUe, since it inq^lieit 
(?i + Qz- Sinulaily, if on the first assumption Qi is found huger 

than Qa? it means that ^e flow is from £> to B. Having &us detenifiiie^ 
the direction oi flow in DB, the dutcharge from DB and BC.may. be ohv 
tained by the use of the equations previously, given. A meffsod ud>lch 
seems pi^eraUe to this, however, bi^use of its simrtness, is m 

The duectiem of flow having been determined, a vaUi^ Idf ^ 
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Mtumed that wSD |pve a slope to the grade line df DB oonaiiteiit with 
the found direction. Equations (a), (b), and (c) then smre to j^ve Qi, 
Qa, and Qa, and Qi should equal Qt + Qa, or Qi -f Os *■ Qtf according 
as the flow is into or from B. Assuming that Qi diould equsd Qa + Qa, 

p 

but is found to be greater than Qa + Qa, then the value of — has been 

assumed too small and must be modified to give the desired relation. 
Although seemingly a laborious method, it will be found that two or 
three trials will give a satisfactory solution and the time required will 



be less than that required to solve equations (d), (e), and (/) amui* 
taneously. 

This problem may be extended to any number of reservoirs and solved 
by this last method. 

{2) Problem of Divided FUno . — One phase of the problem is presented 
in Fig. 122 which shows a high-level reservoir connected with a lower 
one by means of a pipe-line whose lower portion consists of two pipes, of 
diameters di and da, laid »de by side and entering the second reservoir 
at the same level. Given the diameters and lengths of the pipes, also the 
difference in reservoir level, it is desired to find the rate of flow in the 
separate pipes of the system. Proceeding, as in the previous problem, 
with the assumption that the fall in the gradient in a length of pipe is 
the measure of the head lost in that length, we have for jnpe AB, 


and tor BC 





h — hi 






(a) 

W 

(fi) 


while for BZ> 
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The ttiditioii of (a) end (b) results in 

k 


and (a) and (c) give 


/'f + A!l* 

’ ill ' dill ' 


’ iii'^‘ i,ii 


These two equations contain three unknown velocities, but a third 
equation is furnished by the relation 


ao 


<l\Vx "I" 


The solution is then possible. 

It should be noted that the head lost by friction in PC is the same as 
in BD. If the total loss in head between reservoirs be dented, it will be 
the loss in AB plus the loss in one of the branch pipes. In case it is diffi- 
cult for the student to see that this is so, let him bear in mind that lost 
head and lost energy per pound of water flowing are synonymous terms 
and that the toted lost energy per pound will be the sum of the losses in 
the main pipe and one of the branches. 

If the branch pipes have the same diameter, then only two vdocities 
are unknown and two equations will suffice. These are 


and 


Ulg ^^di2g 


av 


2aiVi. 


(3) PrdbUem of Divided Flow . — A common arrangement of piping is 
that shown in Fig. 123, where, for purpose of distribution, a main line is 



Fio. 123 


tapped by a smaller pipe which later returns to the main. Assundng Uiat 
no water is drawn from the main or branch betwwm B and E and tiint 
the draui^t at F, and beyond, causes the grade line at thsit (Mint to Uit 
at a datanoe E bdow the reservoir level, we may proceed to ffiid the 
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viiMities ^ flow !& the (M«c&t pipes ss lifliows. Since the pieiiiiMt it 
B sad JB mey be assumed as oomnuHi to both pipes BCB and AD£/ai^ 
^CMsfme the total faD in the gradients of these pipes the same in amount, 
it Inflows that the lost heads in the pipes are equal, or 

f f ^ 

^^<k2g’ 

As for the total loss in head between A and F we have 




di 2g 


. /j tl2® j r I 4 >*4* 


(a) 


funce, as in the previous problem, we may include the loss in but one pipe 
between B and E. To obtain Vi, vz and «« from this equation, it is neces- 
sary to have other equations, and these are furnished by the relattons 


aivi - a 4 i> 4 , 


Q>) 


and 


OiVi >= 02®2 "i" ®3®3> 

f b.'’L f h. 

^^dz2g ^^^ 'dz2g 


(c) 

(d) 


The solution of these four equations simultaneously gives the deured 
vdodties. Using the relations given in ( 6 ), (c), and (d), equation (a) may 
be written 


ff 


+ C2C3 








in which ci, eg, cg, and C4 have replaced the more cumbersome ratios, 




etc. 


. In the first solution of this equation it is necessary that an avwage 
vahie for the different friction factors be assumed* and afterward cor- 
rected according to the resulting vdodties. 

(4) Moiti line with IjOeraU—Whmewex a i»pe-line becomes the main 
df a dtttributin^ system, the laterals of which lead from the main at ir- 
nigular ktervaht akmg its Itogth, a very complicated protdem arises in 
jccoipnting tbs necessary size for the mam so that the pressure wffl not 
fahAttu^ pohit bdow a stated amount A solution aiqrthing more than 
fshgofMaUe unless afl the <bita ooncemii^; the siees d the 
Bie wiiotmta d thdr maaimum rirmaltaneous edthdiswals 
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am knomu As theae a» generally unknown, the fcdbrnuig rude 
matbn nauiy be made. Figure 124 shows such a main line si^pplied with 
water bom a reservoir ^1. In the t^>per portion AB of the aoato there ace 
no laterals, and the assumption will be made that from the pmnt B to 
the end of the pipe at C the laterals are spaced equi-distant on the main 
and draw equal quantities of water from it. At C the main is dead-tended. 
The assumption of equal draught by the laterals causes a imiform reduc- 
tion in velocity in the main between B and C, the velocity at C being 
zero. In the portion AB the velocity is v and is constant. Below the pipe 
is sketched a shaded area to represent the variation in velocity in the 



Fig. 124 


main. It will be seen that at any point m, distant x feet from C, the 
velocity is 


X 

X 


The lost head occurring in a dx length of pipe at this point would be 


L.H. 




To find the total head lost between B and C we may integrated the above 
expression with x a variable whose limits are zero and /i. There results, 


L.H. in BC 



or the amount lost is one-third that lost in an equal length of main oon- 
taihing no laterals. For the head lost in the entire main we have 


rn 


It will be noted that/ is not constant for the total portion BC and what- 
ever value is assumed for it will therefore be an Rt actual 

design, however, this need cause no serious error, since liberal ttitowkltce 
has to be made in choosing a value for/ to provide for deterforatkm d 
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the {^pe. The lost head as given by the last equation may be subtracted 
from tte static head on the end of the pipe to give the pressQrt'head at 
that pmnt. Since the g^eral requirement is to find the diameter of pipe 
necessary for fixed values of pressure-head at C and quantity Q, we may 

40 

substitute for v its equal, , obtaining for d 



iff 

2gH7r^ 


As stated above, results obtained by the process of reasoning just given 
will be approximate only and should be modified to meet the peculiar 
conditions of each problem. 

131. Graphical Solution for Problems in Divided Flow 

. In the design of municipal distributing systems, the problem of divided 
flow, as illustrated under paragraph (3) of the previous article, often 
presents itself. The flow to any one point is generally not by a single pipe 
route, but by means of two or even more routes, and the question arises 
as to the amount which can be furnished at the point without excessive 
loss in head. Thus in Fig. 123 it might be desired to find what pressure 
could be obtained at the point F under certain specified rates of flow. 
Freeman has suggested a graphical method of handling the problem 
which effects a considerable saving in time and labor, especially if several 
different rates of flow are to be investigated. 

The loss in the pipes AB and EF may be easily computed and tabu- 
lated for the specified rates of flow. For the divided flow between B and 
E it will be convenient to plot two curves, BCE and BDE (Fig. 125), 
each showing the relation between the head lost in one of the pipes and 
the rate of flow in the pipe, as the latter is made to vary. Each curve 
may be easily constructed from the plotting of a few points showing the 
head lost at arbitrarily assiuned rates of flow. It should be borne in mind, 
however, that the rate of flow in either pipe will be less than the combined 
flow and hence rates that are less than the desired combined flow should 
be assumed. In the pbt as made, the two curves have been drawn with 
the rates of flow .laid off on opposite ades of the origin and it will at once 
be noted that any horizcmtal line, m-n, will represent by its length, the 
combined flow of the two pipes when the head lost is that interested by 
the line on the axis of ordinates. Also m-O will rstes^t the flow in 
BCE, and 0-n the in BDE. A line representing any dedred rate of 
flow may be simikuly fitted to the curves and the a)rresonding lost 
head detmnmed. If desired, a third curve, as shown, may be {dotted to 
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give directly the relation betweoi head lost and the corresiKnuiing'Ooas* 
bined flow. 

It will be seen that any number of pipes may run from J’to E and the 
relation between flow and loss determined in the above ma’nner. Where 
successive diversions are met it will be found that the graphical method 
is the only practical one. A description of the method by Freeman, in 
which he shows its applicability to more complicated problems, may be 



found in the Journal of the Nm England Waterworks Association for 
Sept., 1892. 

Anaiyhcal Solutions for Pipe Grids. — A complicated problem in divided 
flow arises where, as in water distribution systems, extensive grids of 
piping are used. In such a system it is ofleti lequired to determine the 
available pressure at certain points when demands for large flows arise. 
These would occur during fires. Professor Hardy Cross of Yale Univer- 
sity has devised an excellent analytical solution* which allows approxi- 
mate computations to be made. Professor Gordon M. Fair of Harvard 
University offers a similar solutionf based on the Cross method. A satis- 
factory description of these methods is not possible in a brief spa(%, and 
the reader is referred to the artides noted bdow. 

* Murdy Cmm, "Analysisof Flow in Networks of Conduits,” BuU. 386, Easinewing Eipef. 
Ststion, Univ. of Illinois. 

t Gordon M. Fair, “Analysing Flow in Pipe NetmikSi’* Bug. Btot-tUemd, vol. 136, ^ 

p. 343. , 
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132. Pipe-Linc with Noxde 

Tht combi^tion of a nozde and pipe-line is very common in oigineer* 
ing. It is used in fire fighting, mining and power developments. Fig. 126 
illustrates a general case, the water being supplied to the pipe from a 
reservoir. 

If we apply Bernoulli’s theorem to the points m and n, we obtain 



the last term representing the head lost in passing through the nozzle. 
In this equation appear two unknowns, v and Vi, bat a relation between 
them being given by 


1 ^ 
fi “ ' 


(134) 


a solution for either of them is possible (ce assumed as unity). 

In power developments where the kinetic energy of the jet is utilized 
by a turbine, it often happens that more than one nozzle is attached to 
the pipe-line, furnishing pow'er to several wheels or even to the same 
wheel. It is worthy of note that equation (133) would apply in such a 
case, and the total loss in head would consist of pipe losses and the loss 
in me nozzle. The latter statement may be checked by remembering that 
lost head is synonymous with lost energy per pound. Equation (134) 
must, however, be re-written since the discharge is now through several 
nozzles. If the nozzles are two in number and of equal area, 

2 ov » uiVi 
or 

i ^ 

vi “ 2d*’ 

The amount of energy furnished a jet is seen to dqiend largely 
upon the enorgy lost in the pipe-line, inasmuch as tj^e loss in the nozzle 
is rdativdy small. In power work it is therefore essential to loe as huge 
a pipe as posnble in combination with a given nozzle in order to reduce 
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the loss by pipe friction. There is an economical limit, however, to the 
rize which may be used, and this will be reached when further increase 
in diameter causes an additional outlay, the interest of which will exceed 
the return from the increase in power. 

133. Velocity Distribution at a Cross-Section,— Pipe Coefficient 

It was shown in Art. 1 1 1 that, for laminar flow, the variation in velocity 
across a pipe diameter follows a parabolic curve. The velocity is a maxi- 
mum at the center, decreases to zero at the pipe wall, and the mean 

velocity, »»,, is one-half the center 
velocity, Vc. If the pipe coefficient be 

defined as the ratio. — , its value for 

■ Vc 

laminar flow is therefore 0.50. If 
be determined experimentally, »», 
may be readily computed. If the 
flow be laminar, the resistance to 
flow, hence the head lost, is inde- 
pendent of the roughness of the pipe 
wall. 

In turbulent flow, the resistance is still due to the viscosity of the liquid, 
but the turbulence results in a mixing process by which the variation in 
velocity across a diameter is much reduced. The greater the strength of 
tlie turbulence, the more uniform becomes the velocity distribution, and 
the curve is flattened. Since turbulence increases with the Reynolds 
number, the flatness increases with R. Figure 127 shows approximate 
velocity curves for three values of R. As drawn, they represent identical 
flow rates, or the same mean velocity. Obviously the pipe coefficient in- 
creases in value with R, ranging from 0.50, when the flow is laminar, to 
0.85 or more when the flow is turbulent. Tt is pos.sib1e theoretically to 
relate the pipe coefficient to the friction-factor, /, but the uncertainty of 
the latter’s value, for a given pipe, makes an experimental determination 
of the pipe coefficient preferable. A knowledge of the pipe coefficient al- 
lows computation of the mean velocity when an instrumental determina- 
tion of the center velocity has been made (see Art. 136). 

134. The Boundary Layer 

For laminar flow, the velocity at the pipe-wall is aero and the huxease 
in veilocity with dist^ce from the wall is at first rapid (F%. 127). With 
turbulent flow in a smooth pipe, there will exist at the wall a thin layer 
of liquid in which the flow is laminar. In this wiffon the vdlodty is low 
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and the effect of viscoaty greatly exceeds the effect of inertia. With in- 
crease in distance from the wall, the increase in velocity gradually residts 
in stronger inertia forces, and turbulence begins. If bae mean vdocity of 
ffow at the section be incr^sed (therefore R also), the rate of change in 
vdodty near the wall is increased and the thickness of the laminar bound- 
ary layer decreases. The velocity at the pipe-wall still remains zero. The 
thickness* of the boundary layer may be approximated from 


. 32.8d 

Rv7' 


(135) 


If the pipe-wall be slightly rough, the boundary layer will still exist 
and the resistance to flow will not be affected by the roughness provided 
the surface projections do not pierce the layer. The roughness will begin 
to affect the resistance as soon as an increase in R results in reducing the 
thickness of the boundary layer sufficiently to cause the surface irregu- 
larities to pierce the layer. The citation of these facts is for the purpose 
of throwing more light upon the phenomena of resistance to flow. It is 
seen that a rough pipe may be really smooth at low velocities, changing 
to rough at higher velocities. 

That the boundary layer is generally very thin may be seen by sub- 
stituting numerical values in equation (135). Assuming d •==> 12 inches, 
» = 2 feet per second, and water at 50° F., the thickness will be found 
to be about 0.015 inches (R » 142,000). If the velocity be increased to 
10 feet per second (R *» 710,000), the thickness reduces to 0.004 inches. 
To the practising engineer the existence of the boundary layer in pipe 
flow is of little importance. 

135. Measurement of Pipe Flow 

The instrumental determination of the rate of flow in a pipe has long 
engrossed the attention of engineers, and many methods have been de- 
vised for its accomplishment. Some of the most commonly used of these 
will now be presented. 

136. The Pitot Tube 

The Pitot tube was devised and flrst used by Henri Pitot in 1730. He 
held a bent glass tube, of the form shown in Eig. 128a, in the River Seine 
and discovered that the water rose in the tube to a height, k, above the 
surface of the stream. The horizontal portion of the tube was parallel to 
the moving stream lines. Pitot also found that the head, h, was proper- 

*J. K. Venoud, Omenlafy FhU Mtcktmict, John Wiley end Sons, New Yoik. p. 158. 
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tional to the square of the vdbdty at a point, m, in the undBtuihed 
region iq>stream from the tube. 

A rdation between v and h may be obtained by assuming that a »nall 
group of particles leaving the point, m, approach the tube with a de- 
cderated motion, their velocity becoming zero at n. By the Bernoulli 
equation, 

l + t.O + h, o, h.P.f 

2g w w w w 2g 

^so, — must equal — + A, the hdght of the water column within the 
w 

tube. Substituting this for ^ in the above equation, 

^ 

A - — , or i> » V2gh. 

Experiments have shown this to be the correct relation for all tubes of 
this type. 

Another, and perhaps preferable, proof is obtained by equaUng the 
dynamic force, exerted by the water against the orifice opening, to the 
pressure force exerted by the head, A, within the tube. If the orifice area 
be a, the latter force is awh. The dynamic force may be considered pro- 
portional to the mass of water flowing in the stream tube, mn, per second 
and to the velocity of the water at m. If so, 

F 

Equating the two forces, 


kwav^ 

~T~ 


k'wa 


2i' 




Experiments show that k' is equal to unity. 

If the tube be turned to the portion in Fig. 128A, so that the plane of 
the orifice be parallel to the (firection of flow, the top of the column 
within the tube is approximately levd with the free surface of the stream. 
Eddying near the orifice, due to the presence of the tube, generally causes 
the column to stand somewhat lower. If the tube be reversed and the 
orifice pointed downstream (Fig. i28c), the pressure at its end will be 
reduced by the movement of the water away from the orifice, and the 
top of the column will be below the surfa^ of the stream. The value of 


h* will be less than — , however. These facts will be referred to later. 
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Ih general, the tube is not adapted to velocity determinations in open 
channeb by reason of the fact that low velocities produce values of k too 
small to be accurately measured. A velocity of 1 foot per second results 
in a head of approximately 0.2 of an inch. Used in the free jet from a 
nozzle, it usually has its upper end attached to an ordinary pressure 
gauge from which h may be computed. 

If used in a pipe containing fluid under pressure, the hei^t of the 
column in the tube is increased by the static pressure, and the latter must 
be measured separately in order to determine h. Figure 129 shows one 
method of accomplishing this. An ordinary wall piezometer is inserted 



at a point somewhat ahead of the tip of the tube. The difference in level 
between the tops of the two columns is taken as h. On account of the 
magnitude of the static pressure-head, and the relatively small height of 
h, it is customary to determine h by joining the two columns to a suit- 
able differential gauge. Again, by reason of the small value of h, a differ- 
ential gauge, employing a liquid having a specific gravity only slightly 
different from that of the liquid in the pipe, generally is used. The meas- ^ 
ured deflection, s, is thereby made much greater than h (Art. 25), and 
from it the difference between static and dynamic pressure-heads at the 
tip of the tube may be computed. 

If the tube be free to move through a stuffing-box, its tip may be 
{flaced at well chosen points on the diameter of the pipe and the varia- 
tion in velocity across the pipe determined. It is then possible to com- 
pute the mean velocity and, if the center velocity has been observed, 
the pipe coefiSident may be computed. The latter is fairly constant with 
change in mean vdodty, and subsequent flow measurements may be 
made at the same section by observing only the center vdodty and ap- 
{flying the coeffidoit. For precise work it is better to make separate de- 
tenmnations of mean vdodty for each new rate of flow. A satisfactory 
method of procedure is as follows. 
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The cro8»-section of the pipe is divided into ten equal areas by a series 
of concentric circles (Fig. 130). These are numbered from 1 to 10, begin; 
ning at the center, the tenth circle bring the pipe*wall. The Pitot tube 
is then placed succesrivriy at points on the odd-numbered circles. The 
radial distances from the center to these points will be Ry/M, R\/3o, 

Ry/^, Ry/7jQ and Ry/M, if R be the 
radius of the pipe. There will be ten observed 
velocities if a complete traverse across the 
pipe be made, and their arithmetical mean 
may be assumed to be the mean velocity ol 
flow. The ten velocities are given equal 
weight since they dosriy approximate the 
mean velocity for each of the ten equal 
areas. The method will give the mean veloc- 
ity with an error no larger than the atten- 
dant errors of observation. 

The use of a wall piezometer to measure the static pressure near the 
tip of the tube is questionable. Careful experiments* have shown that its 
reading is usually affected by the presence of the stem of the Pitot, and 
that the real yelocity is given by 

If = cVlgii, (136) 

c having a value somewhat less than unity and slightly variable with the 
mean velocity of flow. For this reason the wall piezometer is not recom- 
mended for precise work. 

A preferable construction is shown schematically in Fig. 131. It con- 
sists of one tube within another, the inner one being the Pitot tube and 
the outer one serving to measure the static pressure. The nose may be 
conical or rounded. Small holes drilled in the rides of the static tube act 
as piezometer openings. Such a combination is called a Pitot-static tube. 
The location of the piezometer openings is important as determining the 
value of c, the coefficient of the tube. 

Figure 1316 shows a design based on the recommendations of Prandtl. 
The curve m indicates, by its position above or below the dot and dash 
line, the variation in the dynamic pressure as the fluid a^roaches and 
flows past the nose. Reaching a maximum value at the nose, this pressure 
decreases rapidly to a negative value and then gradually approaches zero. 
A dynamic pressure will also exist at the front face of the vertical stem, 
its value decreasmg in the direction of the nose (curve »). U the piezom- 

* C. W. Hubbud, "Investigatioii of Emm of Fitot Tttbei,*' TVakt. AJIMJL, Aug., 1931 
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eter openings are made at die point where the excess pressure caused by 
the stem equals the negative pressure resulting from the flow around the 
nose, they should r^;ister the true static pressure. For a tube having the 
proportions shown, ^e value of c will be practically equal to unity. This 
may be true also for tubes similar to Fig. 131a, but for precise work such 
tubes should have their coefficient experimentally determined. This may 
be done by computing the mean velocity from a complete traverse of the 
pipe, as previously explained, assuming c to be unity. The true value of 
the mean velocity is then computed from a volumetric measurement of 
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the rate of discharge, using a weighing tank or other means. The ratio 
of the true to the computed mean is the value of c. 

In using the tube, care should be taken to direct its horizontal portion 
parallel to the axis of the pipe. Even then, turbulence will cause the in- 
stantaneous velocity at a pomt'opposite the nose to change constantly in 
direction, thereby making a changing angle with the axis of the tube. 
The effect of this angularity of flow upon the tube readings has been the 
subject of much discussion. Hubbard, whose experiments have already 
been noted, found that the mean value of this angularity was less than 
3 degrees and practically negligible in its effects. The rounded-nose tube 
in Fig. 1316 is particularly insensitive to angularity in the flow and to 
angularity caused improper placing of the tube at an angle with the 
axis of the str^m. 

One common error in the use of the tube should be noted. Before jpak- 
ing a reading of the differential ga,uge to which the tube is attached, care 
^uld be taken to expel all air from the lines of tubing commonly used 
in making the connection. 

Quite a different form of Pitot-static tube is manufactured by the 
Pitometer Gimpany of New Yorit City. A general view of it is shown in 
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Fig. 132, and a detailed sketch of its tip appears in Fig. 133. Reference 
to Fig. 128 will show that the design is a composition of tubes a and 
{daced back to back. The resultmg deflection of the attached gauge is 

* therefore greater than in the case of 
tubes previously discussed, which is 
an advantage when observing low 
velocities. The construction of the 
pitometer permits its being inserted 
through a standard corporation cock 
without shutting off the water from 
the pipe. Flexible tubing connects 
the tube to a differential gauge, and 
provision is made for registering the 
gauge readings on a revolving paper 
as the tip of the instrument is move<i 
across the pipe. 

The value of c for the pitometer 
varies from about 0.86 to 0.89 with 
velocity. Its makers furnish calibra- 
tion curves with each instrument. 

Pitot-static tubes are often used to 
measure the flow of air and other 
compressible fluids in pipes. 

Example. — Air at 
20 pounds per square 
Fio. 132. The Cole Pitometer inch (absolute) and 

60® F. flows in an fl- 
inch p4>e. A differoitial gauge containing water, and at- 
tached to a Pitot-static tube, shows a deflection of 0.5 
of an inch with the tip of the tube placed at the center of 
the pipe. Assuming a pipe coefficient of 0.84 and unity as 
the coefficient of the tube, what rate of flow is indicated? 

By equation (16), 

20 X 144 

Specific weight of air - ■ ^ =* 0.104 lb. per cu. ft. 

62 4 

Specific gravity of water relative to air = «= 600 

0.104 

Dynamic head - *(i - 1) - ^ X 599 - 24.96 ft of air. 



Fig. 133 
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- 0.84V64.4 X 24.96 - 33.7 it per sec 
Q -= 0.349 X 33.7 -> 11.75 cu. ft. per sec. 

This is equivalent to 11.75 X O.IM; or 1.22 pounds per second of air 
at 20 pounds per square inch and 60** F. 

137. The Venturi Meter 

This device, invented by Herschel in 1887 and named by him after 
the distinguished philosopher who first experimented with diverging 
tubes, is designed to measure the rate of Sow in pipe-lines. It is extremely 



simple in form and detail, consisting merely of two conically converging 
and diverg^g sections of pipe joined by a short cylindrical section as 
shown in Figs. 134 and 135. The whole is inserted in the pipe-line whose 



flow is to be metered. Pressure gauges fitted to the main pipe at A and 
to the throat of the meter at B, measure the pressure-heads at these 
points and complete the apparatus in its essentuds. Flow takes place 
in the direction indicated by the arrows and the meter is a very practical 
illustration of the principles embodied in Bernoulli’s theorem. Between 
the points m and n (meter horismtal) we may write 

.Pi H* . Pi 
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if the loss in head between the two.points be neglected. If at and Oa rq)- 
resent the areas of the sections which contain the points, wr may also, 
write t 

' Q ^ Q 

Vi ^ — and ^2 =• — 

dl U2 

These values substituted in the first equation give 



which may be written as 



Introducing a coefficient to correct for frictional losses between inlet and 
throat, 


Q “ 



(137) 


The equation is identical with those derived in Arts. 71 and 81 for 
the flow of a liquid through diaphragm-orifices and nozzle-meters in pipes. 



115 inch Venturi Meter InstsUed et Baltimore, Md. (Courtesy of Buikkas Iron Foundry, 

Providence, R. I.) ’ 

In fact the only geometrical difference betweoi these two devices and 
the Venturi meter lies in the degree of abruptness with which the stream 
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changes its section before ent^ing and after leaving the contracted 
section. 

If a compressible fluid flows through the meter, equation (137) must 
be replaced by equation (65) of Art. 72. If the fluid be air, the value of 
the adiabatic factor, K, may be obtained from the equations in Art. 72. 

As originally designed by Herschel, the con- 
vergent portion of the meter was short, its 
length varying from 2 to 2.5 times the pipe 
diameter. The divergent portion had a central 
angle of 5 degrees, and the ratio of di to d 2 
was 3.0. These proportions are no longer stand- 
ard. The ratio of d\ to d^ varies from 1.5 to 4.0, 
with 2.0 a common value. The larger ratios 
result in greater differential pressures which c an 
easily be measured, especially at low velocities 
of flow. At high velocities, however, the throat 
pressure may be less than atmospheric, offering 
opportunity for air and vapor to affect the pres- 
sure reading. Large ratios also increase the loss 
in the diffuser. Smaller ratios are therefore 
generally better to use, although they require 
more sensitive gauges. 

The coefficient c in equation (137) is the 
coefficient of the nozzle portion. The coefficient 
of a smooth, well-shaped nozzle is but little less 
than unity, and we may expect c to have a like 
value. Tests on meters having inlet diameters 
from 2 to 108 inches show c to vary between 
approximately 0.94 and 0.99. It varies with the 
mean velocity of flow, particularly in the region 
of low Remolds numbers. This is seen from 
the graph in Fig. 136, drawn from the test 
results of a 12 X 6-inch meter carrying water. The coefficient generally 
is lower in value for small meters, and it decreases in all meters with 
increased roughness in the convergent and throat sections. It decreases 
also with time in service if the metal becom& fooled or corroded. If not 
previoudy calibrated, a dean, smooth meter of large size may be as- 
sumed to have a ooeffident of 0.99, and 0.97 may be assumed for small 
meters, provided in both cases the value of the RQrnolds number is not 
sHiall. The eixor resulting diould not exceed one per cent. For predse 
work, a meter should be calibrated from time to time. 



Graphic Recorder for Ven- 
turi Meter as Manufactured 
by Builders Iron Foundry, 
Providence, R. I. 
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The loss in a meter varies with geometrical proportions and workman* 
ship, the main portion occurring in jthe diffuser. For meters having dif- 
fuser angles less than 8 or 9 degrees, the total loss may be approximated 
from 

^2 

Lost head » 0.10 to 0.15 — , (138) 

V being the throat velocity. For greater angles, 

j,2 

Lost head - O.IS to 0.35 - (139) 

may be used, the larger values applying to ~ ratios between 1.5 and 3.0 
Velocity aJt throat irv ft per sec. 



Fig. 136. Coefficient for & 12'' X 6" Venturi Meter 


If the coefficient be plotted againt R, as in Fig. 136, the graph may 
be used for any fluid whatever. This follows from the fact that only the 
forces of inertia and viscosity- are present and R is the criterion for 
similarity (Art. 52). 

In installing a meter, it rftould be preceded by a run of straight, smooth 
pipe having, preferably, a length of 20 to 25 diameters, in o.*der that a 
normal distribution of vdocity be maintained at the inlet. When this 
distance is not permisrible, straightening vanes may be placed in the pipe 
to accomplish the same purpose. 

References to articles on the subject of meters and thdr coefficients 
appear at the end of this diapter. 
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12&. Determination of Diacbargfe by Salt^Velocity Method 

Professor C. M. Allen of Worcater Pdytechnic Institute, in ccdlabo- 
ration with £. A. Taylor, has devised a method for measuring the rate 
of flow in conduits which is based on the fact that salt in solution in- 
creases the electrical conductivity of water. In applying the method, a 
concentrated solution of ^t and water is suddenly injected into the 
conduit, preferably by means of a pop-valve. The effect is to produce in 
the flow a short slug of the solution which keeps its entity as it moves 
along the conduit. A pair of electrodes is inserted across each of two sec- 
tions of the conduit, the sections being spaced sufficiently to allow ac- 



Fig. 137 


curate timing of the slug's movement past the electrodes. Each pair of 
electrodes is cut into an electrical circuit containing an ammeter, or other 
suitable device, for measuring current strength. Variations in the latter 
are graphically recorded on a moving paper, and the passage of the slug 
by each electrode results in a current graph similar to that shown in 
Fig. 137. A second graph, drawn simultaneously, indicates time intervals 
of one second. Allen found that the time corresponding to the interval 
between the centers of gravity of the two current humps is the correct 


time to use in 


Volume 

Time 


Mean Area X Length 
Time 


in which volume is that of the conduit between electrodes. If the cross- 
section of the conduit be constant, the mean velocity is the distance 
betweoi electrodes divided by the observed time. 

In applying this method, several successive slugs of salt-solution diould 
be sent down the conduit and the corresponding values of Q averaged. 

Further details of the technique involved are given in a paper by Allen 
and Taylor.* 

*C. M. Allen and E. A. Taylor, "Tlie Salt Vdodty Method oT Water MeaMicoMBt* 
Tnmt. AS.UJL, vol. 45. IMS, 
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139. Water HenuBer in Pipe* 

It has long been a wdl-known fact that the sudden stoppii^ of the- 
flow of water in a pipe will cause a rise in pressure in that portion of the 
pipe lying between the source of flow and the gate or valve by which 
the flow is checked. In some cases the rise in pressure may be so large as 
to cause a bursting of the pipe, and it becomes a matter of importance 
that we determine the laws which govern the appearance of this phe- 
nomenon. 

That we may better understand what actually takes place under such 
conditions, Fig. 138 has been drawn, showing a long pipe-line of constant 



diameter leading from a reservoir of water, and provided at its further 
end with a quick-closing valve G. 

Under normal conditions the flow through the pipe is steady, having a 
velocity v past all sections. If the gate be made to close inslantaneoudy, 
the particles of water in immediate proximity to it will have their velocity 
at once reduced from v to zero. If the whole mass of water in the pipe were 
inelastic (rigid) and contained in pipe-walls that were inelastic also, then 
all the particles of water would likewise be instantaneously brought to 
rest and the pressure against the gate and all through the pipe would be 
infinite. That the pressure does not become infinite is due to the com- 
pressibility of the water and to the elasticity of the pipe-wall. To under- 
stand the effect of these factors, we shall assume the water in the pipe 
to be divided into a great number of laminae of equal mass, each one in- 
finitely short. Some of these are shown, greatly exaggerated in size, in 
Fig. 138a. 

First Period . — When the gate closes, lamina 1 crowds up against it and 
is compressed by virtue of its own kinetic energy. As it is compressed, 
the ring of pipe-wall surrounding it is distend^ by the increas^ pres- 
sure in the lamina. IVhile the first lamina is being compressed and 
ened, lamina 2 follows on behind with undiminished vdodty untff flhe 
eompresaon of lamina 1 is complete. It then suffm retasdation and omu- 
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presaion, at the same time stretching the pipe-wall around it. Other 
lanunae follow in succesaon, so that in a very short time conditions are 
as shown in Fig. 1386. The pressure throughout the distended portion of 
the pipe has been increased at ev^ point by the change of the kinetic 
energy of each lamina into pressure energy. The laminae being of equal 
mass,- tile rise in pressure is imiform at sill points, and the pressure at 
any point in the distended portion is the original pressure during flow 
plus the pressure rise. In the unstretched portion of the pipe the velocity, 
V, is still msuntained. When the last lamina at the inlet end is compressed, 
the entire pipe is filled with water at rest and under excess pressure. If 
the length of the pipe be I, and I seconds have elapsed between the time 
of closure of the gate and the compression of the last lamina, a wave of 

pressure has swept up the pipe with a velocity, i'„, equal to - * 

t 


With the last lamina brought to rest, the total kinetic energy of the 
water has been transformed and stored up in the elastic deformation of 
the water and pipe-wall. This marks the end of the first period. 

Second Period . — ^As soon as the last lamina is compressed, the energy 
stored in it, and in the distended wail, will cause it to move out of the 
pipe and acquire the velocity, v, which it originally had, but in the oppo- 
fflte direction. This happens to each lamina in succession until number 1 
is reached, and a wave of reduced pressure has swept down the pipe, re- 
storing pressures to normal. The wall is no longer distended, the laminae 
have acquired thdr original velocity, v, but the motion is toward the 
reservoir. 

Third Period . — Since the pipe is closed at G, the kinetic energy of 
lamina 1 wfll be expended in lowering its pressure belou’ normal and the 
lamina will come to rest. This is repeated by lamina 2, and the others in 
succesaon, until the water in the pipe is at rest and under subnormal 
pressure. 

Fourth Period . — ^With the pressure at the inlet of the pipe below nor- 
mal. water now enters the pipe from the reservoir. The nearest lamina 
regains its normal pressure and moves with its original velocity toward 
the gate. The other laminae follow in succession, and finally all the water 
is moving toward the gate with normal pressure and velocity. A cycle of 


four movements has been completed, occupying a time equal to — • 

I y 

Other cycles follow but, due to viscous friction, each one takes place with 
dimiaidied enogy, and the pressure waves gradually die out. 

The value of p, the excess pressure produced, will now be determined. 
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Figure 139 represents a prism of water, ABCD, caught at the end the 
pipe by the dodng of the gate. It contains many of the laminae mentioned 
above, and by their compression the prism is shortened by the amount 
ds. Its final length is ds', and by the stretching of the pipe-wall its radius 
has been increased to r Ar. For the change in volume, we may write 

AVol. - Ads — 2iir hr ds*, 

A being the sectional area of the pipe before distention, and 2irr hr 




representing the annular area added by distention. The volume-modulus 
of elasticity of the water, K, is therefore 


pA (ds -f- ds') 
Ads — 2irr hr ds' 


(140, 


p representing the intensity of the excess pressure. The stress produced 
in the pipe-wall by this pressure is 


/• 7 ' 

if e be the thickness of the wall. If the circumference of the wall is stretched 
an amount, hi, the elastic modulus of the wall is 

£ = _ / 

hi - 5 - 2jrr ehl 

Since a circumference increases directly with increase in radius, 
hi : Irr « hr :r, ox hi = Irhr. 

This value of A/ substituted in (141) gives 


(141) 


Ar 


eE 


(142) 


Each lamina of the prism, ABCD, was brought to rest hjf a prasure 
on its front face varying from zero to p. If we imagine the 'first tamina to 
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have reached its maxunum pressure, we thctt may think of the mass, 
ABCD, behind it as being brought to rest by the force, pA. Its mass be- 


w 


ing A (dr + dr') - , its rate of deceleration is 
I 

force _ pAg 
mass Aids + ds')w 


In coming to rest, its center of gravity will have moved through a dis- 
tance The space traversed by a mass, while having its velocity re« 
duced from v to zero by a constant force, is given by 


^ 2a 


Using this relation and substituting the above values, 

ds r^A (ds + ds')w 


2pAg 


If for ds we substitute c dl. 


{ds + ds') 

^ ~ g dl 

Finally, since ds is very small compared with ds', 


uv ds' 


(143) 


(144) 


ds' 


~ being the velocity with which the pressure wave moved up the pipe. 
dl 

If in equation (.140) we substitute for A its value, irr, and for ilr its 
value from (142'), equations (.140) and (143) may be combined and 
(ds -f ds') eliminated. 

There results, 

' (USl 

dl Ee dt Kvw ’ ^ ^ 

but ^ is e, and for p vte may substitute its value from (144), obtaining 
di 


dt 


KEc 


r. 


^wEe + 2rK 
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Amiining K •> 300000 lb. per sq. in., 




ft. per sec. 


It can be shown that \ is the velocity of propagation of pressure 

waves through any medium having an elastic modulus, K, and specific 
weight, w. The figure 4720 is the velocity, therefore, in feet per second 
with which pressure (or sound) waves would travel through water con- 
fined in a rigid pipe. The radical quantity in (146) is a reduction f&ctor 
necessitated by the stretching of the pipe-wall under the action of the 
pressure wave. Its value is always less than unity, increasing with E and 

K d 

with the ratio of wall thickness to pipe diameter. Since — and - are ratios, 

IL 6 

either the inch or foot may be used in making numerical substitutions. 
For a 48-inch steel pipe {E 30,000,000 pounds per square inch) having 
a thickness of 0.25 inch, equation (146) gives Vp as 2760 feet per second. 

To determine the excess pressure produced by extinguishing the ve- 
locity, V, we have only to note that by equation (144) 

p ^ — Vp. (147) 

g 

If the value of v, as given above be substituted. 


9150 T» '/ lb. per sq. ft. 


63.6 » 




lb. per sq. in. 


Here, as in (146), the radical quantity is necessitated by the elasticity 
of the pipe. Were the elasticity neglected, the pressure rise in pounds per 
square inch would be 63.6 v. For the 48-inch steel pipe mentioned above, 
the value of the radical is 0.585. If a quick-closing valve operates to dose 
off the flow in this pipe when the vdodty is 5 feet per second, the excess 
pressure will be 

^ 63 6 X 5 X 0.58S ■> 186 lb. per sq. in. 
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The magnitude of the maximiun pressure readied near the end of the 
pipe should be carefully noted. In Fig. 138 the pressure at the end would 
be zero with the valve open. This is instantly increased, by the gate 
closing, to p as computed from (148). At the end of the hrst period when 
the entire water coliunn is at rest under supernormal pressure, the pres- 
sure near the gate will have been further increased by the weight of the 
water in the pipe. The final maximum pressure near ^the gate is there- 
fore equal to that produced by tlie static head, H, plus the excess pres- 
sure compnited from (148). 

It should be noted that the derivation of p assumed instantaneous 
dosure of the gate. If the description of events, as narrated for the first 
and second periods, be re-read, it will be seen that the pressure rise at 
the gate is maintained during the time requir^ for the pressure wave to 


21 

make a round trip of the pipe. This time is — ■ If the gate be dosed gradu- 
ally, but within this time, the pressure at the gate will build iq> to the 
same value as before. This is because the first small pressure wave, gene- 
rated as the gate starts to move, will not have had time to make the 
round trip and return to the gate as a wave lowering the pressure to nor- 
mal. Equation (148) therefore applies for any time of closure up to 
21 

The validity of the equation was first demonstrated by Professor Jou- 
kovsky of Moscow, Russia, in 1898. A translation by Simin of his com- 
plete paper appears in the Journal of tlic American Waterworks Associa- 
tion, 1904, p. 335. Joukovsky experimented with the effects of slow clo- 


sure, the time being > — He concluded that for such limes the pres.sure 
is reduced in intensity according to the proportion, 


p ^ 21 Vp 
Puiax. t 


It has been proven since that this relation results in values greater 
than the actual pressure, \ alues computed from it therefore en on the 
side of safety. . 


21 . 

An equation which may be used for times of closure greater than — is 
that proposed by Allievi, a noted Italian ntgineer. In its umplest form 


it is 


P 




in lb. per sq. ft 
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H » static head, in feet, on the pipe near the gate 

t time of closure 

The value of p«o computed will be close enough, for practical purposes 
to the true value. 

If, in Fig. 138, H be 165 ft., v be 11.75 ft. per sec., I be 820 ft. and f be 
2.1 sec., 

^ = 94 lb. per sq. in. 

The simplest method of protecting pipes from water hammer is found 
in slowly closing gates. Air chambers of adequate size connected to the 
pipe near the gate or valve will prevent pressure waves of much magni- 
tude from passing up the pipe. Such chambers must be kept filled with 
air, since water will readily absorb air under pressure. Pressure relief 
valves of adequate size will also absorb much of the excess pressure. They 
should be designed to open quickly and close slowly. 

The subject of water hammer has been briefly, and only in part, pre- 
sented here, and the reader is referred to excellent articles on the subject 
given in the bibliography at the end of this chapter. 

140. Flow of Compressible Fluids through Pipes 

If a compressible fluid, such as air, flows through a pipe, its density 
changes from section to section, due to the change in pressure which takes 
place. If the pi|}e-wall be perfectly insulated so that heat cannot escape 
from, or be added to, the fluid, the change in density will follow approxi 
mately the adiabatic law for gases. The process will not be strictly an 
adiabatic one because of the heat added to the fluid by viscous friction. 
If the pipe be not insulated and the heat transfer through the wall bal- 
ances the heat of friction, then the temperature of the fluid MriU remain 
constant and the density change will follow the isothermal law for gases. 
This case only will be considered. 

The differential equation for fluid flow (Art. 49), friction n^lected, is 

dp 

— + gdz + vdv ^ Q 
P 

— + dt + -dvm a, 

Vf g 


or 
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With friction omsidered, 

dp V 

— + d* + - + dkf “ 0. 

w g 


For gas flow, changes in elevation are usually very sniall compared with 
the changes in pressure-head, and dz may ordinarily be neglected. For 
pipe flow, dkf has the value 




Making these changes and dividing each term bv , the equation becomes 


w V d 


Two further substitutions may be made. If the pounds of fluid passing a 
section each second be IF, 

W — wav 


and 


V = 


W 

wa 


This value may be substituted in the first term of the equation. The fluid 
being compressible, the value of w varies with p and with the absolute 
temperature of the fluid. Assuming that the fluid follows the law for a 
perfect gas, w has the value 

R being the gas constant. 

With these substitutions, 



W^RT 


pdp + 


V 



Integrating each term between corresponding limits, 


W^RT, 


W^RT 




(A2*-^i*) + 2iog,j;^-f/^ 


a 


^i* - 





(149) 
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Because W equals wav at all sections, the value of v changes from section 
to section, w varying with The friction factor,/, however, remains con- 
stant. It depends upon the Reynolds number urhich, in a pipe of uniforni 

diameter, varies as — or as — Since wav is constant, vw is constant also, 
M 

and M for a gas is constant for a given temperature. The Reynolds num- 
ber and / are therefore constant. 

The second term of the parenthesis quantity is usually small compared 


with / - and may be omitted. Then 
a 


Pl^ - P2^ 


W^RT/ l\ 
go* Vd)‘ 


-(150) 


For a given weight flow, W, the equation will give P 2 if Pi and the other 
quantities are known. To find p 2 by (149) requires that V 2 be known, and 
its value depends upon p 2 - A solution by trial becomes necessary. It is 
much easier to obtain a value of P 2 by (150) and use it to approximate Vj in 

(149). The value of — is 

U>2 

Pl 

Wi RT Pl 

W'2 P]^ Pi 

RT 


Hence, 


WiOVi 


W2aV2 


and ^ 
11*2 


»1 


tl 

Pi Vi 


For — in (149) we may use, therefore, the value — , P 2 having been ap- 

»i P 2 

proximated from (150). If P 2 as then obtained from (149) differs materi- 
ally from its value as given by (150), the value of — may be re-computed 
and the process repeated. 

The drop in pressure is seen to be inversely proportional to the increase 
in velocity. If the distance between sections be not too large, the in- 
crease in velocity will be small, and the conditions of flow may be com- 
puted as though the fluid was a liquid. The resulting peremtage of error 
can be shown to be approximately one-half the percentage increase io 
velocity. 
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E»mple. — ^At a given section on a 4-inch pipe, through which 1 pound 
of air at 70*' F. flows per second, the pressure is 30 pounds per square 
inch. What will be the pressure and velocity at a section 500 feet distant? 


Wi 




JL « 44.7 X 144 

RT “ 53.34(70 + 45^4) 

1 

0.229 X 0.087 


0.229 lb. per cu. ft. 
50.2 ft. per sec. 


, . « . 53.4 X 10- 

p 0.229 

^ 50.2 X 0.333 

R “ : — Tz::r^ 313000 

53.4 X 10-« 


/ = 0.018 (from Fig. 100, curve C). 


By equation (150), 

(44.7 X 144)* - /»2* 


1 X 53.34 X 529.4 / 0.018 X 500 \ 
32.2(0.087)* \ 0.333 / 


P 2 = 6190 lb. per sq. ft. 


p 2 = 43 lb. per sq. in. (absolute) 


Since piVi » 44.7 X 50.2 = 43'i'2, 

ti2 = 52.2 ft. per sec. 

52 2 

2 log.— -0.078 


If this value be used in equation (149), the value of P 2 to three signifi 
cant figures remains 43 pounds per square inch. 

If the fluid be treated as incompressible, 

huh « jk ^ « 0.018 X 500 X 3 X ^-7^ = 1058 ft. 

IP d 2g 64.4 

Ap -> 1058 X 0.229 ><7 242 Ib. per sq. ft. 

» 1.7 lb. per sq. in. 

pf • 44.7 — 1.7 43 lb. per sq. in. absolute 
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PROBLEMS 

, Note.— Unless otherwise sfjccified, water is assumed to be the liquid in the 
following proldems. 

1. Find the rale of discharge from a 3Q-inch pipe, 3220 ft. long^ supplied 
from a rcserv(iir whose surface is 46 ft. above the pipe's end. Assume a clean^ 
cast-iron pii>e and make the computations (1) allowing for loss at entrance, (2) 
negitrling it. 

2. Assuming a 1 2 inch pij)C line, 2400 ft. long, to be made from w(W)d staves, 

whai \N ill be its rale of discharge under a liead of 32 ft.? What if the length were 
only 1200 ft.? ^ 

3. Two rcserv<»irs with a difTcrence in level of 90 ft. are connected by 2 mi. of 
12-iii< li cast-iron i)ipe. Compute the rate of discliarge. Ans. 4.3 cu. ft. per sec. 

4. At what rale will water be discharged through 600 ft. of rubber-lined 
cotton 3 in. in diameter, if it be attached to a hydrant at w'hich the pres- 
sure is 60 llj. ]jer sq. in. during flow? Assume no nozzle on the end of the hose 
and / = 0.022. 

If a l -incli nozzle be used, what discharge may be expected if a pressure of 
70 II). at tlic hydrant can be maintained? For the nozzle Cv = cj = 0.96? 
Assume hosc! horizontal and / = 0.024. Ans. (1) 285 gal. per min. 

(2) 185 gal. per min. 

5. The pressure-head at a point in a 12-inch cast-iron r)ipe is 50 ft. At a point 

1000 ft. bex'ond, in the direction of flow, the pressure is 20 lb. per sq. in. If the 
discharge be 5 cu, ft. per sec. and 2 ft. of head is lost at intervening l:)ends, what 
is the .slope of the j)ipe? Ans. 0.009. 

6. At a distance of 2(K)0 ft. (measured on pii)e) from the supplying reservoir, 
a 12-inch riveted steel i)ii)e is 140 ft. l)elow the reservoir's surface and the pres- 
sure is 50 lb. per sq. in. What is the velocity in the pipe? Assume / = .025. 

Ans. 5.6 ft. per sec. 

7. An 18-inch cast-iron pipe is discharging 3000 gal. ix;r min. At a ix)int 1000 

ft. from the supplying reservoir (measured on pipe) the center of the pipe is 
80 ft. below the reservoir surface. What pressure, in pounds per square inch, is 
to l)c exfxected there? Am. 33.4 ib. per sq. in. 

8. 'Fhrough a rusty iron pijie, 6 inches in diameter, the observed velocity is 

8 ft. i)er see. At a section A on the pipe, ihe measured pressure-head is 89.7 ft., 
while at ii, HK) ft. farther on where the pipe is 3 ft. below A, the pressure-head 
is found to be 78.0 ft. Compute the probable value of /. Ans. 0.074. 

9. A 30-inch cast-iron pipe, 50 years old, furnishes water at the rate of 30 
cu. ft. per sec. What is a probable rate of head loss in feet per thousand? 

Ans. 10.8 ft. 

10. Comimte the value of the lower critical velocity for a pipe 3 in. in diam- 
eter carrying water whose temperature is 70® F. Ans. 0.086 ft. per sec. 

11. Compute the lower critical velocity for crude oil, having a kinematic 
viscosity of 0.0002 sq. ft. per sec., flowing in a 6^inch pipe. What pressure drop 
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will occur in 1000 ft. at this velocity, assuming laminar flow to be maintained? 

Afts, 0.8 ft. yier sec. , 0,64 ft. 

12 . A 6-inch pipe suddenly enlarges to. a diameter of 18 in., the velocity .of 
flow in the 18-inch pipe being 2 ft. per sec. Compute the lost head in feet and 
the foot-pounds of energy lost per second. What difference in pressure will be 
found in the two pipes near the enlargement? What \n>ul<i i>e the head lost if 
the velocity in the 18-inch pipe were 0.5 ft. f)er see.? 

J«.v. (\) ft. 

(^2) S75 U. lb. 

(v^) 0.43 lb. per sq. in. 

" (4) 0.2.S ft. 

13. A level pipe line is abruptly enlarged from 4 to H in. in diameter. The 

velocity in the 4-inch pipe being 16 ft. per sec., liow much cncrg>' is wasted in 
heat at the enlargement? If the pressure-head in the 4-inch pijx^ he 50 ft., what 
will it be in the 8-inch? /1/w. (1) 104 ft. lb. per sec. 

(2) 51.5 ft. 

14. A 24-inch pipe is successively reduced in size to 12 in. and 6 in., the 

reductions being abrupt in each case. With a discharge of 2 cu. ft. j)cr sec., 
what total loss will be occasioned by the reductions?' What difference in pressure 
will there be in the 24- and 6-inch pipes if 2 ft. of head be lost !)>’ pipe friction in 
the 12-inch pipe? Ans, (1) 0.64 ft. 

(2) 1.8 lb. per s<j. in. 

15. Compute the probable drop in pressure as a pipe line carrying 6 ( u. ft. |)cr 
sec. suddenly changes from 12 inches to 6 inches in diameter. 

16. A long pipe line, 12 inches in diameter, contains 15 bends, each approxi 
mately through 90®. W^hat allowance in head should be made for the effect of 
these bends if ^ = 6 cu. ft. per sec.? Radius of fiends is 8 ft. 

17. A pipe line, discharging into air, consists of two sections, one 500 ft. long 

and 12 inches in diameter, the other 1200 ft, long and 18 in. in diameter. If the 
change in section be abrupt and the quantity dLscharged be 3 cu. ft, per sec., 
find the loss in head in each section due to j)ipe friction and the loss due to sud- 
den enlargement. Plot the hydraulic grade line choosing suitable scales. Assume 
/ = 0.02. Ans. Lost heads are 2.26 ft., 0.72 ft., and 0.07 ft. 

18. From a reservoir whose level is 300 ft. alx^ve a datum, a 12-inch pipe 

runs 12,000 ft. to a second reservoir whose level is at elevation 220 ft. A valve 
midway along the line is closed sufficiently to reduce the discharge to onc-half 
what it was with the valve wide open. The friction factor,/, may be taken as 
0.023 with valve open and as 0.021 when it is partly shut. Compute the loss of 
head due to the partial closure of the valve, and sketch the hydraulic grade line. 
The loss at pqic entrance may be neglected, also that consumed in giving the 
water its velocity. Ans. 61.8 ft. 

19. At a point A , a 12-inch pipe is 400 ft. above a given datum. It terminates 
6000 ft. bqrond and at elevation 500, in the bottom of a stamlpi{)e which 
contains 30 It. of water. With flow toward the standpipe, the hydraulic grade 
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line at A is ISO ft above the pipe. What is the rate of dischaiige into the stand- 
pipe if / be 0.02? Am. 2.6 cu. ft per sec. 

20. The slope of the hydraulic grade line of a pipe is 0.005 and the pipe is to' 
deliver 4000 gal. per min. If the friction coefficient be assumed as that for a 
clean pipe plus a 50% increase to allow for roughening of surface with age, 
compute the diameter of the pipe. Assume cast iron. 

21. A pump at elevation 900 is pumping 1.60 cu. ft. per sec. through 6000 ft. 

of 6-inch pipe to a reservoir whose level is at elevation 1 250. What pressure will 
be found in the pipe at a point where the elevation is 1020 ft. above datum and 
the distance (measured along the pipe) from the pump 2500 ft.? Assume/* 
0.0225. Ans. 170 lb. per sq. in. 

22. From a reservoir whose surface is. at elevation 750, water is pumped 

through 4000 ft. of 12-inch pipe across a valley to a second reservoir whose level 
is at elevation 800. If, during pumping, the pressure is 80 lb. per sq. in, at a 
I)oint on the pijie, midway of its length and at elevation 650, compute the rate 
of discharge and the power exerted by the pumps. Plot the hydraulic grade line 
(/ « 0.02). Ans. 5.9 cu. ft. per sec.; 80.5 hp. 

23. A fire-engine supplies water to a nozzle through 500 ft. of 3-inch hose. 

What |iower at the pump will be necessary to maintain a stream of water having 
a velocity of 75 ft. per sec., with the nozzle held 30 ft. above the pump cylinder? 
The nozzle has a diameter of 1 i in. at the tip and a coefficient of 0.90. The value 
of / for the hose may be assumed at 0.017. Ans. 33.8 hp. 

24. Water is pumped from reservoir at Elev. 100, through 4000 ft. of 2 ft. 

pipe to reservoir IS at Elev. 300. The pump is close to reservoir A and at the 
same elevation as -4 . A hydraulic motor is placed in the pipe line at a point mid- 
way on the length of pifie, and at Elev. 275. The motor delivers 56 hp. and is 
80% efficient. With a water delivery of 31.4 cu. ft. per sec., what will be the 
power output of the pump? What will be the pressures at entrance to, and exit 
from, the motor? Plot the grade line showing its elevations at controlling points. 
Assume/ * 0.02. Ans. 1015 hp.; 32.8 and 24.2 lb. per sq. in. 

25. A pump, taking water from a reservoir at Elev. 0, pumps it through a 
12-inch diameter pipe over a hill whose summit is at Elev. 160 and is 2000 ft. 
from the pump. The pipe continues 1000 ft. farther when it terminates in a 
3-inch nozzle. The pump is to deliver 6 cu. ft. per sec. and the gauge pressure 
at the top of the hill is to be 60 lb. per sq. in. Assume / * 0.02 for the pipe and 

« Cd » 0.95 for the nozzle. Neglect entrance loss at the pump. 

Compute, (a) the horsej^wer output of the pump, 

(5) the height of the nozzle above the pump, 

(c) the elevations of the hydraulic gradient at the pump, top of 
* hill, base of nozzle and tip of nozzle. 

26. Water is pumped through 3000 ft. of 6-inch pipe to a reservoir whose level 
is 20 ft. above the pump. During pumping, a gauge on the line at a point 40 ft. 
above the pump and 1000 ft. away from it (measured on the pipe) reads 20 Ib 
pat sq. in. At the same time a gauge on the 6-inch suafen pipe, close to the 
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pump, reads 7.35 lb. per sq. in. below atmosphere. Against what head is the 
pump working? What energy does the pump impart to the water per second? 
Assume / « 0.02. Ans. 22.3 hp. 

27 . Compute the diameter of pipe necessary for discharging 1500 gal. of 
watCT per min., the pipe being of cast iron, 1000 ft. long, and its discharging 
end 4 ft. lower than the surface of the reservoir supplying it. 

28 . What commercial size of pipe should be used for the data in the previous 
problem if it is to have the required capacity at the end of 30 years? 

29 . Reservoir i4 is at elevation 1000 ft. above datum. Thence an 8-inch pipe 
line leads 3000 ft. to elevation 800, at which point it branches into two lines: a 
6-inch line running 2000 ft. to reservoir B, elevation 850, and a 6-inch line 
running 1000 ft. to reser\'oir C, elevation 875. At what rate will water be 
delivered to each reservoir? Assume / « 0.02 in all cases. 

A ns. To B, 1.35 cu. ft per sec. 

To C, 1.45 cu. ft. per sec. 

30 . A reservoir at elevation 300 ft. above datum furnishes water to a 24-inch 
pipe which leads to a point at elevation 100 ft., the pipe being 2000 ft. long. 
Here it branches into 3 pipes, 8 in., 12 in., and 6 in. in diameter. The 8-inch 
runs 1000 ft. and discharges at elevation 250, the 12-inch runs 1500 ft. to eleva- 
tion 175, and the 6-inch runs 3000 ft. and discharges at elevation 100. Compute 
the discharge for each pipe. Assume / « 0.02. 

Ans. From 8-in,, 3.2 cu. ft. per sec. 

From 12-in., 12.3 cu. ft. per sec. 

From 6-in., 2.0 cu. ft. per sec. 

31. Reservoir No. 1 is at Grade 400. Thence an 18-inch pij)e, which is to 
carry 7 cu. ft. per sec. of water, leads 2000 ft. to Grade 300. It tliere divides and 
Branch ^4, 12 in. in diameter, leads 13,000 ft. to Reservoir No. 2, which is at 
Grade 250, Branch B leads 4000 ft. to Reservoir No. 3, which is at Grade 50. 

Neglect all losses except from friction, assume / as 0.02 in each case, and find 
the diameter of Branch B, Am, 6 in. 

32 . A 12-inch pipe, 8000 ft. long, is connected with a reservoir whose surface 

is 250 ft. above the pipe’s discharging end. If for the last 4000 ft. a second pipe 
of the same diameter be laid beside the first and connected to it, what would be 
the increase in discharge? Assume / =■ 0.02. A ns, 2.1 cu, ft. per sec. 

33 . Assuming the pipe line as described in the first part of the preceding 

problem, find the change in discharge resulting from inserting in the original 
line a section of 18-inch pipe 2000 ft. long. (No restriction is made regarding 
the location of the enlarged portion.) Loss by change in section may be neg- 
lected and / assumed equal to 0,02. A ns, 1.1 cu. ft. per sec. 

34 . A 6^inch pipe leaves a straight 4-inch pipe at a point A and later joins 
it again at a point C. The distance AC on the straight 4-inch pipe is 2000 ft. and 
on the flinch pipe it is 15,000 ft. How will the flow divide when it comes to ^4? 
Assume / - 0.02 for both pipes and consider only losses by pipe friction. 

Ans, Ratio 1 to 1. 
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35. A 48-inch main, carrying 75.4 cu. ft. per sec. branches at a point A into 

two pi{>es, one 200() ft. long, 3 ft. in diameter, and one 6000 ft. tong, 2 ft. in 
diameter. Both pipes come together at a point B and continue as a single 48- 
inch pij)e. The following value of / may be assumed:/ « 0,0210, 0.022 and 0.023 
resf)ectivcly for the 48-inch, 36-incfa and 24-inch pipes* Compute the rate of 
flow in the branch pipes. Ans. 13 and 62.4 cu. ft. per sec. 

36. A 6-inch pi[>e leaves a straight 4-inch pipe at a point Ay and later joins 
it again at C. The distance AC on the straight 4-inch pipe is 2000 ft. How long 
will llie 6-inch pipe have to be in order that the flow in the two pipes may be 
the same? Assume / =» 0.02 and consider only losses by pipe friction. 

Ans, 15,200 ft. 

37. What head would be required for an 8-inch wood-stave pipe line, 3000 ft. 
long, leading from a reservoir and terminating in a 2-inch nozzle, the required 
discharge being that corresponding to a velocity of flow of 6 ft. per sec. in the 
pipe? Assume velocity coeflicient for the nuzzle at 0.95 and / = 0.0223. 

Ans, 215 ft 

38. A 24-inch steel pii)C line leaves a reservoir at elevation 1400 and runs 

8000 ft. on a straight grade to elevation 1300; thence on a straight grade 4000 
ft. to ele\'ation 700, where it terminates in a 4-iuch nozzle. The reservoir level 
being at elc\ atioii 1450, sketch the hydraulic grade line, giving elevations at a 
sufticient number of points to define it. Assume / - 0.025 and Cv = Cu * 0.95 
for the nozzle. At 80^;'^, efticiency, what horsepower can be developed by a wheel 
driven b}'^ the jet? 960hp. 

39. A j)ipc line 30,000 ft. long and 6 ft. in diameter supplies 10 nozzles wdth 
water from a reservoir wliuse level is 507 ft. above the nozzles. Each nozzle has 
an opening of 6 sq. in. and a coefficient of discharge and velocity of 0.95. Assum- 
ing/ = 0.017, find the aggregate horse]X)wer available in the jets. 

Ans, 3640 hp. 

40. A 24-iiKh j>ipe line. 5000 ft. long is to lake water from a reservoir at El. 

500 and iHschargc it through a 6-inch nozzle (q = Cv *= 0.95) at El. 100. The 
pipe line is to be constructed so that at a point, .1, 4500 ft. from the reservoir, 
the pi[)C shall be 10 ft. below the hydraulic grade line. VV^hat would be the eleva- 
tion of the j)i]>e at -I and what hj). wall be available in the jet from the nozzle? 
Assume/ « 0.025 and no loss at entrance to pipe. Ans, 424 ft.; 910 hp, 

41. A 6-inch pqx: line, 2400 ft. long, has its discharging end 20 ft. below the 

level of tlie reservoir which supplies it. The discharge is O.SO cu. ft. per sec, and 
/ » 0.025. Conijiute the l(»ss in head w^hich is being caused by a partial obstruc- 
tion that exists in the j>ipe. Ans, 7.9 ft. 

42. Two o])cn, c>dindrical tanks are connected by 1000 ft. of 3-inch iron pipe 
laid horizontally. Reservoir A is 25 ft. in diameter and its water level is 36 h. 
above that in reservoir B whose diameter is 16 ft. How long, after opening a 
valve on the pipe line, will it be before the resen-oir levels are the same? Assume 
/ to be constant at 0.02 and neglect head lost at entrance. 44«f. 10 hr. 54 min. 
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43. A pitot-static tube placed at the center of a 24-inch pipe registered a 

differential pressure-head of 22.3 in. of water. Assuming r 0.973 and a pi[>e 
coefficient of 0.83, compute the Ilow rate. .l/t.v. 27.S cu. ft. f>er sec, 

44. Air at a temperature of 60® F. flows in a 6-inch pifK.*, the static pressure at 

a certain section being 24.7 lb, per sq. in. absolute. A pilot-static lube at the 
center of the same section produces a deflection of 1 2 in, of water in u dilTerenlial 
gauge. Assuming c « 1.00 and a pii)e coefficient of 0.S7, what rate of discharge 
is indicated? 3. so Ih. per sec. 

45. A Cole pitometer was used to mea.sure the velocity* in a 12-inch pipe. 

Carbon tetrachloride (sp. gr. = 1.50) was used in the dilTerenlial gauge, and 
the deflection during a 10-point traverse noted. l)eflcctit)ns were as follows, 
commencing at one side of the p4>c: 0.112', 0.179', 0.218'. 0.245'. 0.267'. 
0.261', 0.230', 0.182', 0.159' and 0.091'. During the traverse a reading at the 
center gave a deflection of 0.279'. What was the flow rate an 1 the value of the 
pipe cocHicicnt? Assume c « 0,86. -l/n. 1.07 cu. ft. per set.; 0.H2, 

46. A Cole pitometer is set with its orifices at the center of a 16-inch pipe. 

For three different rates of discharge the deflection, c, of the carlv>n tetrachlor- 
ide (sp. gr. 1.50) in the differential gauge is 2, 7 and 13 in. With r ~ 0.84. what 
are the three discharges? The ratio of the mean velocity U> center velocity may 
be assumed as 0.83. /Iw5. 2.26, 4.22 and 5.75 cu. ft. iier sec. 

47. A Venturi meter has an area ratio of 9 to 1, the larger diameter being 

12 in. During flow the recorded pressure-head in the large sec lion is 21.4 ft. ami 
that at the throat, 13,9 ft. If c be 0.99, what rale of discharge ihnnigh tlie meter 
is indicated? 1.89 cu. ft, [w*r scr. 

48. A 24-inch Venturi meter has a throat diametei of 8 in. During a J 0-min- 

ute test it discharged 18,600 cu. ft. of water with a mean pressure-licitd at the 
large section of 1 12 ft. and at the throat a negali^ c i)ressure correst>on(ling to 
10.50 in, of mercury. Compute the coefficient of the meter. Am. 0.99, 

49. The discharge through a Venturi meter is 920 gal. per min. The diamcler 

of the pifH* is 30 in. and the area ratio is 4 to 1. If the value of c be 0.99 and the 
pressure-head at entrance 18.8 ft., find the velocity and the f>rcssurc-head at the 
throat. -1/iA. 18.76 ft.; 1.68 ft. j>er sec. 

50. A sfjecial Venturi meter has area ratios of 1 to 10. It is fitted to a 2-ft. 

pijie and tlie difference in pressure Ijetween the entrance and the throat corre- 
S})onds to 18 in. of mercury. What discharge is inrlicatcd, assuming a coefficient 
of discharge of 0.98? Ans. 11.2 cu. ft. j)cr sec. 

51. A Venturi meter with an area ratio of 1 to 4 measures the flow of air in a 

3-inch pipe. The air temperature is 80® F., the absolute preis.sure at the inlet is 
18 lb. [)er sq. in., and the differential pressure is 2 lb. i>er sq. in. If c lx; 0.96, com- 
pute the weight flow per sec. Am. 0.465 lb. per sec. 

S2k A Venturi meter with an area ratio of 1 to 4 lias a coefficient of 0.95 and 
measures the flow of air at 60® F. through a 6-inch pipe. The absolute pressure 
at the inlet is 34.7 lb. per sq. ;n. and the differential jiressurc is 2.95 lb. fxT sq. in. 
Hliat is the flow rate? Am, 3.2 lb. tier sec 
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53. Oil having an A.P.I, gravity of 30^, and a viscosity of 600 Saybolt sec* 

onds, flows through 10,000 ft. of 4-inch pipe under a head of 220 ft Vl^t is the 
flow rate? Af$s. 0.15 cu. ft per sec. 

54. Water at 40° F. flows through a 0.5-inch pipe with a velocity of 0.75 ft 

per sec. At what rate is head being lost? Ans. 7.2 ft per 1000 ft 

55. A long 10-inch pipe line, approximately level, is to carry oil to a refinery. 
The oil has a viscosity of 400 Saybolt seconds, and its A.P.I. gravity is 40 
degrees. The approximate distance between pumping stations on the line is 
required. The pumps will develop a head of 900 ft. and their inlet pressures 
must not fall below 5 lb. per sq. in. The rate of pumping is 1500 gpm. 

Ans. 31,000 ft. 

56. If the velocity of flow in a 2-ft. cast-iron pipe (JE » 12,000,000} be 
changed in 0,25 sec. from 2 ft. per sec. to 0 by closing a valve 1000 ft. from 
a reservoir, what probable increase in pressure due to water hammer will be 
obtained close to the valve? The pipe wall is | in. thick. 

Ans. 94.2 lb. per sq. in. 

57. A 6-ft. pipe conducting water to a number of turbines is made from steel 

plate 0.25 in. thick. When the velocity of flow is 8 ft. per sec., a quick closing 
gate operates to stop the flow. Wliat excess pressure is developed near the gate 
due to water hammer? What maximum time may be taken in closing the gate 
without diminishing this pressure if pij)c be 15,200 ft. long. Estimate the prob- 
able time that should be taken if the rise in pressure is not to exceed 100 lb. per 
sq. in. Ans. (a) 258 lb. per sq. in. 

(5) 12.8 sec. 

(c) 33 sec. 

58. An asljestos-cement pipe, 36 in. in diameter and 1 in. thick, carries water 

with a mean velocity of 5 ft. per sec. The value of E being 3,000,000 lb. per 
sq. in., what will be the pressure rise if a gate 5000 ft. from the supplying reser- 
voir be closed in 2 sec,? ^ Ans. 149 lb. per sq. in. 

59. Air is forced into a 2-inch iron pipe under a pressure of 40 lb. per sq. in. 
(relative), and a tenq^erature of 70° F., at the rate of O.l 1 lb. per sec. What will 
be the probable pressure at a \yomi 500 ft. from the inlet? 

^ Ans. 54 lb. per sq. in. (abs.) 

60. Air flows through a smooth steel pipe, 3 in. in diameter, at a temperature 

of 60° F. Its viscosity is 0.377 X lO”*. At two points 1000 ft. apart on the pipe 
the absolute pressures are 100 and 80 lb. per sq. in. What is the weight flow per 
second? Ans. 1.82 Ib. per sec. 
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Flow in Open Ck annels 


141. General 

The term open channel is here used to include not only all natural 
streams and artificial canals, but also all forms of closed conduits which 
flow only partly full. A distinct difference between open channels and 
closed conduits under pressure is that the latter depend upon an external 
head for the production of flow, while the former depend upon the slope 
given their free surface. 

The analytical treatment of open channel flow’^ is more difficult and 
unsatisfactor>’ than the flow in pipes, because of the wide variation in the 
conditions which present themselves. Pipes are generally circular in form 
and their roughness and diameter are the chief variables. With the open 
channel, not only is there a wide variation in the nature of the lining, but 
the cross-section may have an infinite variety of shapes and change from 
section to section. Under these circumstances, it is exceedingly difficult 
to derive a formula for flow^ that will be general in its application. 

Broadly viewed, all open channels may be classified as 

1. Artificial channels. 

(<i) Uniform flow. 

(b) Non-uniform, or varied, flow. 

2. Natural channels. 

142. Artificial Channels, Uniform Flow 

Here, as in all previous subjects treated, the condition of steady flow 
will be assumed, so that the quantity of water passing any section of the 
stream is constant. To make the flow uniform, all cross-sections must be 
identical in form and area, necessitating constant depth and constant mean 
velocity at each section. Under these conditions the surface of the water 
is parallel to the bed, both having an angle of inclination, or, with the 
horizontal. The inclination of the surface we shall speak of as the slope of 
the channel and express it as , 
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k being the vertical fall occurring in the length of chanifel, f, and S the 
^e of a (Fig. 140). In any cross-section A £C'Z7. that part of the channd 
lining which comes in contact with the stream is known as the weUed 
perimeter. In two channels of equal area, having like slopes and walls of 
like materials, it is obvious that the channel having the smaller wetted 

U 


Fio. 140 

perimeter will have the higher velocity of flow on account of lesser fric- 
tional resistance. The ratio of the area to the wetted perimeter is there- 
fore an important factor in the rate of flow and to it is given the name of 
hydraulic radius or hydraulic man depth. 

,, . « Area 

Hydraulic radius = /t = : 

Pernneter 

The term has little significance in itself. It should be regarded as a name 
for an oft-recurring ratio. 

Referring to Fig. 140, we may regard the water between any two sec- 
tions, AB and EF, as a solid prism having a uniform motion down the 
inclined trough of the channel. The forces producing and hindering 
motion are its weight Aud. the end pressures Pi and P^, and the frictional 
resistance Pj offered by the sides of the channel (Fig. 141). The forces Pi 



Fig. 141 

and Pi are equal since they represent the pressures on two equal areas 
under equal ])ressure-heads. Since they are opposite in direction, we need 
not consider them. The component of the prism’s weight W. along the 
line of motion, being Awl sin a, and the motion being unijorm, we have 

AvA sin « »= Pf. 
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If F represents the value of the frictional resistance per unit area of rub* 
bing surface, so that 

A 

P/ FI X wetted perimeter = F/ X -5 , 


the above equation may be written 
_ Au’/sina 


X R. or F = u<RS. 


Our knowledge of fluid friction, as outlined in the previous chapter, shows 
F to vary approximately with u®, the approximation being expressed in 
the exponent of v. If we assume 

F= H’®, 


c being a constant whose value depends on the channel lining, equation 
(151) may be written, , = cV^ (152) 


in which C has replaced \ ■■ • This formula is know'n as Chez>’’s formula. 


and is identical with the one deduced in Art. 128 to express the law of 
flow in pipes. 

In the derivation just given, all fairly rational treatment of the prob- 
lem ceased with the assumption that F This relation we have seen 
to be only an approximate one. If it were strictly true, C in Chezy’s form- 
ula would be constant lor any particular channel, varying only with the 
roughness of its lining. Experiments show that this is not the case, and 
that C varies with R also. It is probable that C varies with the shape of 
the cross-section, but just how is not known. 


143. Determination of C by Ganguillet and Kutter 
In 1869 Ganguillet and Kutter. Swiss engineers, made a comprehen- 
sive study of all available open-channel experiments and from them de- 
duced a formula for C. The experiments from which they drew their con- 
clusions ranged from observations on small, artificial channels up to 
measurements made on the Misssisippi River. Their formula is 


.. ,, . 0.00281 1.8 1 

41.65 + — — - + 

5 n 


( O.f 

(41.65 + — 


It will be noticed that they made C dependent upon the slope, S, as 
well as upon roughness and the hydraulic radius. Roughness is repre- 
sented by the factor n, and recommended values for various linings were 
given by the authors. Subsequent studies by other engineers have fur* 
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nished data for the more extensive list given in the accompanying table, 
which is based on values by Horton. 

Values or n in the Kutter and Manning Formulas 


(Based on Values by Robert E. Horton*) 


Nature of surface 

Range in n 

Common 

used 

Uncoated cast-iron 

0.012 -0.015 

0.014 

Coated cast-iron 

0.011 -0 013 

0 012 

Riveted steel 

0.013 -0.017 

0.015 

Vitrified sewer pipe .... 

0 010 -0 017 

0.013 

Brick in cement mortar ... 

0 012 -0.017 

0.015 

Neat cement 

0 010 -0.013 

0.011 

Cement mortar , 

0.011 -0.015 

0 013 

Concrete pipe 

0.012 -0.016 

0.013 

Concrete channels 

0.012 -0 018 

0.014 

Wood-stave pipe 

0.010 -0 013 

0.011 

Plank flumes 



Planed 

0 010 -0 014 

0.012 

Unplaned 

0 on -0 015 

0.013 

Cement-rubble masonry 

0 017 -0.030 


Dry rubble masonry 

0 025 -0.035 


Dressed ashlar masonry 

0 013 -0.017 


Semi-circular metal flumes 



Smooth 

0.011 -0 015 

0.013 

Corrugated 

0.0225-0.030 

0.028 

Canals and ditches 



Earth, straight and uniform 

0.017 -0 025 

0.0225 

Rock cuts, smooth and uniform 

0 025 -0 035 

0.033 

Rock cuts, jagged and irregular 

0 035 -0.045 


Dredged in earth 

0 025 -0.033 

0.0275 

Earth bottom, rubble sides 

0 028 -0.035 

0.032 

Natural streams 



(1) Clean, st<;aight, uniform 

0.025 -0.033 


(2) Same as (1) but some weeds and stones . 

0 030 -0.040 


(3) Winding wdth pools and shoals 

0.033 -0.045 


(4) Same as (3), some weeds and stones 

0.035 -0.050 


(5) Sluggish river reaches, rather weedy 

0.050 -0.080 


(6) Sluggish river reaches, very weedy 

0.075 -0.150 


* Robert £. Horton, Engineering News^ Febv 24 and May 4, 1916. 
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A study of Ganguillet and Kutter’s original report indicates that the 
inclusion of 5 in their formula was the result of their efforts to make it 
agree with the measurements on the Misrissippi River. Subsequent in- 
vestigations have shown that the accuracy of these measurements is in 
doubt, and it is probable that without ^em the inclusion of 5 would 
not have been made. However, the effect of 5 on C as given by the for- 
mula is very small, except for small values of 5. This may be seen from 
an inspection of the table on page 272 which shows the value of Kut- 
ter’s C under different combinations of R, S and n. Between slopes of 0.01 
and 0.001 the variation in C is quite small, and for slopes steeper than 
0.001 the value of C, computed for S =* 0.001, may be used^without in- 
curring errors larger than are inherent to the formula. For 5 * 0.001 the 
value of C becomes 


44.4 -f 


1.811 

n 


1 + 44.4 


VR 


Kutter’s formula has been, and is, widely used in this country and 
abroad. The Manning formula (Art. 145) has of late been preferred by 
many engineers because of its simplicity and because it gives results 
agreeing fairly well with those of the Kutter formula. The United States 
Bureau of Agricultural Engineering and Reclamation, at present writing, 
still prefers the Kutter formula, as do various agencies building and 
operating canals in India, Italy, South America, South Africa and Swit- 
zerland.* 


144. Determination of C by Bazin 
In 1897, H. Bazin (Annales des Fonts ot Chaussees. 1897) made a most 
elaborate and careful discussion of his own, and all other reliable experi- 
ments, and proposed a formula for C which may, for English units oi 
measure, be written as follows; 


C 


157.6 


1 -I- 


m 

VR 


(153) 


The quantity R is the hydraulic radius and m is a coefficient of roughness 
like rile n in Kutter’s formula. Values for tR appear on page 273. 

* Fred C. Scobqr, Flaw af WaUr in Imgqtian and Similaf Canals, Tech. BuU. No. 652 
U. S. Dept td Agriodtuie, Feb., 1939. 
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Channel Lining 

m 

For very smooth cement surfaces or planed boards 0. lOQ 

For unplaned boards, well laid brick, or concrete 0. 290 

For ashlar, good rubble masonry, or poor brickwork 0. 833 

For earth beds in perfect condition 1 . 54 

For earth beds in hfr or ordinary conditbn 2.3S 

For earth beds in bad condition, being covered with sticks, stones, weeds, 
and other detritus 3.17 


Values of C computed from (153) for various values of R and m are given 
in the following table: , 


Coefficient, C, by the Bazin Formula 


Hydraulic 

Coefficient of roughness m 

radius R in 







feet 

tn » .109 

m - .29 

m « .833 

m « 1.54 

m « 2.35 

m - 3.17 

0.2 

126 

96 

55 

36 

25 

19 

.3 

132 

103 

63 

41 


23 

.4 

134 

108 

68 

46 

33 

26 

.5 

136 

112 

71 

50 

36 

29 

.75 

140 

118 

80 

57 

42 

34 

1.0 

142 

122 

86 

62 

47 

38 

1.25 

143 

125 

90 

66 

51 

41 

1.50 

145 

127 

94 

70 

54 

44 

2.0 

146 

131 

99 

76 

59 

49 

2.5 

147 

133 

104 

80 

63 

53 

3.0 

148 

135 

106 

83 

67 

57 

5.0 

150 

140 

115 

93 

77 

65 

7.0 

152 

142 

120 

100 

83 

72 

10.0 

152 

144 

125 

106 

91 

79 

12.0 

- 153 

145 

127 

109 

94 

82 

16.0 

153 

147 

1.30 

114 

99 

88 

20.0 

154 

148 

133 

117 

103 

92 


It w31 be noted that Bazin’s formula makes C independent of the slope, 
its author believing that the latter had little influence on the coeflicient. 
(The formula is much ^pler than.Kutter’s and has been extensively 
used m France. In general it will be found to give smaller results than 
Kutter’s formula, and its use dtould be restricted to small artificial chan* 
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Dels since it was derived from experimental data lai:gely obtained from 
such channels. 


145. Determination of C by Manning 
In 1890 Manning, an Irish engineer, suggested the following formula 
for open channels; 


V 


n 


( 154 ) 


This may be written 

» = (155) 

ft 


which is the Chezy formula with 

„ 1.486jR* 

C/ ““ 

n 


The quantity « is a coefficient of roughness and identical in value witli 
the n of Kuttcr. It will be noted that this expression for C is even more 
simple than Bazin’s and, like the latter, makes C independent of 5. 

The accompanying table shows values of C for various values of n 
and R. It should be studied with reference to the one prepared from Kut- 
ler’s formula and the degree of agreement noted. 


COEPriaENT, C, BY THE MANNING FORMULA 


Hydraulic radius in feet 


n 

0.1 

■ 

0.4 

0.6 

0.8 

1.0 

1.5 

2 

3 

4 

6 

8 

10 

12 

14 

16 

18 

20 

.010 

HIM 

114 

127 

137 

143 

149 

159 

167 

179 

187 

iHgM 

210 

218 

225 

231 

236 

240 

244 

.011 

92 

103 

116 

124 

mm 

135 

145 

152 

162 

170 

182 

191 

198 


mm 

214 

218 

222 

.012 

84 

95 

m 

114 

119 

124 

133 

139 

149 

156 

16/ 

173 

182 

188 

19z 

197 


204 

.013 

78 

87 

98 

105 

no 

114 

122 

128 

137 

144 

154 

162 

168 

173 

177 

181 

185 

188 

.014 

72 

81 

91 

97 

mm 

106 

114 

119 

127 

134 

143 

150 

156 

161 

165 

168 

171 

173 

.015 

68 

76 

85 

91 

95 

99 

106 

111 

119 

125 

134 

mm 

145 

150 

154 

157 

160 

163 

.016 

63 

71 

m 

85 

90 

93 

99 

104 

111 

117 

125 

131 

136 

141 

144 

147 

mm 

153 

.017 

60 

67 

75 

80 

84 

87 

94 

98 

105 


118 

124 

128 

132 

136 

139 

142 

144 

.018 

56 

63 

71 

76 

80 

83 

88 

93 

99 

104 

111 

117 

121 

125 

128 

131 

134 

136 

.020 

51 

57 

64 

68 

72 

74 

m 

84 

89 

94 

MM 

105 

109 

113 

115 

118 

120 

122 

EjS 

46 

52 

58 

62 

65 

68 

72 

76 

81 

85 

91 

96 

99 

102 

mm 

107 

109 

111 


42 

47 

53 

57 


62 

66 


74 

78 

84 

88 

91 

94 

96 


mM 

102 

.026 

39 

44 

49 

52 

55 

57 

61 

64 

69 

72 

77 

81 

1 ^ 

87 

89 

91 

92 

[ 94 

.028 

36 

41 

46 

49 

51 

53 

57 

60 

64 

67 

72 

75 

78 

80 

« 

14 

86 

■a 

.030 

34 

38 

42 

46 

48 

50 

53 

56 


62 

67 

70 

73 

75 

77 


IS 

E] 

.035 

29 

32 

36 

39 

41 

42 

45 

48 

51 

53 

57 

60 

62 

i ^ 

66 

* 67 

m 

m 

.040 

1 2S 


32 

34 

36 

37 


42 

45 

47 

■ 

53 

55 

56 

s» 

59 

“ 

“ 
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146 . Gompatuon of the Kutter and Manning Formulaa 

The constants of both formulas were originally expressed in metric 
units. If the value of 2? in each formula be assumed at 3.28 feet (1 meter), 
it will be found that 

n 

or the two formulas give identical results for this value of /?. The al>ove 
equation does not contain 5, hence we may reason that the Kutter lor^ 



High Level Canal on the Platte River, Colo. 


mula will give results unaffected by values of 5, so long as J? = 3.28 feet. 
This is a weakness of the formula, as it would be absurd to argue 
that dope dMi affect the value of C in every channel save one having a 
hydraulic radius of 3.28 feet. The formula. is entirely empirical, however, 
and such an absurdity is not surprising. Empirical formulas, lacking as 
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th^ do a rational basis, frequently are not susceptiUe to rational 
interpretation. This does not imply that they are necessarily untrust- 
worthy. 

As to agreement between the Manning and Kutt» formulas for values 
of R other than 3.28 feet, it may be stated that 

For R < 3.28 feet, Kutter’s gives generally higher values of C than docs 
Manning’s. 

For R > 3.28 feet, Kutter’s results are sometimes huger, acKnetimes 
smaller than Manning’s. 

In general, results by both formulas will be found to agree remarkably 
well except in cases of flat riopes having values less than 0.0004. 

An advantage found in the use of Manning’s formula is that a very 
simple relation exists between any given value of n and <forreqx>nding 
values of v or 5. An inq>ection of the formula shows that v varies in- 
versely as n, and 5 varies as n‘, for all values of E. If we double n, other 
things remaining constant, the value of v will be halved; if we wish to 
maintain v constant with the new n, S must be made foiir times greater 
than its first value. The importance of these facts may be recognized by 
considering the problems which ccmtinually confront the designing orgi- 
neer. His greatest difficulty lies in properly estimating the value of the 
roughness coefficient, n, and it becomes of prime importance that he know 
what error in computed values of t> or 5 results from an error in the 
selection of ». From the relations stated above, this question can be at 
once answered. If a certain error be made in selecting n, then a computed 
value of V (or Q) will contain the same percentage error but in the oppo- 
site direction. Likewise a value of 5 computed to give a certain velocity 
will contain double the same percentage error. 

Schoder has pointed out t^t the same relations hold approximately 
for the Kutter formula. “Other things being equal, the slqie 5 varies as 

(almost exactly for all values of R greater than 1 foot) ; the vdocity v 
varies inversdy as n, exactly fur R » about 2 feet, and iqiproximately for 
other values.” 

No such simple relation exists between n and its depcandents, v and s, 
in Bazin’s formula. 


147. The Kutter and Bazin Formulas 
It is not generally understood that in some reflects the Bazin for- 
mula dosdy resmbles Kutter’s. If a moderate slope having a v^e of 

0 00281 

0.00281 be chosen, the fraction, ' ^ , in Kutter’s formula may be re 
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jdaced by unity. If a medium value of 0.0157 be used for «, the fraction 
1.811 

— becomes IIS. For these values Kutter’s formula reduces to 
H 

C >58 

^ VR 

which is identical with the Bazin formula if Bazin’s m be replaced by 
42.6n. The chief difference in the two formulas lies in the fact that m 
does not always equal 42. 6», but varies from 11 to 90». Schodcr first 
called attention to this fact in The Engineering News for August, 1912. 

Example. — Compute the rate of flow in a circular, brick-lined con- 
duit, 5 feet in diameter, having a slope of 1 in 1000. Conduit flows half 
full. „ 

R - - = 1.25 ft. S = 0.001 


By Kutter, 


By Bazin, 


0.012 and C = 131 


By Manning, 


fl 25 

V = 131 \/ 7 ^ = 4.65 ft. per sec. 
VlOOO * 

Q = 9.82 X 4.65 = 45.6 cu. ft. per sec. 
n = 0.012 and C = 129 


V = 129 


9.82 X 4.57 
> 0.29 and C 


4.57 ft. per sec. 

44.9 cu. ft. per sec. 
125, 

4.43 ft. per sec. 


Q » 9.82 X 4.43 = 43.5 cu. ft. per sec. 

148. Most Advantageous Cross-Section 
If an open channel has its dope, 5, and cross-sectional area, A, fixed, 
it is evident that the maximum velocity (hence maximum discharge) will 
occur when the area is so shaped and proportioned that the wetted perim- 
eter indll be as small as possible (frictional resistance being reduced to a 

Aren • 

minimum). Since R =■ — , the same result is achieved by 

Wetted Penmeter 

making K a maximum. If the Chezy formula be solved for S, we have 


5 
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iuid it is apfMirent that a given velocity (hence discharge) may be main^ 
tained at a minimam slope by making R a m am m u m . Evidently tbe 
most advantageous channel results from making R a maximum, and were 
nothing else to be considered all channels might be designed on this basis. 
Practical considerations, however, often make it inadvisable to follow 
this as a rule; but as a fact it should always be kept in mind and used as 
a guide. It becomes important, therefore, to determine what shapes and 
proportions result in maximum values of R. 

Since of all figures having equal areas the circle has the least perimeter, 
it follows that an open channel will have the smallest possible wetted 


!- arf ! 



a b e 

Fig. 142 


perimeter (hence maximum R) if the given area be inclosed by a semi* 
circle (Fig. i42rt). Such sections arc common in small sizes but necessi- 
tate the use of a lining. More often a channel is built with a rectangular 
or trapezoidal section. Since of all rectangles having the same area the 
square has the least perimeter, it follows that a channel of rectangular 
section should have the shape and proportions of a half-square in order 
to have a maximum value for its hydraulic radius (Fig. 142c). Similarly, 
if the channel section is to be trapezoidal (Fig. 142&), the minimum perim- 
eter will be obtained if the section has the proportions of a half hexagon. 
Furthermore it should be noted that if the three channels illustrated all 
have the same area, the hydraulic radius decreases in value as we pass 
from the semi-circle to the trapezoid and from the trapezoid to the rec- 
tangle. The trapezoidal section shown has a larger R than that of the 
rectangle because its perimeter approaches more nearly the shape of a 

d 

semi-circle. For all three sections the value of R will be found to be - or 
half the depth. 

In unlined channels it is necessary to use the trapezoidal section if the 
earth banks are to maintain their form. Generally, the rides are sloped at 
equal angles, but it often happens that one ride is made vertical, and 
lined, while the other is slooed. As a general case, therefore, it will be 
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assumed that both sides are sloped but at different angles, a and /S (Fig. 
143). The latter may have any values. In this case we may proceed as 
follows to determine the proportions which, for a given area, A, make R 
a maxinuun. 


Fig. 143 

From the figure, 

X 

3 = cot a = a 
a 

^ - cot jS = c 

I a 

d 

= sin a = e 
m 

- *= sin p « / 
n 

are all constants, so that 

^ d d 

X - da, y = dc, m = - and « = -• 

^ / 

For the area, we have 

A = W + y + y = id-h y (a -f c), 

and >2 

A-^(a + c) 
t 

, d d ^ ~ y 

Wetted Perimeter = >M-f-« + ft = - + 7 H j 

e J d 
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Hydraulic Radius, R, 


Ad 




, in which 


d is the only independent variable. If the first derivative of R with respect 
to if be obtained and placed equal to zero, the solution of the resulting 
equation will give that value of d which will make R a maximum. 


dR ^ 


1 a + cV 
■/ 2 J\ 

- Ad 


dd 

A + d* (i -f 

1 a + cV 

/ 2 Jl 

2 


or 




Substituting for A its value as given on the prex ious page, 
h b 


11/ 

*" + : — (u + i:) 

^ I 


CSC a 4* CSC (cot a + cot jS) 


The corresponding value of R is 


If a =» jS = 90®, 


d = 


d 

2 * 

b 

2 ' 


(156) 


(157) 


which proves the statement made earlier regarding the proportions of the 
most advantageous rectangular section. 

Summarizing the foregoing proofs and statements, we may say that in 
semi-circular channels, and all trapezoidal channels having the best pro- 
portions, the hydraulic radius will equal the half-depth. 

Example 1. — Determine the best proportions for a trapezoidal chan- 
nel having an area of 100 square feet and sides sloping at 45 degi^es. 
Solution. 


A 

b 


bd + d^ ^ 
100 - d* 


100 


p „ . 

b + 2dy/2 
lOCJ 

^ too - - 2y/2V 
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Also R z, and solving for d 

d • 7.4 ft. 
h = 6.1 ft. 

R - 3.7 ft. 

This solution d^ends only upon a knowledge that R must equal ^ and is 

therefore recommended to the student. Equation (156) may be used in 
combination with an equation for the area as follows: 

From (156) 

i.-i- 

0.828 

^ « 100 = W + d* 

>r 

100 = 0.828d* -I- 
d = 7.4 ft. 

Example 2. — A trapezoidal section has one side vertical and the other 
sloping at 30 degrees from the horizontal. Determine the best proportions 
for an area of 300 square feet. 

Solution. Using equation (156), 

^ * 3 - 

^ = 300 = W -f 
or 

, \/3d® 

300 » 1.27d* -f 

d - 11.8 ft. 

b = 15.0 ft. 

R = 5.9 ft. 

Example 3.— A triangular channel with equally sloping sides is to 
have an area of A square feet. Determine the vertex angle. 

Sciution. Denoting the surface width by w, the depth at the center by 
d, and the vertex angle by 2a, 

tan Of • ^ a variaUe, 
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and 


from which 


or 


W 2dx. 



A 

^ 4 

^ „ 0 
d* ** 4x*(l + X®)* “ 


X ~ 1. 


a = 45®. 

The vertex angle is therefore 90® and the center depth is one-half the 
surface width. 

This result might have been arrived at by noting that an isosceles 
triangle is one-half a rhombus, and that of all rhombuses having equal 
area, the one having angles of 90® will have the least perimeter. It follows 
that a half square (divided on a diagonal) will produce a triangular chan- 
' nel having the best proportions. 

149. Irregular Sections 

Figure 144 represents a possible section which is quite irregular in that 
the depth suddenly changes by a considerable amount. Assuming 5 «« 






M 


« — 
1 

1 

I 

L 

T 


^ - N. 




^ 60 ■> 


Fig. 144 


0.0001 and that the lining indicates n == o.02, let us compute the rate of 
discharge without reference to the irregularity. 

From the dimensions given, the total area is found to equal 700 square 
feet and the perimeter 124 feet. 

^ - 700 -H24 * 5.65 ft 
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By Mani^t 


|5.6S 
' ^ » lOOOO 


> 1650 cfs. 


We shall now divide the area into ^^ach^s^tion. For 

line and compute the approxunate discharge througn 

the left portion, 

^ a 600 sq. ft. 

Perimeter - 74 ft. (including length of dotted line) 


U a 600 -i- 74 « 8.11 ft. 


Q = 600 X 104 


1780 cfs. 


For the right portion, 


100 sq. ft. 


Perimeter * 54 ft. 

R a 1.85 ft. 

Q = 100 X 83 • 


112 cfs. 


t i» i_ o aa iao2 cfs which is far in excess of 
Adding the par^l discharge, Q 
the amount as first computed. In fact it^shou 

charge through the ^ nd computation, resuWng m 

St th. the ^^ut it must he 

Urded’as only 

Such sections are not common jiUons by reason of the banks 

may, in time of ^^twAor wishes to discourage the practice of 
being overflowed. While *e ^ application of the Chezy or any 
ascertaining natural stream J doing, care must be 

taken to follow the above method it tne sec 
irregular with respect to depth. 

1 v\ Solution of Problems in Uniform Flow 

the Chezy formula, v « CV^. "* 
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value of 5 be the unknown, the use of the Kutter C requires a toitadve 
assumption of its value, since Kutter made C depend upon S. Tlus ten- 
tative value may be estimated by noting the range in C, for the given 
value of R, as shown in the table in Art. 144. An approximate vdue' for 
S being obtained, a closer value of C is possible and a final solution for 
5 may be made. 

When two of the four quantities, v, R, S and n, are unknown, it will be 
found that the most direct method of solution consists in tentativdy as- 



137-lnch Scmi'circular Wooden Flume on the Columbia River. 
(Courtesy of Continental Pipe Mfg. Co.) 


suming the value of one, and proceeding by a method of trial. One of the 
unknowns will be Ry and its value may be more easily estimated than 
that of the other unknown, since it increases approximately with the size 
of the channel. Values of R and the corresponding surface width of the 
channel are given below for a semi-circular section, the best rectangular 
section, and a trapezoidal section having best proportions and side slopes 
of 30° with the horizontal. 


Semi-circular and rectangular 


R 

1 

2 

3 


6 

' 1 

2 

3 

5 

w 


8 

12 

20 

24 

8 

16 

24 

40 


Trapezoidal 
a « 50 decrees 
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The table shows that in channels of moderate size, R will usually have 
values less than 5 or 6 feet. 

Example 1.*— Determine the minimum hydraulic slope, S, for a rec- 
tangular channel that is to carry 600 cfs. with a mean velocity of 3 feet 
per second. The lining is smooth concrete such that k in the Kutter and 
Manning categories of roughness may be assumed as 0.013. 

Solution. To make 5 a minimtun requires R to be a maximmn, 
d 

hence b ^ 2d and ^ • 

^ ^ = 200 = 2(/* 

d 10 and J? » 5 ft. 

From the table of Maiming coefficients, C >= 150. 

3 = 150V55 

S = 0.00008 or 0.08 ft. per 1000. 

Example 2. — A rectangular channel, 18 feet wide, is to carry 216 cfs. 
on a slope of 1 per 10,000. If the lining be such that n <= 0.015, determine 
the depth. 

Solution. Here R and v are unknown. Were the section to have best 
proportions, the depth would be 9 feet and R would be 4.5 feet. Since 
this is improbable, we may begin by assuming R =• 3 feet. Using Man- 
ning’s coefficient, C will be 119 and 

For i? = 3, 

3 = 18d -4- (18 -H 2d) 
d » 4.5 ft. 

.4 = 81 sq. ft. 

Q =* 81 X 2.1 * 170 cfs. (too small). 

If R be assumed 3.5 ft., 

C * 122 

V * 2.3 ft. per sec. 
d = 5.7 ft. 

A = 102.6 ft. 

, Q “ 236 cfs. (too latge). 



286 FLOW IN OPEN CHANNELS 

A depth of 5.4 ft. will now be assumed. 

A - 97.2 sq. ft. 

R - 97.2 28.8 - 3.37 ft 

C - 121 

Q - 97.2 X I 21 V 0 .OOO 337 - 215 cfs. 

The probable depth is therefore 5.4 ft. 

151. Other Formulas for OpeivChannel Flow 

Inasmuch as C in Chezy’s formula is found to vary with R and.5, it 
has been proposed that to R and S be given exponential values which, 
for a given channel lining, will be constant and at the same time make 
C a constant. If this be done, the equation for velocity may be written 

V * A/rs', 

and it is necessary to know only the values, K, a and d that are proper 
for each channel lining. Experiment, however, indicates that only aver^ 
age values for these quantities are possible, their values varying some- 
what even in channels having apparently the same roughness. The prob- 
able explanation for this lies in the fact that the geometrical shape of the 
cross-section may affect K, Two sections may have the same value of R 
and yet differ in shape. Channels constructed of the same material also 
differ in their degree of roughness. 

Scobey’s formula for Wood-stave pipe, 

V - 185/?® “5® ®". 

may be cited as an example of this type of exponential formula. 

A modification of the above-described method consists of giving to R 
and S exponents that represent average values for all channel linings, and 
assigning to K values dependent upon the nature of the lining. In spite 
of the empiricism involved, remarkably good results have been obtained 
in some rases. The Manning formula in its original form, 

p ^ li?5/jo.e7 50 .so 
n 

is of this type, 'llie Williams and Hazen formula for pipes, 

V - l.318Cit“ “5® *\ 

which is often used for open channels, is another exan^e. Values ^ C 
for thb formula were given in Art 129. 
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152. Entnnce Condittons 

At die entrance to a channel supplied with wato: from a pond or reser- 
vtrfr, a drop in the surface is necessary (Fig. 148) in ordw to produce the 
vdodty which is to be nuuntained in the channel. The amount of the 


drop equals — and mariu a conversion of potential into kinetic energy. 

As in the case of a pipe, a certain amount of head will be lost at the en- 
trance, the amount varying with the type of construction followed. If a 
properly deigned transition-section be used, the loss need not exceed 
five per cent of the velocity head in the channel. With poorly designed 
tranntions, this may be increa^ to as much as twenty-five per cent. 

The distance from the surface of the pond to tl^e bed of the channel 
may be determined by adding to the required water depth in the channel 
the surface drop and the head lost in the transition. 


153. Laminar Flow in Open Channels 

If the dimenaons of the cross-section and the mean velocity of flow be 
sufiliciently small, laminar flow may be produced in an open channel. In 
{upes the flow is laminar whenever the mean velocity' is less than that 
corresponding to a Reynolds number of 2000 (Art. 110). For a 12-inch 
pipe canying water at 50° F., the velocity would have to be less than 
0.03 feet per second, and would need to be decreased in value directly 
with an increase in diameter. For large pipes, laminar flow could be ob- 
tained only at very minute velocities. No criterion exists for determining 
the state of motion in an open channel, but we may conclude that the 
magnitude of the linear dimensions of its cross-section will preclude, ordi- 
narily, the existence of laminar flow. We need not be concerned, therefore, 
with a critical vdocity at which a change in the type of motion occurs, 
except in the case of small models. 

154. Distribution in Velocity at a CrosS'Section 

In a straight channd the vdocity at any cross-section is generally a 
maximum in that portion most remote from the channd walls. For arti- 
ficial ebannds having symmetrical sections, this point will be about equi- 
distant from the sides, and generally somewhat below the surface. As the 
sides and bottom are approached, a gradual lessening of velodty occurs, 
the minimuTn bdng reached at the ddes and bottom. 

In cross-sections that axt irregular with respect to depth, the thread 
of mariiTimw vd(^ty is generally found in the vertical which marks the 
greatest depth. In any duumd, the presence of obstructions or bends 
hugi^ affects the distribution of vdocity. 
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Figure 145 shows the general relation which exists between the vdod* 
ties as measured past a vertical at any point in the cross-section a 
stream, and the curve ab is called a vertical vdocUy curve. Its fonn in the 
figure indicates a smoothness and regularity that are not always found 
when a curve is drawn to connect the points plotted from observed ve- 
locities, but it is typical. From many observations it has been diown that 
the curve is well represented by a parabola having its axis horizontal and 
somewhat below the surface. 

The location of the thread of maximum velocity in any vertical has 

been found to vary considerably, 
sometimes being close to or at the 
surface, but more generally found 
below the surface at a distance equal 
to two- or three-tenths the depth. 

Assuming the vertical velocity 
curve to be a parabola with hori- 
zontal axis, the position of the mean 
velocity in the vertical will be found 
to vary from 0.58Z) when the maxi- 
mum is at the surface, to 0.65Z7 when 
the maximum is 0.3Z) below the sur- 
face. This may be shown true by an 
analysis based on the mathematical 
properties of the parabola and, inasmuch as the maximum is ordinarily 
found between the surface and the 0.3 depth point, it may be assumed 
that the velocity found at 0.6 depth in any vertical, fairly represents the 
mean velocity in that vertical. 

Again, assuming the velocity curve to'be a parabola with axis horizon- 
tal, it may be demonstrated that, irrespective of the location of the axis 
(maximum velocity), the mean velocity in a vertical is closely represented 
by the arithmetical mean of the velocities found at 0.2 and 0.8 depth. 



Fio. 145 


That is 

Mean velocity 


vel. at 0.2 depth -I- vel. at 0.8 depth 

■ ■ ' — i^ - — ■ I ■■■ M ■ • 

2 


These facts, or relations, are utilized in determining wdl-established 
methods for measuring the discharge of streams by current meters, as 
explained in a later article. 

155. Variation in Pressure with Depth ’ 

If a section normal to the flow be taken across an <^)en channd, the 
pressure at any point in the section is assumed to vary directly srith the 
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d^th above the pcnnt. That this is not strictly so may be seen from an 
analysis of the conditions ^own in Fig. 146. The vertical d<^th being d, 
an dementaty prism, of sectional area dA, will be assumed lying in the 
normal plane, nm. There being no accderation of the prism in the direc- 
tion of its length, the bed pressure, p dA, may be equated to (f/4 cos a. 




the component of the prism’s weight that is parallel to mn. It follows that 


‘ wy cos a, 

and expressing y as d cos a, ^ ^ 


It is seen that the bed pressure is neither proportional to y nor d, but 
to dcos*a. If the bed slope be 1 in 10, cos*a has the value 0.99. If the 
slope be 1 in 100, its value is 0.9999. Slopes as steep as 1 in 10 are seldom 
found, arid most slopes are much less than 1 in 100. Therefore no appre- 
ciable error results from assuming the pressure to vary directly with the 
vertical depth, and in subsequent analyses this assumption will be made. 


156. Specific Energy 

The term specific energy is applied to the amount of energy, per pound 


of water, present at any vertical 
cross-section, the potential energy 
being computed with reference to a 
datum passing through the bottom 
of the section. Thus in Fig. 147, the 
q>ecific energy at any point n is 



I* 


Fic. 147 


If to — be given a numerical value equal to its average value in the sec- 
tion, (158) represents the specific oieigy at the section. For uniform fiow 
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it is constant frCm section to section. If the energy at two successive sec* 
tions be compared, usii^ a common datum, it differs Iqr the amount at 
in the channel bed, whidi represents the head, or energy per pound, lost 
between the two sections. The dotted line in the figure, drawn at a hdght 

above the surface is the energy gradient. Its height above the bed 
Ineasures R, and its drop between sections represents tile energy lost. 

157. NoivUniform or Varied Flow in Artificial Channels 

We have seen that in order to have uniform flow, a constant area and 
form of section must be maintained, and the merm velocity at all sec- 
tions must have the same value. The water depth must also be constant. 



Now it may happen that, owing to the presence of peculiar conditions, 
all these characteristics of uniform flow will be found absent. The flow 
will be steady, giving for all sections the relation, 

Q *= aiVi * 0202 , etc., 

but the form and area of the sections will constantly change and the 
mean velocity will vary from section to section. 

To illustrate, let Fig. 148 represent a channel constructed to connect 
two large ponds whose surfaces stand at different levels. The bed of the 
channel is horizontal and we shall assume the pond levels to remain con- 
stant. Flow will take place in some such manner as indicated, the depth 
at AB being in excess of that at CD. The cross-section and the velocity 
of the stream are, therefore, constantly changing between these points. 
'Ihe flow is steady but non-uniform, and it cannot be made uniform until, 
by adjusting the slope to the flow, the bed of the stream and the wattt 
surface are parallel. In the figure given, the bed was shown hcnizoatal, 
but it might have an upward slope from B to D, and the flow be main- 
tained by the hydraulic slope of the surface. Similarly the bed slc^ 
might have been at a less or greater inclination than the slqm of the 
surface. Sudi conditions render it very diflicult to formulate the rdatioa 
odsting among the various dements of flow, because the mean velocity, 
area of sectitm and the hydraulic rarUus ate conatantfy efaan^g. 
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One treatmoit of the problem is as follows. Figure 149 shows a portion 
of a channel in which the flow takes place with decreas^g depth. Between 
the sections shown, the velocity is increasing and the rate of losing energy 
is therefore not constant. Under these conditions, the energy gradient 



cannot be straight, and it can be shown that the water surface is not a 
plane. From the geometry of the figure. 


I' + rf.+W-l- 


+ ^2 + 


wherein So is the slope of the bed and 5^ re[>reserits the average rate at 
which energy is being lost between the sections. Solving for I, 

2 


I 


-- + £/, - dg 

2g 2g 

Sjs — So 


(159) 


Up to this point the steps taken have been rational. It remains to deter- 
mine the value of Se and some, assumption is required. We shall return 
momentarily to the case of uniform flow where the slope of the energy 
gradient, 5, has the value, 

«? = j:!- 

C®i? 


The assumption will be made that in varied flow (Fig. 149) the in- 
stantaneous rate at which energy is being lost at the first section is the 
same as if the given quantity, Q, were flowing at the depth, di, and the 
Jtow were uniform. The rate would then be expressed as 

~ C,*«i 




Similarly at section 2, 
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and the final assunq>tion is that the average rate of losing energy is the 
mean of these values, or 


c ^ (JL- a. J!iJ\ 


This value, substituted in (159), gives 


I = 


2g 


— + di — ^2 


2g 


i{ . fa" \ _ . 

2 WRi C2*-R2/ " 


(160) 


The equation was derived for flow with decreasing depth, but is ap- 
plicable to flow with increasing depth if the sections 1 and 2 be numbered 
in the direction of flow. In its present form the equation is particularly 
useful in computing the distance, /, between two sections where the differ- 
ence in depth is di — ^ 2 . 

Example 1. — In a rectangular channel 42 feet wide, having a bed slope 
of 0.0007, water flows at a uniform depth of 3.5 feet. The value of n is 
0.02. Assuming that the partial closure of a gate, near the exit end of the 
channel, raises the level at that point by 1.5 feet, how far upstream will 
it be to where the depth is 4.5 feet? 

With flow uniform, 

A ■= 42 X 3.5 = 147 sq. ft., J? = = 3.0 ft., C » 89. 

() = 147 X 89\/0^'2l = 600 cfs. 

With the flow non-uniform. 


di = 4.5 ft. 

A, = 42 X 4.5 = 189 sq. ft. 
» 3.71 ft. 


C, . X (3.71)' = 92.4 
These values substituted in (160) give 


d2 “ 5.0 ft. 

Aa = 210 sq. ft. 
Rz = 4.04 ft. 

C 2 = 93.7 


/ = 1110 ft. 


If the distance from this section, where the depth is 4.5 feet, to a sec- 
tion still farther upstream, where the depth is 4.0 feet, be required, a 
similar computation gives I as 1475 feet. This simple problem serves tu 
^ow that the backwater, caused by a damming up of a channel, changes 
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unifoim flow to varied flow and that the extent of the badiwater may 
be obtained by successivdy assuming a depth and computing the distance 
to that point. The curve of the water surface is referred to as the back- 
VHiier curve. 

If the dimensions at two sections of a given channel are known, and it 
is required to determine the rate of flow, and may be expressed as 

and ~ , and equation (160) solved for Q. A simpler equation, how- 

Ai Ai 

ever, may be obtained as follows. 

If, instead of assuming that Sk is the mean of the instantaneous rates 
of losing energy at sections 1 and 2, we assume that 


it follows that 
and 



®m ~ Cnt^ Rm Sb, 


Q — Ant Ctn^ Rm Sg • 


fl6l) 


The subscript, m, indicates that the values are mean or average values, 
which may be computed from 

^ A1 + A2 „ Ai -\r A2 ^ P\ + Pi 

Am - ^ Km - 2 ' ~ 2 

Cm = ^ Rm^ (Manning’s value). 

ft 


Equation (161) is in the form of the Chezy fonnula, and Sb is the slope 
of the energy gradient. 

Example 2. — A rectangular canal, 20 feet wide, having a bed slope of 
2.05 jn 4000, has an n value of 0.010. The depths at two sections, 4000 



feet apart, are 8 and .-{i feet, the dqrth increasing with the flow. The rate 
of flow is desired. 

Figure 15b shows the conditions. The slope of the etjergy gradient is 
unknown and must be tentativdy assumed. From the figure, the surface 
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slope is found to be 0.05 in 4000, or 0.0000125. Since the vdodty de- 
creases between sections, the energy gradient appaosches the surface and 
therefore has the greater slope. The value of Sg a^l therefore be assumed 
os 0.000025. 

Ai 160 sq. ft. A-i = 200 sq. ft. A„ * 180 sq. ft 

pi « 36 ft. p2 = 40 ft. E„= -3^ - 4.75 ft 

C.n = X (4.75r = 192 

Q = 180 X 192^4.75 X 0.000025 = 377 cfs. 

For this flow, 

Vi = 377 160 = 2.36 ft. per sec. 

.. 2 

V- - 0.086 ft. 

2g 

* 1'2 = 377 200 = 1.89 ft. per sec. 

2 

= 0.054 ft. 

These velocity heads ai)plied to Fig. 150, show' that for this rate of 
flow the energy gradient drops 0,082 foot. The assumed drop was 4000 X 
0.000025, or 0.10 foot, and as a second trial value it will be well to assume 
a drop somewhat less than 0.082 foot— say, 0.07 foot. The discharge then 
becomes, 

(? = 180 X 192 ■y/4.75 X ^ = 320 cfs. 

4UUU 

For this flow, 

V| = 2 ft. per sec. — - 0.062 ft. 

U 

{lo® 

»2 = 1.6 ft. per sec r" = 0-04 ft. 

These values, applied to the figure, show the gradient to drop 0.07 foot 
which was the value assumed, 'i'he rate of flow may be stated to be ap- 
proximately 320 cfs. 

Had the flow taken place with dccrcartag ' depth, the first tentative 
value of Sg would have been assumed less than the surface slope. With a 
little practice one can become quite skillful in making close api»oxima 
tions to the value of S^. 
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158 . Vastation in Specific Energy Mrith Depth 

If a givep rate of flew be maintained in a dumnel, it is pos^Ne by 
chaining the cfaannd slope to vary the dq>th at will. The specific energy 
win be <fifferent for each dq)th. 

For mathematical simplicity, a channel having -a rectangular section 
Q constant 
I 


V* ^// 

1 ^ d 

I ^ /F WXUL slopes 

j 7 ^ — r 

! ' V Rapid flow 

j / 4 steep slopes 

Specific enerpy 
Fic. 151 

will be considered. The value of the si)ec ific energy was shown in Art. 156 
to be 

V being the mean velocity at the section. If Q represents the rate of flow 
per foot oj channel width, 

-I 




Assuming different numerical values of d for a constant value of Q, corre- 
sponding values of £, may be computed and plotted against d as shown 
in Fig. 151. 

The resulting curve is asymptotic to the line representing the energy 
due to dq>th, also to the horizontal line of no depth. Several important 
facts become evident, (a) Starting with a large depth and small velocity, 
the specific energy decreases rapidly with depth, reaching a minimum 
value at a depth, de, known as the critical depth. Further decrease in 
depth results in an increase in specific energy. Tlie term critical dq)th is 
sapiificant only in that it mar^ the dq>th where this reversal in the 
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value of E, takes place, (b) For a given value of E„ there are two depths 
at which the flow nuiy take place. These are known as cotyugoit dq>th8. 
Arbitrarily, the flow at dtptte greater than the critical is said to be Wath 
quil, and at depths less than the critical, rapid, (c) The slope producing 
the critical depth is called the critical slope. Tranquil flow requires a slope 
less than the critical, and rapid flow requires a slope greater than the 
critical. The velocity accompanying the critical depth is known as the 
critical velocity. 

That two depths are possible for a given value of E, may be shown 
also from equation (162). This may be written as 

d® - ^ « 0, 

which equation will have three roots, two of which will be positive, and 
one negative. The positive roots are the two conjugate depths. 

Certain facts connected with the critical depth should be noted. From 

equation (162), 

Q = VlgiE^ - d®). (163) 

dO 

If be computed and placed equal to zero, the value of d making Q a 
dd 

maximum will result. 

^ ^ (£.d® - d®)-i {2E4 - 3d®) - 0 

2E4 - 3d* - 0 

d - i£.. 

Conversely, this value of d makes E, a minimum tor a given Q; hence 

d. - §£.. (164) 

The substitution of fd. fur £, in equation (163) yields 

Qc “ Vgd?. (16S) 

If f £. be substituted for d in (163), 

Qc - 3.09£.t (166) 

Finally, since-Q. • Vcdc, 

v.d« ™ ^jd*®, 

Vc ■> “^gdc. (167) 


and 
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This equation may be used to determine flow conditions in a given 
channd. 

(a) If the vdocity equals Vgd, the ^ow is at the critical depth, 

(J) If the velocity be kss than •>/ gd, the flow is tranquil and at the 
upper stage. 

(c) If the velocity be greats than V gd, the flow is rapid and at the 
lower stage. 

Example . — Q will be assumed as 50 cubic feet per second per foot of 
width, flowing at a depth of 9.58 feet: 

If the flow be at the critical depth, v must equal V 32.2 X 9.58, or 17.6 

feet per second. Actually v is , or 5.2 feet per second. Hence the flow 

y.Do 

is at the upper stage. The value of £, is 
2500 

■ (9l8)H« + '*• >*' 

For this value of E, and () = 50 cfs., equation (162) gives d as either 9.58 
or 2.24 feet. The latter value is the lower conjugate stage at which v has 

the value or 22.4 feet per second. If n be 0.010, the slope required at 

the upper stage will be found to be 0.000077 if .the channel be 100 feet 
wide. To maintain flow at the lower stage, the slope must be 0.00833. If 
the slope be made correct for maintaining 50 cubic feet per second at the 
critical depth, the value of E, becomes a minimum and may be found 
from equation (166). 

50 = 3.09 

E, * 6.41 ft. lb, per lb. 

The critical depth is f(6.41), or 4.27 feet, and Ve equals V32.2 X 4.27, 
or 11.7 feet per second. The slope required will be found to be 0.001. 

Tranquil flow is more common than rapid flow, the latter requiring 
steep slopes. Flow at the exact critical depth is rare, but flow at depths 
closely approximating the critical frequently occurs. 

The value of E„ as given by — + d, specihcally assumes the pressure 

distribution to be hydrostatic. If the flow lines be curvilinear at a sec- 
tion, cfuitrifugal action alters the pressure distribution and changes the 
value of Ef This fact is often overlooked by investigators. A notable ex- 
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UB^e (rf tbfs is shown in Fig. 152, where a suddoi change in the bed 
slope of a channel causes a decrease in depth. The dotted lines, drawn at 
a distance ie above the bed, show the depth if the flow were at the criti- 
qd stage (Q *» y/g^). The flow changes from the upper to the lower 
conjugate stage (friction loss in the transition neglected) and appears to 
pass through the critical depth, where the bed changes slope. Because 



the flow is^urvilinear at this point, the section cannot be said to be one 
of minimum specific energy. The depth is the same as de, but the flow 
rate is not equal to V gdj^. 

The reader might here review the discussion of the broad-crested weir 

(Art. 99) in which it was assumed that 
the flow over the crest took place at the 
critical depth. Unless the crest be quite 
wide, the curvilinear flow at the edges 
will extend in both directions and no 
section will exist where the pressure dis- 
tribution is hydrostatic. If the crest be 
made wide, the depth will gradually ‘ 
decrease and the point of critical depth 
will be in doubt. 

If an open channel abruptly ends in a free overfall (Fig. 133), the sur- 
face level will fall to the critical depth at some point, a, where the level 
is unaffected by the surface drop beyond. This p<ant will shift its location 
with varying rates of flow, but if it can be located, the discharge may be 
computed from ^ , 

Q * Vgdc*. 

The depth at a cannot fall below the critical, because ^ would necesK- 
tate an increase in specific energy (see Fig. 151) and no source of energy 
is available. 

Devices for metering the flow in a rectangular channel have beat pro- 
posed, and used, in which the flow passes through a section where the 
depffi is assumed to be the critical depth. In all these devices the as- 


a 
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sumed critical depth occurs at a point where the flow is curvilinear, and 
the flow cannot be determined from Q » Such devices must be 

previously calibrated if they are to be reliable. 

159. Critical Velocity in Channela of Any CrosS'Section 

It is often important to determine the stage at which the flow in a 
given channel is taking place. The criterion, as pointed out in Art. 158, 
is whether the mean velocity is greater or less than the critical velocity 
corresponding to the same rate of flow. An expression for Vc, regardless 
of the shape of the cross-section, will now be derived. 



In Fig. 154 let A represent the area of cross-section, B the surface 
width and y the maximum depth. If » be the mean velocity, ^ , the value 

A 

of the specific energy is 


E, 


U 


+ y. 


since at any point, », the energy per pound is 


Also, 

For a given Q, 



E. 


y + 


_2L 

A^g 



+ %{-2A-^) 



dE 

A being variable with y. This value of , put equal to zero, will give 

the value of A that makes E, a minimum. The value of Q is then Avt, 
dA 
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AhJ 


2g 


(-2i4-«)J - O, 


or 


Vc’^ yj. 


Area 


‘ Top Width 
2 A 


( 168 ) 


From this relation it is seen that — equals — , or the velocity head equals 

"o 

one-half the mean depth for flow at the critical stage. 

1 

If, in a given channel, — < - the mean depth, the flow is at the upper 

2g 2 

»» 1 

stage. If ~ > - the mean depth, flow is at the lower stage. 


160. The Hydraulic Jump 

It has been shown that the lower stage, with its high velocity, requires 
a steep slope for its maintenance. Should the slope become les$ than re- 
quired, the depth will increase and, if no energy loss accompanies the 
change in cross-section, it will attain that of the upper conjugate stage. 
Eiqwriments prove, however, that energy is lost in the transition, and 



energy. This transition is often seen taking place just below the spill- 
way of a dam (Fig. 155), from the toe of which the water flows in a shal- 
low stream of high velocity. The slope of the channel bdow the dam be 
ing insufficient to maintain this stage, the water suddody changes into 
a tumUing naas and rises to a higher level, forming a jump. The jus^ is 
always accompanied by a loss in energy, caused by the reduction in ve- 
locity while passing Uurou^ the jump. If the height of the jump be 
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small, the loss is not large and the jump takes place smoothly without 
. excesdve turbulence. The loss increases with the height of the jump. 

The relation between the depths before and after the jump may be de- 
rived, for a rectangular channel, with the aid of Fig. 155. 

Between the sections where the depths are di and dj, the velocity de- 
creases from Vi to p*. The mass flowing per second is ^ , where Q is the 

flow per foot of width. By the momentum principle (Art. 50), the force 
required to cause this change is 


Fx representing that component of the resultant force which is parallel 
to the motion. The separate forces acting on the body of water lying be- 
tween the two sections are the static end-pressures, Pi and P 2 , the pres- 
sure from the bed, B, and the pull of gravity. If the bed slopes, the gravity 
force will have a small component in the direction of motion. This com- 
ponent, as well as the X-component of the bed force, is very small com- 
pared with the end-pressures and will be neglected. In other words, we 
shall assume the bed as horizontal. P„ therefore, equals Pj — Pi. 

Per foot of channel width, 


Therefore 


P,-^. .nd 

~ (dj* - di“) - ^ (», - 1^). 


di 


3 


Bince V 2 Vi — , this may be written 
02 


- d. 


L Q.{„ — (<^a ~ di) 

** g V ^ dj ^ g d2 * 


or 


Substituting ^ for Vi, 

»i 


(h dj 

2 ^ gd2^ 


2 g 


( 169 ) 



de* ^ce Q 


vW)- 


This equation relates di and ^2 for any rate of flow, Q. 
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If be r^laced de and the equation solved for the value of it, it 
wQl be found to equ^ de also. This shows that no jump can take place 
If the depth, di, is the critical depth for the given Q, If di be less than 
de, the equation will give a value of di greater than de, showing that the 
jump always attains the level of an upper stage. A jump can only be 
formed in a stream flowing at the lower, rapid stage. 

If Fig. 156 represents the specific energy diagram for the given Q, and 
the point o be the value of E, at section 1, the point b, at depth d], nq}- 
resents the E, value after passing the jump. The stream fafled to reach 



the level of the upper conjugate stage denoted by the point b\ The loss 
in energy is the difference between the E, values at the points a and b. 

Example. — A stream carrying 30 cubic feet per second, per foot of 
width, with a velocity of 19.9 feet per second, is discharged from the toe 
of a dam into a channel whose bed has a negligible slope. What will be 
the height of the accompanying jump, and what amount of energy will 
be absorbed in the jump? 


By (169), 


di = 30 - 5 - 19.9 » 1.51 ft. 


1.5 Id, 
d. 


1.51 + d, 

— a 

2 

5.38 ft. 


900 

32.2 


t>a -■ 30 + 5.38 ■» 5.57 ft. per sec. 

The hdight of the jump is 5.38 — 1.51, or 3.87 feet. Before the jump 


E, 


19.9* 

/' + 1.51 - 7.75 ft lb. per lb. 
64.4 
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Beyond the jump, 

E, 


E!!* 

64.4 


-1- 5.38 


S.86 ft. lb. per lb. 


Energy lost » 1.89 ft. lb. per lb. 

Energy lost per second » 30 X 62.4 X 1.89 » 3550 ft. lb. per sec. 


If the stream be 100 ft. wide, the energy lost is 355,000 ft. lb. per sec., 
or 645 hp. 

If the depth of the upper stage, conjugate to di, be computed by equation 
(162), it will be 7.5 feet. The jump failed to reach this depth by 2.12 feet. 



■I I I I I I I I I I I I— I I 1 11 ii 

0 tOMI 040 SO «010 

froudMlhanbtr vygd^ 

Fig. 157. Length of Jump (Data by Bakhmeteff) 


The derivation of (169) included the assumption that the bed was 
horizontal. Experiments have shown that a moderate slope in the bed 
does not materially affect the computed height of the jump. 

The length of the jump has .been experimentally investigated by Bakh- 
meteff,* and the results of his measurements are shown in Fig. 157. 


Ratios of length, L, to are plotted against Approximately, L was 


fotmd to vary between 4.3^3 and 5.2^3. 

L V ^ 

The plotting of — against — has the following explanation. The phe- 
»2 

nomenon of the jump was considered to dq>end entirely upon the action 
of gravity as. expressed in the hydrostatic pressures which caused the 
change in momentum. The viscous forces were neglected. Where gravity 
and inertia are the only forces to consider, the principles of hydraulic 
similatity (Art. 53) state that flows which are geometrically sindlar will 
be identical in their characteristics if the Froude number be the same for 


*B. A. Bakhmeteff ud A. E. Ifatike, "The Hydmulic Jump in Tern* of Dynamic Simi- 
Isri^,'* Tmu. A.3.C.E., VoL 101, 1936. 




304 


FLOW IN OPEN CHANNELS 


each. G>mparisons of linear ratios (such as ^ in the case of the jump) 

existing in the flows can be made only for the same Froude number. By 

Art. S3, this number, F, is expressed by - , f and v being any vdodty 
♦ if 

and length characteristic of the flow. Bakhmeteff used the Froude num- 
ber as a coordinate, employing vi and di as the characteristic velocity 
and length. . 

The jump is often employed to absorb a part of the energy in water at 
the foot of a high spillway. If the high velocity of the stream were allowed 
to continue over the channel bed below the dam, serious erosion might 
take place over a period of time. If the erosion extended bade to the toe 
of the dam, the structural stability of the latter would be impaired. By 
constructing the channel so that a proper depth be maintained at all 
flows, a jump may be made to occur in which much of the energy can 
be absorbed and the high kinetic energy be converted over into harmless 
depth energy. The bed beneath the jump may be protected by a concrete 
apron if necessary. 


161. Transitions 

Frequently in the construction of long channels, it becomes necessary 
or desirable to change the shape of the cross-section. This may be due 
to a change in slope brought about by topographical conditions. Usually 
such a change requires a relatively short length of channel in which the 
change of shape is accomplished. This is termed a transition. It should 
be designed to produce the required changes in section and velocity with- 
out unnecessary turbulence, wave action or loss of energy. Transitions in 
which the flow is accelerated are more easOy designed weU than where 
the flow must be decelerated. The study of diffusers has shown that de- 
celeration is accompanied by turbulence. 

A complete discussion of the problem is not warranted here, but the 
principles and methods underlying a good design will be shown by assum- 
ing one case. Figure 158 shows a trapezoidal channel merging into a rec- 
tangular one, requiring an accelerated flow in the transition. The known 
hydraulic elements are the dq>ths, areas and velocities in the two chan- 
nels. The positions of the two energy gradients relative to the watm: sur- 
faces are also known. The first step is to fix the length of the transition. 
For accelerated flow this may be quite short; but, in any case, if arbi- 
trarily chosen so that the line ab makes an an^e with the lon^tudinal 
axis of 10 to IS degrees, a structure that will be efficient and pleasing in 
appearance will result. Next comes an assumption as to ihit amount 
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head that will be lost in the transition. In the absence of any definite rule 
regarding this, it may be assumed equal to O.IOAA, for accelerated How, 
and 0.20M* for decelerated flow, aA, r^resenting the change in velocity 
head to be accomplished. 





The total drop, c, in the bed of the transition may be computed from 
the geometry of the figure. 

^ — h <fi + e = — - -f- <^2 + O.IOAA, 

2« 2g 

or 

I.IOAA, + (ds - di). (170) 

The deration of the second channel’s bed and that of its water surface 
are now known. Because the flow in the transition is varied, the energy 
gradient and water profile are not straight lines. If the flow is to be smooth 
and free from wave formations, the water profile must be tangent to the 
surface lines in the two channels. Its shape may be arbitrarily assumed 
and the form of the transition required to produce it then determined. 

The surface-drop between sections 1 and 2, as given by the figure, is 
(e + di — da); and if for « we substitute its value from (170), 

Surface Drop I.IOAA,. 

Havii^ assumed a water profile, the trandtion is divided into a num* 
ber of sections of equal length and the surface drop in each section noted 
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If the total lo8S in the transition be assumed as distributed among these 
s^ons in proportion to the change in velocity head taking place in each 
section, the surface drop in each section may be equated to l.lOdA*, 
where iJt, represents the change in velocity head in that particular sec- 
tion. The value of then is ' 

, Surface Drop 

1.10 

Commencing with the first short section, at whose upper end the ve- 
locity is known, the velocity head at its lower end may be computed and 
also the velocity itself. The required area at this point follows, from 
Q » av. Similarly the areas at the end of each succeeding section may be 
determined. It tlien becomes a matter of incorporating these areas into 
a design which will produce a structure having smooth contours for the 
bed and wails. In the present problem, the cross-section of the transition 
would be kept trapezoidal, the base width being gradually increased to 
that of the rectangular channel, and the side slopes gradually increased 
to provide the required sectional area. The bottom profile of the transi- 
tion may be kept straight or curved to bring about the desired results. 

The method outlined is based on the recommendations of Julian 
Hinds* resulting from extensive investigations made by the United 
States Bureau of Reclamation. Other methods, eqtially good, may be em- 
ployed; but space prevents their presentation. 

162. Non-Uniform Flow in Natural Channels 

In the foregoing discussion it was assumed that we were dealing with 
artificial channels possessing regularity in shape of cross-section, and 
having a constant bed slope within the length 1. Also the roughness of 
the lining was supposed to remain constant. It will be seen that non- 
uniform flow in natural streams offers none of these characteristics. The 
sections are very irregular, the bed is most uneven in its slope, and the 
roughness of bed and banks may be continually changing. The applica- 
tion of the principles of the previous article to such streams must be 
attended by much uncertainty as to the results obtained, and determina- 
tions of Q sjioiild be noade preferably by direct measurements as described 
in a later article. A certain problem, however, often arises in natural 
streams which cannot be solved by direct measurement, and because of 
its interest and importance will be treated in the following article. 

* Joliao IQadi, "Hydmulic Dcsisn of Flume end Siphon Tnnsitkioi,*' Tram. A.S.CE. 
Vol. 92, 1928, p. 1423. 
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163. Backwftter 

If a chaimd be obstructed by a dam, weir or other construction, the 
raising of the latter will cause the water to set back up the stream, in- 
creasing the depth, and the flow in the portion of the stream so affected 
will become noir-uniform. Figure 159 shows the conditions, ab being the 
original surface of the stream and ef the new surface or curve of hackunUer. 
Two important questions arise by reason of possibility of damage being 
done to property in time of flood, or even by the normal level of the 
backwater. 

1. How much will the water be raised at a given distance upstream 
from the point of obstruction? 

2. How far upstream will the influence of the backwater be felt? 



Formulas purporting to answer these questions have been formulated 
and given in many text and reference books on hydraulics, but they have 
been based largely on the assumption of a regular channel having a uni- 
form slope to its bed. Obviously a natural stream does not have these char- 
acteristics and the formulas apply with less certainty in result, the far- 
ther the departure from such conditions. The method given, therefore, 
will be one which, although necessarily approximate, will contain all the 
accuracy that will usually be found in the given data. 

Of the several difflculties encountered, two are the irregularity of the 
cross-sections and the variation in the roughness of the channel from 
section to section. These make it impossible to estimate values for C and 
R that will hold good throughout ^e length* of stream affected by the 
backwater. We shall, therefore, imagine the stream to be divided into 
sections of lengths h, It, ht etc., so chosen that the values of A, R and n 
vary as little as possible t^ugbout a sm^e section. 

Commencing with that section which lies nearest tlie dam, where the 
elevation of the surface and enmgy gradient and the actual cross-sec* 
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tional area are known for the condition of maximum flow, we shall aaca- 
tmn by the method of trial the probable level of the surface at the up- 
stream end of the section. This ^ving been obtained, the following sec- 
tions may be sunflarly treated, and we may arrive at the point where the 
curve of backwater practically coincides with the original sur&ce of the 
stream. 

To obtain the necessary data for the computations, a survey of the 
stream should be made and the shape of each cross-section, up to the 
probable level of maximum flow, determined. Preferably these should be 
plotted so that areas at each section may be planimetered and the perime- 
ter measured for any water level. The survey should also include the col- 
lection of such data regarding the bed and banks as will make posable 
the selection of a proper value of n for each section. 

The computations for each chosen reach bong similar, only those for 
the first one will be outlined. The method employed in the first numerical 
example of Art. 157 cannot be used. In that case the channel was regular 
in cross-section, varied only in depth of flow, and its bed had a constant 
slope. It was possible, therefore, to assume an upstream depth and from 
equation (160) compute the distance to the section having that depth. 
In the present case the lengths of the separate reaches have been ^xed, 
and we must determine the elevation at the upper end of each reach that 
will produce the given flow. For this purpose, equation (161), 

Q = AmCm V R^e, 

will be used. The surface elevation at section * is at first tentatively as- 
sumed. From the plot of the cross-section at x, the corresponding area 
and wetted perimeter may be determined. Values of R„ and Cn, may 
then be computed, as shown in Art. 157. For the surface elevatiem as- 
sumed, the knowledge of the area at x, and of the flow rate, allows the 
velocity head and the elevation of the energy gradient at « to be com- 
puted. The slope of the energy gradient between x and / gives the value 
of Ss- If the values of Am, Rm, Cm and Sb be substituted in the above 
equation, they will yield a value of Q which, if the surface devation at 
X has been correctly chosen, will equal the given flow rate. If it does not, 
then a higher or lower elevation must be assumed until by trial the cor- 
rect Q is obtained. 

164. Measurement of in Open Channels 

If the rate of flow in an existing channel be sought, it may be com- 
puted provided the necessary dimensions and data are availaUe. The 
work involved in securing these data, and the uncertainty in the sdected 
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value of n, makes a direct measurement more desirable and accurate. 
TUs is notaUy so in natural streams where the non-uniformity of the 
flow makes a computation by formula only approximate. 

For small streams it is possible, and often practicable, to construct a 
weir and obtain very good results. In larger streams it is too expulsive a 
method and generally impracticable. Here the most common practice is 
to employ a current meter which enables the observer to determine with 
remarkable accuracy the velocity at any point in the stream at which 



Fio. KSO. Price Cunent Meter as Manufactured by W. & L. E. Gurley, Troy, New Vork 

the meter may be placed. Figure 160 illustrates the Price current meter 
as developed and used in this country by the engineers of the Geological 
Survey. It consists of a wheel fitted with cupped vanes and mounted on 
a vertical axis about which it is free to turn under the action of the mov- 
ing water. The whole is supported on the upstream end of a horizontal 
shaft which at its other end is fitted with directional vanes which steady 
the meter and keep it headed into the current. As illustrated, the meter 
is intended for use in shallow water where wading is possible, and it is 
suf^xnted by a vertical rod held in the hands of the observer. In deq>er 
water, the r^ is removed and the horizontal shaft is pivoted at its center 
to a ^ort vertical stempiece. The latter, at its upper end, has a s m al l 
Imie for connecting a cmd by which the meter is suspended from a boat 
ot bridge. The lower end of the stempiece fastens to a lead wei^t which 
steadies the meter and bolds it in poMtbn. The wheel revolves at a rate 
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ptxiportipnal to the vdodty of the curreat in which it is placed, and 
“ratmg'* the meter it is possible to determine the relation between the 
revoluUons p>er second and the velocity of the water in feet per second. 
Rating is accomplished by moving the meter through still water at dif- 
ferent velocities and noting the corresponding rates of revolution. A rat- 
mg curve is then constructed and, if de^ed, a rating table made. With 
the type of meter shown, it is found that the rating curve is practically 
a straight line save at very low or high vdocities. It has been shown that 
slightly different results are obtained if the rating is done by holding the 
meter stationary in a stream of water moving at a known velocity, but 
the difference is not great and the usual practice is to move the meter 
through still water. With the meter immersed, the revolutions of the 
wheel are counted by means of an electric circuit which is broken at each 
revolution by means of a commutator attached to the wheel shaft. The 
wires of the circuit pass from the meter to the surface where a small buz- 
zer, ear-phone or counter records the make and break of the circuit. 
Current is furnished by a small dry cell battery. Usually the wires of the 
circuit are utilized as a supporting cord for the meter. Suspendon cord, 
ear-phone and battery are shown in Fig. 160 . 

The discharge of a stream being the product of its cross-sectional area 
and the mean velocity of the water past the section, a meter measure- 
ment consists of determining with all possible accuracy the value of these 
two factors. The area for any stage of flow may be easily determined by 
soundings made across the selected section, the distance of each point of 
sounding being measured from a permanent point on the bank and in the 
line of the cross-section. If desired, the profile of the section may be 
plotted on paper and the area measured for any flow-level or stage. It has 
been found that best results are obtained from gaugings if the area be 
subdivided into a series of vertical strips, preferably of equal width, and 
the discharge past the entire section be computed on the basis that 

Total Q » atVi -H Oas* + a^Vz -H atVt -f etc., 

a being the area of a strip, and v the mean velocity for the strip. 

To obtain the value of v, it is commonly assumed that the mean ve- 
locity as measured in a vertical at the middle of a strip may be taken as 
the mean velocity for the entire strip. Various methods for obUuning the 
mean velocity in a vertical are as follows: 

MuUifie Point Method . — The velocity is observed at a number of points 
spaced about equally between rite surface and the bottom, points dose 
to the surface and bottom being usiudly induded. If a snflident number 
of points be chosen, the arithmetical mean of the obsoved velodties may 
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be taken as the true mean, or a curve of vertical vdodties may be plotted 
and the mean computed as equal to the area within the curve divided by 
the depth. 

Two and Eight-Tenths Method . — ^This conasts of determining the ve- 
locities at 0.2 and 0.8 the depth and assuming the mean velocity in the 
vertical equal to their arithmetical mean as explained in Art. 154. 



Gsging-Sution Utilizing s Footbridge over a SmaU Stream 


Six-Tenths Method . — A saving of time is effected if but one observation 
be madq in each vertical at 0.6 the depth, and the velocity there found 
assumed to be the true mean. The basis of this assumption is explained 
in Art. 154. 

Integration Method . — ^If the meter be moved slowly from the surface to 
the bottom and the total number of revolution! noted, together with the 
time dapsing in making the descent, the average revolutions per second 
may be computed and a corresponding vdocity obtained which will be 
assumed to be the true mean. The reasoning behind the method is ap- 
parent. If the rate of descent be uniform, the meter will be e:qK>8ed to 
tlw vatioas vdodties for equal lengths of time and the average rate of 
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revdving ^ould closely corre^nd to the average velocity. It is not 
essential that the movement of the meter be made from the surface down* 
ward. It may be reversed or even moved continuously from top to bottom 
and back to the top. 

Comparison of Methods . — The first three methods named are gi^^n in 
the order of their generally accepted accuracy. The integration method is 



Automatic Water Level Recorder Manufactured by W. & L, E. Gurley, Troy, N. Y. 

probably equal in accuracy to eitlrer of the first two, but it r^uires a 
skillful operator. The multiple point method is based on no assumption 
save that a sufficient number of observations are made to warrant the 
arithmetical mean being taken as the true mean. The two and eight- 
tenths method assumes the vertical velocity curve to be a parabola, while 
the six-tenths method assumes that the parabola has its vertex some- 
where between the surface and 0.3 the depth. 

The two and eight tenths method is much used by the engineers of 
tte Geological Survey as it is rajnd and, in a majority of cases, gives ex** 
cellent results. It has been shown suitable for use in ke-covered channels 


OTHER METHODS OF GAUGING 3tS 

Selection of Section . — In selecting a ate for gaupng the flow of a streamt 
it is desirable to choose a fairly synunetrical section at the end of a long 
straight reach where disturbances and eddyings will be at a minimum. The 
section should be free from gross irregularities and, if measurements ate 
to be made over an extended period of time, the bed and banks should 
not be subject to scouring. Where it is desired to keep a daily or weekly 
record of the stream flow it is customary to make record of the elevation 
of the surface at the time of making the soundings, and determine the 
depths at any later time by adding or subtracting the change in levd 
that may have occurred in the meantime. This necessitates the construct - 
ing of a gauge which will show at any time the level at the section. The 
gauge may consist of a painted board marked to hundredths of a foot 
and placed where it will not be dislodged, or it may be an automatic 
recording device consisting of a float which moves a recording pencil over 
paper actuated by clockwork. Other gauges have been devised and will 
be found described in River Discharge by Hoyt and Grover,* as well as 
a complete description of the theory and practice of stream measure- 
ments. Where the rise and fall of the surface level are assumed as indica- 
tive of the amount flowing in the stream, it is absolutely necessary that 
this level be unaffected by backwater from below. This may be accom- 
plished by selecting a site above a fall or rapids. 

Once the cross-section has been divided into strips and the mean ve- 
locity at each strip determined by one of the methods above outlined, 
the computation of discharge at once is possible by a summation of the 
partial discharge through each strip. 

165. Other Methods of Gauging 

The Salt ^ elocity Method which has been explained in Art. 138 may 
be used in small channels provided suitable electrodes can be devised 
and installed. At the present writing its use has been confined principally 
to closed conduits, but it may be adapted with good results to open 
channels. 

A method somewhat similar but differing in principle, known as the 
Salt Dilution Method, has been in use for some time and has been proven 
very satisfactory from the standpoint of accuracy. It consists of adding a 
concentrated solution of salt to the flowing stream and by analysis de- 
termining its dilution after traversing a length of stream sufficient to 
cause a uniform mixture with the water of the stream. The solution is 
added at a constant rate and no measurements of area or distance are 
necessary. 


* labnWiky&Sam. N. V. 
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Let W m pounds water discharged per second stream. 

W' * pounds of salt solution added per second to the stream. 

R «■ pacentage of natural salt (by weight) flowing in the stream 
to be gauged. 

R! o percentage of salt in the concentrated solution. 

R'* « percentage of salt in samples taken from stream alter thoT> 
ough mixing has taken place. 

The poxmds of salt, passing per second the lower point on the stream 
where samples are taken, must equal the sum of the pounds of the natural 
salt carried by the stream and the pounds of salt added in the concen- 
trated solution or, 

WR + W'R^ ^ {W + W')R^'. 

The values of the three R'% being known by analysis, the equation may 
be solved for W. 

The inclusion of E in the equation is necessary inasmuch as many 
streams have a natural salt content which might ^ sufEidently hi gh in 
percentage to introduce a considerable error if it were neglected. 

Experimental work done at the Massachusetts Institute of Technology 
and elsewhere has shown that the method may be expected to give a 
high degree of accuracy when carefully applied. On large streams it has 
been found that excessive quantities of salt are required and the appara- 
tus for dosing and taking samples becomes expensive to install. The 
method has been successfully used in the testing of hydraulic turbines 
after installation, the turbine providing excellent means for thoroughly 
mixing the solution with the stream. 
r 

PROBLEMS 

1. A canal has a bottom width of 20 ft. and aide slopes of 2 horizontal to 1 
vertical. If the water dqtth be 4 ft. and the slope 1 in 1500, compute the prob- 
able velocity and discharge. Use Kutt^ ’s C and n 0.02. 

Ans. 3.9 ft per aec. 

437 cu. ft. per aec. 

2. A trapezoidal canal is to have a base width of 20 ft and aide slopes of 1 
to 1. The velocity of flow is to be 2 ft per sec. What slope must be given the 
bed in mder to deliver 182 cu. ft. per sec.? Use Kutter’s C,n ^ 0.025. 

Am. s m 0.00027. 

3. Ifow deep will water flow in a li-foot rectangular phannrf that is carrying 
615 cvu ft per see., if r » 0.00075 and the channel be lined with smooth cement? 
Use llatming’s C and « « 0.012. 

4. AckcularbrkkconduitSftindiaiiieterflowshalffuliwtthadopeof Ik 
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2000. Conqwte hs prababk diachaige using (a) Baan*s ooeflldeBt (m « 0.29); 
(h) Kutter^i coe ffic ie nt ; (c) Manning's coefficient (« » 0.015). 

5. Wbatdopeumulditbeneoessaty to give a rectangular dttnnd 50 ft wide 
and 10 ft. deq> in order to dischaige 1500 cu. ft per sec.? Assume mdinary 
timber lining -(ii » 0.012). 

6. A trtpezindal channd has a base width <A 10 ft, and udes sloping at 2 
horizontal to 1 vertkaL What will be the miet dqiUi when the Sow rate b 
209 cu. ft. per sec. if r - 0.0001 and n » 0.022? Use Manning’s C. 

7. A trapezoidal canal is to carry 1600 cu. ft per sec. with a mean vdocity 

of 2 ft per sec. One side is vertical, the other has a slqpe of 2 horizcmtal to 1 
vertical, and the lining is rubble masonry. Compute the m inim um hydraulic 
dope. Use Manning's coefficient (» 0.017). 

8. A trapezoidal canal ct symmetrical form with skle dqses of 1| horizontal 
to 1 vertical is to carry 500 cu. ft. per sec. with a velocity of 2.5 ft. per sec. 
What is the minimum amount ot lining (in sq. ft.) required per foot l^th of 
canal? 

9. An qien channd of symmetrical form u to contain 150 sq. ft of wetted 
cross^sectkm and have sides diqiing 2 horizcmtal to 1 vertical. If given most 
favoraUe proportions, what will the channd discharge if the hydraulic dope be 
1 in 2500? Assume m » 1.54 and use Bazin’s coefficient. 

IOl a rectangular chaimel b to carry 75 cu. ft. per sec. on a dqie of 1 in 
10,000. If lined with smooth stone (» » 0.013), \riiat dimensions ought it to 
have if the wetted perimeter b to be a minimum? Use Manning’s coefficient. 

11. A rectangular chaimel, 18 ft. wide and 4 ft. deq>, has a dope of 1 in 1000, 
and b lined with good rubble masonry (» » 0.017). It b desired to increase as 
much as ixwsible the amount diKharged without changing the chaimd slope or 
form of section. The dimensions of the section may be changed but the chaiutd 
must contain the same amount of lining as the old. Compute the new dimen* 
sums and probable increase in discharge. Use Rutter’s coefficient. 

Ans. 13 ft. by 6.5 ft.; 118 cu. ft per. sec. 

12. A «*nnal b to have a trapezoidal section with one side vertical and the 

other ak^ing at 45 degrees. It b to carry 900 cu. ft. per sec. with a mean vdodQr 
of 3 ft per sec. Compute the dimensions of the section which would require a 
minimiiTn hydraulic dope. Ans. Base width 1 7.7 ft; depth 12.5 ft 

13. A tiiangttlai^duqied channel b to be designed to cany 25 cu. ft per sec. 
on a slope 0.0001. Determine vdiat vertmc angle and depth (rf water over the 
vertex will be rtecessary to give a section with minimum perimeter, atswimin g 
the rhanniJ to be biffit from timber planking. Use Manning's coeffident 
(» - 0 . 012 ). 

14. Arectangulartimberflume, 10ft wide by 5ft deq>,diachuges200cu.ft 
per sec. If the same material had been used f w a trapez o idal section having the 
same perimeter and dde dopes of 1 to 1, what would have been the greatest die* 
charge pomibk with the same Iqnbaulic akgie? 

Ans. 235 cu. ft per sec. 0.IH5). 
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1&. A fectaaguhr channel, 18 ft. wide by 4 ft deq>, is lined with smooth 
stone, wdl lud, and has a hydraulic slope oi 0.001. What saving in earth 
excavation and lining, per foot of length, could have been effected by using 
more favorable proportions, but adhering to the same discharge and slq>e 
(« - 0.013)? 

16. In designhig a canal for supplying a power plant the problem arises as to 

whether a trapezoidal or rectangular section should be built. If the former be 
used, it is found that, with a clean earth lining, a section having a top width of 
40 ft., bottom width 10 ft., and water depth 5 ft., will deliver the required 
quantity of w'ater if laid on a slope of 0.75 per 1000. Could a less slope be used 
by emfdoying a rectangular section, lined w’ith rubble masonry, if the area and 
velocity of flow be maintained at the same figures as in the trapezoidal section? 
What would its value be? Use Kutter’s coefficient and assume » 0.02 for 

both channels. » 0.0005. 

17. Two circular conduits (n = 0.025), each 5 ft. in diameter, serve to carry 

the waters of a creek through a railroad embankment. When carrying flood 
discharges both ends of the conduits are submerged. Assuming the same slope 
of the pressure gradient, what widtli would be necessary in two equal rectangu- 
lar sections (n » 0.015), each 4 ft. deep, if they are to replace the circular con- 
duits and perform' the same service? Ans. 2.9 ft. 

18. A rectangular canal 6000 ft. long, 10 ft. wide, is carrying 80 cu. ft. per 
sec. The canal floor is level and at its lower end is fitted with a suppressed weir 
3.5 ft. high. Assuming n = 0.017, compute the depth of water necessary in the 
canal at its upper end in order to maintain the given discharge. Ans. 5.8 ft. 

19. In a length of 3000 ft. the surface of a trapezoidal canal has a fall of 1 ft., 
the water being 5 ft. deep at the upper section and 4 ft. deep at the lower. The 
base width is 10 ft. and the side slopes are 2 horizontal to 1 vertical. If the 
nature of the soil indicates a value for n of 0.025, compute the probable rate of 
discharge. 

20. A rectangular canal, 50 ft. wide, carries 2000 cu. ft. per sec. The depth at 
a certain section is 10 ft. and the bed of the canal has a slope of 1 in 10,000. 
What is the dutance from this section to one having a depth of 10.5 ft.? Assume 

H - 0 . 022 . 

21. A rectangular channel has a flow of 16 cu. ft. per sec. per ft. of width. On a 
suitable scale make a plot of the specific energy curve. What is the computed 
value of the minimum specific energy and of the critical d^th? What are the 
conjugate d^ths for £, » 6.0? 

2Z. A channel whose section is approximately rectangular discharges 30 cu. ft. 
per sec. per foot of width. The depth being 7.5 ft., compute the possible altenrate 
stage arid the corresponding velodty. 

23. A canal is to discharge 20 cu. ft per sec. per ft of width, with a minimum 
energy content Compute the value of the latter and the corte^nding d^pth. 
If the chatmel be 40 ft. wide (rectangular) and n » 0,017, what slope would be 
necesttry to maintain this depth and rate of discharge? 
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24. A trapezoidal channel has a base width of 8 ft. and side slopes of 3 to 1. 
When carrying 204 cu. ft. per sec. the depth is 3 ft. Is the flow rapid or tranquil? 

25. A channel carrying water with a velocity of 15 ft. per sec. has a uni- 
form depth of 3.7 ft. (a) Show by computations at what stage the flow is taking 
place. (6) Is a jump possible, and if so, what would be its approximate height? 

2<it. A log sluice at a dam has a surface width of 3 ft. and a cross-sectional 
area of 4 sq. ft. What velocity of flow would correspond to a critical depth? 

27. WTater leaves the toe of a high spillway with a horizontal velocity of 30 
ft. per sec., and a depth of 0.80 ft., flowing directly onto a level concrete apron. 
What depth must be maintained on the apron if a jump is to occur there? What 
horsepower is absorbed in the jump if the stream be 200 ft. wide? From Fig. 157 
what should be the approximate length of the jump? 

28. Show that for a channel of circular section the maximum velocity for a 
gi\’en slope occurs when the water depth (measured the vertical diameter) 
is 0.81D. Show that maximum discharge occurs when depth is 0.05D. 
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166. General 

Whenever a moving fluid has its velocity changed in magnitude or 
direction, a force is required to accomplish the change. The magnitude 
of the force was shown in Art. 50 to depend upon the change in the mo- 
mentum of the fluid, and the student should review that article as prepa- 
ration for the discussions in this chapter. Many problems, otherwise 
ba£9ing, may be solved readily by the aid of the momentum principle. 
Borda’s mouthpiece, sudden enlaigements in inpes, water hammer and 
the hydraulic jiunp are illustrations, already discussed, of this fact. 
Others of common occurrence are discussed in the following articles. 

In applying the principle, it always should be kept in mind that F, in 
the fimdamental n^tionship, 

F » MAv, 

is the resvitatU force acting upon the fluid; and Jf is the mass of fluid 
flowing each second past a normal section in the fluid stream. 

167. Force Exerted by a Jet upon a Deflecting Surface 

If a jet of water be turned from its path by meeting tangentially a 
ddlecting sui&ce (Fig. 161), it exerts upon the surface a dynamic pres- 
«ire. We may consider the equal and oppoute force, F, to have been the 
cause of the change in velocity, and compute its value as follows. 

Assuming the surface smooth, and the flow to be in a hoiiumtal jdane, 
the water passes over the surface with undiminished q>eed. The X-com- 
ponent of F may be found by equating it to the change in momartum, 
in the X-direction, taking place while on the deflecting surface. The cor- 
le^wnding components of vdodty, before entering tqxm and after leav- 
ing the sur&ce, being v and v <»s a, 

. F* -• if (a — a cos a) 
or 

, Fs ■■ lfa(l — coaa). 
m 
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Smilaily, 

For the value of F 
F 


Fy >■ Mv un a. 

VfJTf? - MvVUl — cos a). 


This value might have been obtained directly from a consideration of the 
vector change in velocity, or momentum, occurring betweoi the two 



sections. The diagram (Fig. 162) of velocities shows vi and tiy (alike in 
magnitude) as the initial and final velocities at the two sections, and the 
value of Ao must be the dosmg side of the triangle. By 
the law of cosines, 

A» = — 2rit>a cos a, 

Ae ^2®* — cos a. 

F » M»V2(1 — cos a). Flo. 162 



168. Flat Plate Normal to Jet 

If the deflecting surface be a flat plate held normal to the jet (Fig. 163), 
the latter will be turned through an angle of 90 degrees, spreading radially 



outward over the plate. The force, F, will therefore have no omqionent 
hi the p»aiM> of the plate, and its value may be computed by noting that 
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the jet’s momentum in its initial direction is wholly destroyed, and that 
Ad equals v. Accordingly, 

F »■ Mv. 

169. Jet Deflected through 180 Degrees 

If the deflecting surface be so formed as to cause the jet to be turned 
completely back upon itself fFig. 164). the change in momentum while 
on the surface is from Mv to minus Mv, or 2Mv. The value of F is 


F = 2Mv, 



Fu. 164 


or the force is twice that exerted by a jet upon a flat plate held normal to 
the jet. 

170. Effect of Friction 

In the three preceding articles, the effect of friction upon the magnitude 
of the dynamic thrust was neglected. Friction between the defletting 
surface and the mo^^ng stream results in a diminution of velocity at thi 
second section, so that v^ is less than rj. Reference to Fig. 165, where t '2 



Fic. 165 

is drawn equal to , show's that a decrease in r 2 will, for a less than 90 
degrees, result in a decrease in Av up to a point where Av in the diagram 
becomes perpendicular to va- Further decrease in will increase Av. 
The dynamic force of the jet will change correspondingly. For angles of 
90 degrees or more, changes in vt by friction produce corresponding 
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changes in Ap, hence in the dynamic force. As for the effect of friction 
upon the component, Ft (Fig. 161), it will be noted that the duuige in 
momentum in the X-direction is indicated by Av« (Fig. 165) which, for 
values of a less than 90 degrees, increases as friction decreases The 
value of Fx therefore is increased by the effect of friction. For a equal to 
90 degrees, friction will have no effect upon the value of F,. For angles 
greater than 90 degrees (Fig. 1656), An, decreases with friction as does 
Fx also. 

I7l. Dynamic and Total Force Exerted on Pipe Bends 

If a pipe in which a fluid flows with a velocity, t>, be curved through 
an angle a, the curved portion of the pipe will be subjected to forces 
arising from the change in momentum and from the static pressure of the 

r 


! 



fluid within the bend. It will be assumed that the pipe is horizontal 
(eliminating the action of gravity) and that the loss in pressure while 
passing the bend is negligible. The component of the resultant force in 
the direction of X (Fig. 166) is 

Fx = M (v — vcosa), 

and in the K-direction, 

F„ = Mv sin cr. 

The separate forces comprising the resultant, F, are the static pres- 
sures, Pi and P 2 , and the force, B, exerted upon the fluid by the bend, 
The X- and Y- components of these forces are indicated in the figure 
Since F is the resultant force, 


and 


F, * F 2 cos a + B, — Pi 
F, » B, — Fj sin a. 
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Thcie equations give tlie value of B, and Forces equal and 
site to are the components of the pressure by the fluid iq>on the 
bend. 

Bxample.-- A 36-inch pipe, curving through an angle of 60 degrees, 
contains water flowing with a velocity of 7.1 feet per seccmd and under 
a pressure of 50 pounds per square inch. The total force exerted by the 
water against the bend is detired (I^. 166). 

j/ „ X 7.07 X 7.1 = 97.5 slugs per sec. 

£ 32.2 

F, - 97.5 (7.1 - 7.1 X 0.5) - 346 lb. 

Fy » 97.5 (7.1 X 0.866) = 600 lb. 

P^ = 7.07 X 144 X 50 - 50900 lb. 

F, - 346 = 50900 X 0.50 + B^ - 50900 
F, - 25796 lb. 

F^ = 600 = F, - 50900 X 0.866 
By - 44680 lb. 

B ” F*® •+• F«® «= 51600 lb. 

Equal to Fx and By, but opposite in direction, are the corresponding 
components of the force which the water exerts upon the bend. 

In making computations of this sort, the student will avoid errors if 
be indicates by arrows the directions of Fx and Fy when first found. It is 
to be noted, also, that the computed values of F, By and By are due to 
the static and dynamic forces exerted by the water. 

172. Force on a Pipe Produced by a Change in Section 

If a pipe be changed in section, as shown in Fig. 167, the fluid stream 
within exerts on the pipe a longitudinal thrust whose magnitude may be 


A B 



Fio. 167 


oo»q>uted as follows. Due to the change in section (it might have bem 
gradual without chan^g the proUem;. the velocity is increased from 
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vi to va, and the lesultant force which caused the increase is equal to 
Mfya — vi). Three forces make up this resultant— the aTia| thrust of the 
Ps, rqwn the fluid, and the forces ciPi and os^s, which act upon 
the ends of the fluid slug Ailing the pipe between the sections shown. 
Accordini^y, 

- Oih - Pt^ Miv»- vi), 


and Anally, 



Example. — A pipe carrying 4 cubic feet of water per second suffers a 
reduction in section from 2 square feet to 1 square foot. If the pressure* 
head in the full section be 30 feet, And the axial force exerted upon the 
pipe. 

From the data, 

»i = 2 ft. per sec. 
t /2 = 4 ft. per sec. 

Pi ■■ 62.4 X 30 = 1872 lb. per sq. ft. 

Betw^ points located axially in the two pipes we may write 

!!L ^ + ^ 

2g w 2g v>’ 


neglecting any loss in head. From this equation, P 2 is found to be 1865 
pounds per square foot. Therefore 



1865 _ 62.4 X 2" ^ 
4 32.2 / 


1869 lb. 


173. Reaction o£ a Jet from an Orifice 

A liquid jet, escaping with a velocity, v, from an oriAce in the vertical 
ade a reservoir, is composed of particles whoaih vdodty in a horizontal 
direction has been changed from zero to v. A horizontal force equal to Mv, 
and acting in the direction of the jet’s motion, is necessary to produce 
dus change. Referaice to Fig. 168 will show that this force must be the 
resultant of all hwizontal forces acting upon the liquid between ed and 
tm. The jnessure frmn the walls ^ and are the <»>ly such forces, and 
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their algebraic sum, P, must equal Mv. Since v « Cty/lgh, and Q ■> 

faVli*, 

F « ^cay/lgk X ^ (c,y/2pt) => lawk X cc,. 

The equal and opposite force, P, is the horizontal thrust against the 
reservoir. If the flow were frictionless and the orifice so formed as to 
diminate jet contraction, the thrust would be twice the static pressure 
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on a plug just filling the orifice. Assuming c = 0.60 and c, = 0.98, F has 
the value, \.X%awh The above discussion also shows that the pressure 
against the orifice wall in the vicinity of the orifice is decreased by the 
motion of the liquid. 

174. Immersed Bodies and Drag 

If an immersed body be held stationary in a moving fluid, or be moved 
steadily through a fluid which is at rest, a force known as the fluid drag 
will require that an equal and opposite force be applied to the body to 
hold it in the moving fluid or to maintain its motion through the sta- 
tionary fluid. The magnitude of the drag depends upon the shape and 
size of the body, the roughness of its surface, its relative velocity, and 
upon the density and viscosity of the fluid. Because the body is wholly 
immersed and therefore not subjected to the action of surface waves, the 
force of gravity does not enter into Uie problem. We may reason, there- 
fore, that the drag is a function of the Reynolds number and of the form, 
size and surface roughness of the body. 

For a body of given-form, its size and surface roughness are proportional 
to any characteristic dimension, D, allowing the drag, F, to be expressed 
to a function of v, p, p and D. 

Eiqiressed equationally. 


F^QPp*pfIP. 
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Substituting the dimensional values of each term, 

MLT-^ - C(Lr->)" {ML-' T-'Y f. 

Equating the exponents of like dimenuonal quantities, 

1 - * + y, 

J - « — 3x — y + s, 

— 2 = — n — y. 

There being four unknowns, three of them must be found in terms of th« 
fourth. If y be selected for this purpose, 

X » \ — y 

a 2 — y 

n = 2 - y, 

and 

F = p'-" lY lY-\ 

This may be written as 


the parenthesis term being the reciprocal of the Reynolds number. Since 
D is any characteristic dimension of the body, £Y may be replaced by a, 
the projected area of the body upon a plane normal to the direction of 

w 

motion. Introducing the factor, 2, and replacing p by - , the equation may 

i 

be written in the more convenient form, 

F^Cavn — , ( 171 ) 


Cd being the drag coefficietU. The value of Cp depends upon the form of 
the body, surface roughness and the Reynolds number. For geometrically 
amilar bodies, differing only in size, it should vary only with R. Strictly 
^)eaking, these statements are true only if the fluid be incompressible. 
If compressibili^ be omsidered, Co will be foimd to be also a function of 

, K being the volume modulus of dastidty of the fluid. The quantity 




b known as the Cauchy number, and with the Froude and R^olds 


numbers is useful in charactaizing the flow ccmditions of compressible 
fluids. Its effect up<m Co is generally negligible at ordinary velocities. If 
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the vdocity ej^roaches or exceeds that of sound throu^ the And, the 
drag on the body is largely due to the coni{uession of the fluid. The 
flight of projectiles through air is an exan^le of such conditions. For all 
ordinary velocities Cj> will vary with body form, surface toughness and 
the Reynolds number only, regardless of compressibility. 

Numetical values of Co for a body of given fonn can be (flitained only 
by expmment. Either the body may be suspended in a fluid moving with 
a known vdocity, and the drag measured, or it may be moved at a known 
vdocity througjli a stationary fluid. The first method is followed in wind 



Fio. 169. Reynolds Number 
(Diameter of sphere is the characteristic di men sion) 

tuimds of aeronautical laboratories, and the second is used in naval 
towing tanks. The great diverdty in the shape of bodies makes a tabula- 
tion of values here impracticable, but the case of the qihere, flat disk 
and rectangular plate will be considered. 

Spherical Bodies . — ^The case of the sphere moving through a fluid was 
studied analytically by Stokes, who proposed a relationship that may be 

24 

reduced to the form of equation (171), Co having the value For small 

values of R the results of other investigators confirm this value of Cz>, 
but indicate a less rapid decrease in Co at hi^r values of the Rtynolds 
number. Figure 169 b a logarithmic plot showing the general trend (d 
Cd over a wide range of values for R. The data for the plot are the re- 
sults of careful experiments in which both conopressible and incompres- 
able fluids were u^. The strai^t line rqpre^ts Stokes’s law. The de- 
parture ol the curve from thb line, and its sudden drc^ in the vidiuty 
(d R <B 2.5 X 10*, may be eiqdained by a study of the chai^p in flow 
oouditions as the rdative veiodty of the flukl increases. 
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In studying the distribution of vdodty across a sectkm of a i^pe (Art 
134), it was pointed out that whenever a fltud flows over a smooth sur* 
foce at low vdodties, -a boundary layer of the fluid, in which the flow is 
laminar, exists next to the surface. With increase in velocity, this layer 
decreases in thickness and finally is replaced by a layer in wMch the flow 
is turbulott. At very low velocities, luninar flow extends throughout the 
fluid. 

In the case of the inunersed sphere, a very low velocity results in 
laminar flow of the fluid around it. The drag on the sphcTe is due to the 
viscous shear in the fluid dose to the surface of the body. At slightly 
higher velodties, the flow may become turbulent, but a boundary layer 



a h 
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will exist in which the flow is laminar. The drag on the sphere is then the 
result of viscous shear in the boundary layer plus the inertial effects of 
partides whose vdodties are changed in direction by the form of the 
surface. The total drag may then be considered as composed of fricHm 
drag and form drag. At still higher velodties the flow in the boundary 
layer will gradually change from laminar to turbulent. The effect of these 
changes upon the drag may be shown with the aid of Fig. 170. 

At extremdy low vdodties, the flow throughout the fluid is laminar. 
Mathematical analysis by the methods of classical hydrodynamics shows 
that the vdodty of a partide reaching s, the stagnation point, is reduced 
momentarily to zero and that its pressure reaches a maximum value. 
From r to m the vdodty increases and the pressure falls. Bfitween m 
and n the vdodty decreases and the pressure rises. Due to the viscous 
friction in the boundary layer between s and m, the energy of partides 
reaching m is less than at s, but the partides still have enough kinetic 
energy to allow them to fdlow around the sphere against the increasing 
pressure. The drag <hi the ^here is due to viscous shear, inertial effects 
bang negligible (vdodty very low). 

If the vdodty of flow be increased, the loss in energy by particles In 
tim boundary laya is increased; and at scnne point, x (Fig. 1703), the 
kinetic energy of these partides will not be suflident for them to move 
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ahead against the existing pressure. They will be tom away from the 
surface ^ adjacent particles moving over them, and the regi<m behind 
the sphere will be filled with vortices which form a trailing wake. The 
resulting turbulmce lowers the pressure against the rear face of the 
sphere and the total drag is increased. Further mcrease in the velocity of 
the fluid causes the point of separation, x, to move nearer the front of 
the sphere (Fig. 170c), increasing the width of the wake and the amount 
of the drag. Further increases in the velocity will not cause the pwint * 
to approach s continually. The increased velocity in the boundary layer 
causes the flow therein to become turbulent, increasing slightly the total 
kinetic energy of the layer. This enables the particles to continue fiyrther 
their progress around the sphere against the rising pressure, and the 
point of separation will move back to some point such as x in Fig. 1706. 
The width of the wake then decreases and the drag decreases. The ir- 
regular, imaginary boundary between the wake and the surrounding 
fluid is known as a surface of discontinuity. On either side of it, the pres- 
sure may be the .same at a given point, but the velocities and the flow 
patterns may differ widely. The abrapt decrease in the size of the wake, 
just described, is the cause for the sudden dip in the curve of Fig. 169 
near the point where R has the value 2.5 X 10®. Beyond this point the 
curve is practically horizontal, indicat^g that Co is no longer dependent 
upon the Reynolds number. 

Flat, Circular Disks . — For a flat, circular disk immersed with its face 
normal to the direction of motion, experiments indicate that the value of 
the drag coefficient is fairly constant over a wide range in the Resmolds 
number. As an average value, it may be assumed that 

Cd = 1 . 12 . 

Rectangular Plates . — Rectangular plates immersed with their faces nor- 
mal to the direction of motion have been lound to have drag coefficients 
that vary but little at ordinary values of the Reynolds number, but vary 
with the ratio of their length, L. to their width, D. The following values 

are approximately correct for the given - ratios. 


L 

D 

m 

B 

2,5 

5.0. 

10.0 

20.0 

Cd 

1.16 

\A6 

1.18 

1.20 

1.30 

1.50 
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Beyond an — ratio of 20, the coefficient increases fairly uniformly to a 

value of approziinately 2.0 for a plate of great length. 

The drag upon a rectangular prism placed with one surface normal to 
the direction of motion cannot be computed as equivalent to the drag 
upon a rectangular plate having the dimensions of the upstream face. 
Frictional drag upon the faces parallel to the direction of motion, and the 
difference in wakes produced, will modify the coefficient so computed. 
Streamlining . — If an immersed body be so shaped as to preclude the 
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possibility of separation taking place, the resulting drag may be made 
small. The body in Fig. 171, having a rounded nose, offers far less resist- 
ance to motion in the direction indicated than it would if the motion were 
reversed. Its gradually tapered, profile permits the fluid to follow along 
its sides without separation occurring, and the wake at the stem is small. 
If moved in the opposite direction, a wake of considerable proportions 
will be formed at ^e stem and the drag greatly increased. 

The forms given to airplane fuselages, and to the underwater portion 
of the bows of fast ships, are examples of such streamlining. The wing 
struts of airplanes and the bodies of racing automobiles are other illus- 
trations. Elimination of points of separation and the consequent forma- 
tion of a wake are conducive to small drag coefficients. 

PROBLEMS 

1. A jet of water, 2 in. in diameter, is directed against a flat plate held normal 

to the stream’s axis. Compute the pressure exerted on the plate by the jet when 
the vdocity of the latte is 90 ft per sec. Ans. 342 lb. 

2. A jet of water 1 in. in diameter exerts a pressure of 150 lb. against a flat 
plate h^ normal to the stream’s axis. Compute the rate of discharge. 

Ans. 0.65 cu. ft per sec 
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A jet from a 2«mch orifice is directed normally against a fiat plate. Wbat 
pressure will it exert on the plate when Q « icu. ft per sec.? Assume -» 0.62, 

Am. 1431b* 

4. A jet 2 in. in diameter^ having a velocity of 140 ft. per sec., is deflected by 
a curved surface through an angle of 45 degrees. Compute the value of ths 
components of the presstxre developed which are perpendicular and parallel 
respectively to the initial direction of the jet. Also compute the paralld com- 
ponent for a deflection of 90 degrees and 180 degrees. 

Ans. (a) 586 lb.; 243 lb. 
(6) 829 lb. 

(c) 16581b. 

5. For the data given in Problem 4, compute the value of the requiredcom- 
ponents, assuming that frictional resistance causes the velocity of the water to 
be reduced, in passing over the surface, from 140 to 120 ft. per sec. Compare 
results with those previously obtained. 

6. In approaching a bridge, a water main, 2 ft. in diameter, curves, from a 
horizontal position, upward through 45 degrees. What vertical component of 
dynamic pressure is developed in the bend under a velocity of 6 ft. per sec.? 

Ans. 155 lb. 

7. A horizontal pipe curves through a deflection angle of 60 degrees, and in 
the bend changes from 36 in. in diameter to 24 in. The velocity in the larger 
pipe is 8 ft, per sec. and the mean pressure 20 lb. per sq. in. Compute the com- 
ponents of the total force, exerted on the bend, that are parallel and normal to 
the axis of the 36-inch pipe. Neglect friction loss in bend. 

Ans. 16,1501b.; 88501b. 

8. A 9-foot wood-stave pipe, carrying water with a mean velocity of 5 ft. per 

sec., curves through a horizontal angle of 30 degrees. The curved portion is 
made of plate steel, and to prevent rupture of the pipe, the bend is to be buried 
in a concrete block weighing 160 lb. per cu. ft. The water pressure in the bend 
is 20 lb. per sq. in. and the combined weight of the pipe bend and its contained 
water is 60,000 lb. How many cubic feet of concrete will be required to with- 
stand the thrust of the water on the bend, if the coefficient of friction between 
the concrete and its foundation be 0.30? Am. 1630 cu. ft 

^ 9. A 36-inch pipe is changed by gradual reduction to a 24-inch diameter. 
Before entering the reducer the water has a velocity of 7 ft. per sec. and a mean 
pressure of 60 lb. per sq. in. A loss of 0.20 ft. bead is experienced in going 
through the reducer. Wimt axial thrust on the pipe line does the water devdq[> 
as it passes the reducer? Af». 33,700 lb. 

10. Compute the force exerted (in w axial direction) on a pipe by water 

which is flowing through it with a velocity of 8 ft. per sec. The diameter is 1 ft, 
length 1000 ft, and / may be assumed as 0.02. " Am. 975 lb. 

11. A 2-itich nozzle is attached to a i2-mchp^ by flange bolts. Whatwffibe 

the total stress in the bolts when the pressure at the base of rite no«de is 75 fit. 
per sq. in.? Assume c<i » c* » 0.96. Am. 8050 lb 
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11 . A2*inch jet from a nonle is dinctodtaogentiaUy against a vane which 19 
cunred through angle of 175 degrees and moves in the same ditectimi as the 
jet vhh a vdodty of 100 ft. per sec. What component of presane paralld to 
the jet anil be on the vane wlwn the nossle is discharging 6 cu. ft. per sec.? 
What if the vane be stationary? .4ni. (a) 2580 lb.; (6) 6400 lb. 

13. Assume the data the previous problem except that the v^ocity of the 
jet relative to the vane’s surface is gradually reduced by frictional reustance 
until at the point of leaving tiw vane it b 

(«) 150 ft per sec. with the vane movmg. 

(6) 200 ft per sec. with the vane stationary. Compute the pressure asked for. 

14.. A centrifugal pump receives water from a 12-inch pipe under a pressure 
of 4 lb. per sq. m. bdow atmosphere. It discharges into a 6-inch pipe at a pres- 
sure <d 40 lb. per sq. in. Both pqjes are horizontal and parallel and the flow rate 
is 1.96 cu. ft. per sec. What horizontal thrust is exerted upon the pump casing 
by the water? Does it act toward, or away from, the suction side? 

Ans. 1610 Ib. 

15. A ship moves forward under tiie driving force obtained by steadily 

pumping a stream of water, 1 ft. in diameter, having a velocity relative to ihe 
ship of 100 it per sec., directly astern. Compute the driving force. Velocity of 
shq) is 10 mi. pCT hr. Aar. 1.1,000 lb. 

16. A fire boat is equipped with a 4-inch nozzle (c, » «• 0.98) supplied by 

a vertical pipe from the pumps below. The nozzle is jointed to the pipe and free 
to move in a vertical or horizontal plane. What force would the boat experience 
if the nozzle was directed horizontally while discharging 4000 gals, per min. ? 

Ans. 1765 lb. 

17. A flat plate 20 ft. square is immersed in a stream of water running with 

a vdocity of 10 ml per hr. Compute the approximate pressure developed 
against it when held normal to the current. Ans. 97,250 Ib. 

18. What would be the approxiipate wind pressure caused by a gale of 70 ml 

pa hr. against a vertical billboard 10 ft high and 40 ft. long? Assume w •• 0.08 
lb. pa cu. ft. Ans. 6320 lb. 

19. If a ngn board was circular and 20 ft in diameta, what wind pressure 
would be caused by a gale of 40 ml pa hr.? Assume v » 0.08 lb. pa cu. ft. 

Ans. 1515 lb. 

20. A q>heiical gasoline tank is 50 ft in diameter. What force would be 

exoted upon it by a wind of 60 mi. pa hr.? Assume normal barometric pressure 
and an air temperature of 32° F. Ans. 38301b. 

21. A ccmical diverging tube, 17 ft. long and axisyertical, has tq> and bottom 
diametets of 6 and 9 ft respectivdiy. Its uppa end is attached to, and receives 
the discbatge from, a wata turbine. The velocity at this point is 25 ft. pa sec. 
and the pressure is 10 lb. pa sq. in. bdow the atmosphm. The outlet end is 
so bm etge d 2 ft beneath the wata surface of a receiving basin. What vaUcal 
throst does the wata exert on the tube? What is its directkm? 


Ans. 17.9001b 
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22, What final velocity would a ^>herical depth-bomb, 2 ft. in diameter, 
washing 300 lb., attain if dnq)ped into the sea? Assume kinematic viscoaity oi 
water as 1.8 X 10~*. Atts. 8 ft. per sec. 
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CHAPTER XI 


Hydraulic Turhines Description of Power 
Plants and Turhines 


175. General 

It is not the object of the following chapters to present the theory of 
modem turbine design, which is a highly specialized subject, but rather 
an exposition of the simple, fundamental principles upon which the de- 
agn is based and the turbines operate. Since the theory is better under- 
stood if the student has a fairly dear conception of what the modem 
turbine is and of the conditions under which it operates, a brief descrip- 
tion of a power plant and of the various t}rpes of turbines will be given. 

176. The Power Plant 

The production of waterpower depends upon the controlled descent of 
water from a higher to a lower devation, and generally necessitates the 
constraction of a dam for impounding the water and creating a head or 
fall. The power-house, containing the turbines and electrical generators, 
may be located at the dam or at a considerable distance bdow it on the 
stream, depending upon the desirability of using the head furnished at 
the dam or of gaining a greater head by conducting the water through 
pipes, tunnels or open channds to a point farther downstream where the 
natural drop of the stream’s bed makes a greater head possible. Tlie level 
of the water behind the dam, called the keadwater, is dqiendent at all 
times upon the rate of flow in the stream and the rate at which water is 
bdng used through the turbines. When the stream-flow is in excess of 
the turbine demand, the headwater rises until water is wasted over the 
dam’s q>iilway. The depth of wato* over the crest of the spillway during 
flood flows determines the maximum devation of the headwater. Simi- 
larly, the level of the water in the stream at the turbine outlets varies 
with the flow of the stream and the configuration of its diannd. This 
levd is called the tail-watar, and its vertical distance below the headwater 
is the head, E, at the plant. As a general rule the head decreases with an 


m 


HYDRAULIC TURBINES 


increase in the stream’s flow. It is found that the tail>water rises more 
rapidly than the headwater, bringing about the ododitfoa that when the 
stream-jSow is a maximum, the available head is a minimum. If Q repre- 
sents the rate of flow throu^ a turbine undo: the head, H, the available 
energy in the water is QurH foot-pounds per second. With a decrease in 





Fxc. 172. Section through Low-Head Plant. Turbine Set in Open Flume. 
(Courtesy of S. Morgan Smith Co.) 

H there follows a decrease in Q, since the turbine is but a Jg)ecial 
orifice adiose discharge-rate varies as Vh, and tlm power ou^mt of the 
turbine decreases because of the decrease in Q and in the h^ itsdf. 
This fact is to be remembered for later refoence. 

Figures 172 and 173 show vertical sectitms through of two dis- 
tinct types. Figure 172 tiiows tiie turbine set in an <^)en pit or flnme and 
discharging into the tail-race through a short, dosed conduit calM tha 
imft tube. The turbine k said to have an opm settii^. If tiw fume be 
wdl detigned the setting n favorable because the water flows to itt parts 
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of tlie turbine’s peripheiy with a mmimum amount of eddying and with 
a low vdodty which k uniform in direction and magnitude. Figure 173 
.shows the turlune oiclosed in a casing to which the water is brought 
throui^ a jape or penstock. If the casmg be of the spiral or scroll tyi.>c 
shown in the figure, the setting is a good one. Small turbines are often 



Fio. 173. Section thiough Medium-Heaui Plant Usiog Penstock and Scroll-Cased TurMne 
(Courtesy of S. Morgan Smith Co.) 


enclosed in cylindiically ^ped casings made of plate steel, which are 
connected on the side or aid to the penstock. Hus arrangement is gener- 
ally less favorable as the water approaches the turbine entrances with 
vdodties which differ in magnitude and direction at the various points 
of entrance. The cased turbine is a necessary construction unless the 
head be quite low. 

The primary function of the draft tube is twofold. It permits the set- 
ting of the turUae above the tail-water, without sacrificing head, so 
that it may be readily inqiected, deaned or reoaired. It also allows the 
partial recovery ol kiltie energy which would otherwise be l(»t in 
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Fto. 176. Double Overhung Tbrbines in the Batch Plant oi San Joaquin Light and Power Co., California. Capacity 40,000 hp. 
at 360 rpm. Effective head 2243 feet (Courtesy of AUis-Chalmers Mfg. Co.) 
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the water discharged from the turbine. How it accomplishes tiiese things 
will be shown later. 

In both pictures it will be noticed that head gates are provided in 
order that the turbine may be unwatered, and racks or screens are placed 
in front of the gates to keep trash and ice from entering the turbine. 
Both turbines are shown with th^ shafts vertical, but horizontal set* 



Fio. 175. General \new of 40,000 hp. TiuiuMS in the Belch nsnt of San Joaquin Li^t 
and Power Co. (See Fig. 174.) (Courtcqr of AllieOiabnen Mfg. Co.) 


tings mi^t have been used in each case. The practice today is toward 
vertical settings, especially for large turbines. Tliis remark does not ap- 
ply, however, to tangential or impulse turbines (Fig. 174) which in thii 
country are usually, but not always, set with the shaft horizontal. No 
hard and fast rules can be given for the arrangement of the details of 
any plant, and a study of the Qlustrations in, these chapters, and of the 
many existing plants, will show that there is a great divosification in 
practice. 

177. Types of Turbines 

The devdqfinicnt of the modem turbine from the old-fasMoned whedb 
has brought about the desgn and use of several different types. Some oi 
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theie «» BO kofer Btuiufactured but ocodoBaHy 8i» fcNmd in um. AD 
BMMiem hydraulic tuihines may be broadty daiwified in t?n> growqpa: 

1. Tangential or Inqndae Turbmes 

2. Reaction Turbtnea 

(a) Francis IVpe (Mixed Fbw) 

(b) Propeller Type (Axial Flow) 

Ibe names given are not strictly descriptive of the turbines, but they 
have been long in use and genemlly accq>ted. Each type has its distinc- 
tive features. 

The iangetiiial turbine (fig. 174) receives the ener^ of a jet of water 
ddivered from a nozzle on the end ci a {dpe line or penstock. The jet is 
formed free in the air and moves over the surfaces of the runner buckets 
under atnimpheric pressure. The energy of the jet is wholly kinetic, there 
being no pressure or potential energy utilized. The turbine mi^t wdl be 
called a kinetic energy turbine. The name tangential came from the fact 
that the center line of the jet is tangent to the path of the ceirter line of 
the budeets. The term impulse arose as a result of considering the ruimer 
to be driven by the impulse of the jet Often it is called a Fdton Wheel 
in lumor ol the man who first introduced the idea of the presentriay qplit 
budret (Fig. 177). No draft tube is used in connec t ion with this type of 
turbine. 

The Girard turbine is a type of impulse whed until recmtly quite com- 
mon in Europe, and differs from the Pdton in the manner of coiutructing 
the budrets and ap|fiying the jet to them. It is more commented than 
the Pdton and has been gradually supplanted by the latter. 

The impulse turbine is generally used undo’ very hi^ heads where the 
amount of energy availaUe dq;>ends more upon t^ hi^ vdodty of flow 
than upon the rate of flow. 

The reaction turbine differs raiflcally from the impulse type. It consists 
of a circular runner embodying a series of passageways, buckets or Uades, 
attadied to a cmtral shaft and reedving water from stationary guide 
pasaages placed concentrically about the runner’s per^beiy (Fig. 189). 
AD die guide and runner qiaces- are dmultaneoualy filled with water under 
{weasure. As the water flows through the runner, its vdodty is changed in 
magnitude and direetkm, requiting the ^iplication of fmee by the run- 
ner to*accompliah the change (Arts. 166 etseg.). It is the reactive force 
the runner that causes the latte* to rotate, hence the name reodiM tut' 
bine. Fofoas the same nature, however, cause the rotadoBi d the hn- 
pulse runner and die term is dkthicdve rather than descxl^idvia. WhSe 



Fia.l7& ODe>Fiece Cut Kiumer. (Courted olS.lifot 9 UiSnit]i Co.) 

tial Imid. Therefore all three forms of energy may be utilued in this 
torbiae. 

Modem reactikm tnrldnes may be broadly dasdfied as having mted* 
jl^ or tunnen. The ftnrnw are generalty known as Francis tnr> 

Mnoo and the latter as pn^idler turiNiies. The Francis is the oldor of 
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the two, bang named in honor of James B. Francis, who in 1849 de* 
vised the first efficient inward-flow turbine (Fig. 188). By inward flow 
is meant that the water enters the outer periphery of the runner and 
moves toward the shaft in a plane at right angles to it. The original Fran- 
cis nmner has been much changed in the development of the modem 
turbine whose runner passages have shapes dependent upon its power 
and upon the q>eed at which it is to run. In general the flow is inward at 
the point of oitry but changes whUe in the runner to a direction inclined 
or parallel to the shaft. For this reason it is said to be mixed in direction 
(Fig. 201a, h, c). The propeller type, as the name implies, has a runner 
shaped somewhat like a ship’s propdler and, while passing through it, a 
particle of water follows a path which' is at all points approximately equi- 
distant from the shaft or axis. For this reason it is classified as &n axial- 
flow turbine (Fig. 201(f). 

It will be shown later that each type of turbine is suited to certain con- 
ditions or combinations of head, rate of discharge and rotative speed. In 
general the propeller turbine is used under low heads with large rates of 
discharge, the impulse turbine under extremely high heads with relatively 
small rates of discharge, and the Francis turbine under conditions of 
head and discharge that lie between the other two. ' 
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The Tangential Turbine 


178. General Description 

As alreadjr noted, this turbine consists of a circular disk or frame 
around whose periphery is arranged a series of buckets which receive 
water from a jet having its center line tangent to the path of the buckets. 
The jet issues from a nozzle attached to a pipe line or penstock (Figs, 
174 and 176). 

Each bucket is divided into two symmetrical parts, or lobes, by a ridge 
or splitter upon which the jet impinges. Each half of the jet passes over 
a lobe of the bucket which is so shaped that, under normal conditions of 
wheel speed, the water leaves the edge of the bucket with an absolute 
velocity small in value and in a direction approxunately at right angles 
to the original jet. This reduction in velocity represents an amount of 
kinetic energy which has been expended in work upon the runner. 

The buckets are cast from iron, steel or bronze and have their faces 
polished and the splitter ground to an edge in order to minimize fric- 
tional resistance. They are generally fastened by two or more bolts to 
the runner dis^ or cast integral with it. Figure 177 shows a common form 
of bucket. 

The back of the bucket is carefully shaped so that as it swings down- 
ward into the jet no water will be wasted by spattering. As it enters and 
cuts through the jet, the bucket isolates a slug of water which is free to 
overtake the preceding bucket to which it imparts its kinetic energy. 
The face of the bucket is often set at an angle with the radius and its 
lower lip is notched or indented. This is done for the purpose of causing 
the first contact between the jet and backet to take place with the bucket 
as nearly normal to the jet as practicable. If these two things were not 
done, the jet would strike the lip at the bottom and be deflected upward 
into the whed, cauring a loss in effidoicy. 

It has been found that certain general proportions must be observed 
for cffidoit operation. The face area of the bucket, for example, should 
not be too >friien compared with the area of the jet, as otherwise 
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die budDet wiD be crowded with water and cnet^ hwt Iqr eikfying; and 
bjr bdltite of the bucket to deflect equally aU portions of the jet. Neither. 

the bucket be too large, as this r^ts in unnecessary surface 
titm. Past practice has been to make therfacenrea fd the bucket at least 
10 times the area of the jet, and the radial length of the budcet from 2 
to 3 times the diameter of the jet. 



nai.177. Out-Sted Bucket of the CBtfliouT^ii!i)iiies.(Courtev of ArnsOialmm 

The diameter, D, of the turbine, measured on the bucket’s jfltch dtde 
to which the jet is tangoit, hae a fairly definite minimum value. For 
budtets sqiaiatdy cast, this has been found to be about 9 tunes die jet 
diiMBeter, d. Recmdy the S. Morgan Smith Company has devdoped a 
whed having buckets cast int^ral with the disk, allowing doser tqiacbig 

the budrets around the per^heiy and makii^ a^ ratio of about 6 pos> 

sible (Fig. 176). It will be shown bter that thh permits a higlmr rotadve 
qieed. 

There is no limit to the nuurimum vdueof as the idud may be 
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made laiige if a alow rotative q>eed be desind. Large wheds entail 
creaaed coat and mctease the power lost in windage. 

The power of a runner may be increased uanig two noades and, 
at the lower heads when the nebessary water is available, this is beccnn- 
ing good practice at the present time. D^ectors on eiUier side of the 
runner {nevent water, discharged from the buckets, from again coming 



Fw. 178. Sh^ Awembly Noade, Pninire Reguktor and Coventor for tiie Caiiboa 
TuiUnea. (Courteqr of Allu-Qtalmen Mfg. Co.) 


in contact with the runner. For turbines of large capacity under high 
heads, past practice has been to use two runners on a sin^ie shaft, each 
drivmi by a sin{^ jet. In this case the electric generator is jdaced between 
them, a^ the supporting beatings are betweas the generator and eadi 
whed. This is known as a douUe overhung unit (Fl^. 174 and 175). U 
one runner with two jets be substituted, the power lost by one runner in 
windage is saved. It is probatde that future desigiu will tend toward this 
type of cottstructitm. 

The Bozde is of spedal cemstruetkm, being fitted vnth a movable 
needfie valve ndnch ccmtiols the amount water d^veied in the jet 
^igs. 17fi.and 181). The need for nich ccmtrol arises from the ftet tl^ 
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the power demanded from the turbine usually varies in amount aud, in 
order to maintain a constant speed under changes in load, it beemnes 
necessary to change the power in the jet. Since the value of the latter is 


QwV^ 

2g 


, Q is the only factor that can be varied if the velocity of the jet is 


to be kept constant. Theory will later show that high operating efficiency 

requires a fairly constant jet veloc- 
ity. This is attainable, however, 
only for small variations in water 
discharge. Large changes alter the 
velocity in the penstock with result- 
ing changes in the amount of head 
lost there. The head at the nozzle 
therefore changes, altering the jet 
velocity and reducing efficiency. 

The needle acts as a regulating 
gate, and when it is partly closed the 
turbine is said to be operating at 
part gate. Its movement is accom- 
plished by means of a governing 
device actuated by the turbine. A 
slight departure by the turbine from 
normal speed sets in motion the 
mechanism for adjusting the needle 
to meet the new load conditions. 
With short penstocks in which the 
Fio. 179. Details of Pressure Regulator Used velocity is not high, the needle noz- 

(Courtesy of AUis-ChaUners Mfg. Co.) ^le IS very efficient m regulatmg the 

speed.^With long penstocks, especi- 
ally those carrying water with high velocit}', a quick, partial closure of 
the nozzle may give rise to water hammer and troublesome rises in pres- 
sure. To prevent this, several devices are employed, one of which is the 
pressure regtdator. Figure 178 shows the needle nozzle buUt for the C^bou 
Plant, together with its governor and pressure regulator. The construction 
of 'the latter is shown in Fig. 179. It operates as a pressure rdief valve, 
opening quickly with any rise of pressure in the p^tock and closing very 
slowly so as to prevent water hammer by its own closing action. It opois 
at any quick forward movement of the needle and closes riowly after the 
needle is adjusted to its new porition. Figure 179 also shows an ingenious 
design for absorbing the energy of the disduuge from the pressure 
r^pilator. 
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Another method for regulating the speed is by the use of a deflecting 
nozzle. Ihis is mounted on horizontal trunnions and is free to move in 
a vertical direction under powor supplied by water from the penstock. 
If the load on the turbine suddenly decreases, the governor immediately 
causes the nozzle to be lowered so that only enough of the jet strikes the 
buckets to supply the power demanded. Meanwhile the needle is moved 



fto. 180. Sbop Assembly of Needle Nozsle with Deflector. Hger Creek Plent of the Fltdfle 

Gas and Electric Co. Effective head 1190 feet. (Courtesy of Felton Water Whed Co.) 

forward by a secondary mechanism to reduce the discharge of the jet 
The governor then automatically restores the jet to the center of the 
buckets. The last two motions are practically simultaneous. 

Instead of deflecting the jet by lowering the nozzle, a deflector is some- 
times attached to the tip of the nozzle. It consists of a movable steel 
I^te or casting placed immediately over or around the jet, having its 
motion controlled by the governor. There are several common deagns, 
(me of which is shown in Fig. 180. 

The combination of a deflecting nozzle (or deflector) and needle valve 
usually results in dose speed regulation and little waste of water. 

A third type of nozzle is equ^ped with an auxiliary relief nozde 
mounted below, or to one ride of, the main nozrie (F^. 181). Should the 
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governor move the main needle forward, the auxiliary needle is retired 
an amount sufficient to discharge the surplus water beneath the wheel; 
This prevents sudden pressure*rises in the penstock. The rdief valve is 
then slowly closed. Like the deflecting nozzle, it permits close q>eed 
regulation. 

If the best speed of a turbine be defined as that speed for which the 
efficiency is a maximum, its value may be expressed in terms of the jet’s 



Fig. 181. Shop Assembly of Power and Relief Nozzles. Big Creek No. 1 Plant of Southem 
California Edison Co. Effective head 1900 feet. (Courtesy of Pelton Water Wheel Co.) 

velocity, V, or as a function of the head, h, found in the water at the 
base of the nozzle. Denoting the linear speed of the buckets (computed 
for a point on the pitch circle) by «, we may write 

u = 

and ^ will be found to have a definite value for each individual turl^e 
when run at its best speed. The value ranges from 0.43 to 0.47, with a 
cottunon average value of 0.45 (see Art. 183), and to ^ is given the name 
coeJSkient of rdative speed or simply relative s^eei. It rdates the velodQr 
of the buckets to the ideal velocity corresponding to the head A* a>^d is 
one of the important indices or constants of the turbine. It will later be 
used to shnilaily relate the petiphnal speed of the reaction tutbine to 
the head undm* which it operates. Its value for tai^gential turbines is leas 
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than for any type of reaction turbine, and therefore the poipheral ^)eed 
under a given head ifnll be less for a tangential turbine than for reaction 
types, as previously stated. Later it will be found that the reaction tur- 
bine uses a very much larger quantity of water than a tangential wheel 
of the same diameter, so that for equal powers under a given head, the 
tangential wheel will have the larger diameter. Because of this and its 
lower peripheral speed, its rpm. will be much less than that of a reaction 
wheel developing the same power under a given head. This states a car- 
dinal difference between the operating characteristics of the two t>'pes. 
The tangential 1;urbine is ess^tially a low speed, low capacity turbine 
when compared with modem wheels of any other type. It is preferably 
used under very high heads where the quantity of available water is 
relatively small and the velocity of the water as it enters the ranner is 
high. Its low value of ^ and large diameter make a normal rpm. possible. 

Present practice is to use it exclu»vely for heads above 1000 feet, and 
frequently for much lesser heads when the available flow-rate is relatively 
small. 

179. Notable Installations 

In recent years there has been much progress in the construction of 
large-size, high-powered tangentid turbines as the development of trans- 
mission lines has made the high heads of the mountainous country avail- 
able for power. 

Among notable installations were the turbines of the Caribou Plant 
of the Great Western Power Company on the North Fork of the Feather 
River in California. Three double overhung units were built in 1921- 
1924, each double unit developing 30,000 h.p. at 171 ipm. under a head 
of 1008 feet (Figs. 178 and 182). The wheel and jet diameters are 155 

inches and 11 inches, respectivdy, giving to — a value of 14.1 The value 

a 

is 0.455; The governing is by means of a needle nozzle combined with 
a pressure regulator. 

In 1925 the Southern California Edison Company, in its Big Creek 
Plant No. 1, installed a double unit to devdop 35,000 hp. at 300 rpm. 
imder a head of 1900 feet. The wheel diamet|$r is 127 inches, the jet 

diameter 7.3 inches, giving to ^ a value of 17.4, and to ^ a value of 0.475. 

d 

This unit used the auzHiaty relief nozzle in regulating the speed. 

The Baldh Plant of the San Joaquin Light and Power Company <m 
King’s River, Califomia (Ftg. 174), has a still larger double unit of 
40,000 1^. capadly, operating at 360 rpm. tmder a head of 2243 feet 
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The diMneter is 1 15 Inches with a 7i>mch jet, giving to ^ a value of 16.2. 
The value ^ is about 0.47. 



Fio. 182. Runner of the 10,000 hp. Double Overhung Turbinct at the Caribou Plant of 
Great Wettern Power Co., California. (Courtesy of A|iis-Chalmers Mfg. Co.) 


In 1928 the Southern California Edison Company installed in their 
Big Creek No. 2A Plant two double units of 56,000 hp. capacity, with a 
q>eed ai 250 rpm. under a 2200-foot head. One unit hu a diameter of 164 
indies, the other 162 hiches. The jets are 8^ inches in diainetor so that 
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the ratios of — are 19.3 and 19.1, respectively. The value of ^ is about 

0.465. This to date is the largest tangential turbine as far as capacity is 
concerned. 

The largest turbines, in point of use, are probably those at the San 
Francisquito Plant No. 1 of the City of Los Angdes, California. Here a 
double unit having a diameter of 176 inches develops 32,000 hp. at 143 

rpm. under a head of 870 feet. It is driven by a 14-inch jet so that ^ is 

a 

12.6. The value of <t» is 0.464. 

The highest head so far devel<^)ed is one of 5800 feet in Valais, Switxer- 
land. There a single unit driven by one jet develops 30,000 hp. The high- 
est head at present developed in this country is at the Buck’s Creek 
Plant of the Feather River Power Company in California. The gross 
head is 2562 feet and the head at the nozzle is 2350 feet. Double over- 
hung units develop 35,000 hp. at 450 rpm. 

' A unit having two jets has been recently built for the Caramanta 
Mining Company in Colombia, South America, by the Smith Company. 
It develops 2500 hp. at 327 rpm. under a head of 280 feet. 

As an ezamjde of the use of multiple nozzles may be cited also the 
Salt River development in Arizona, where six nozzles are used on a single 
runner to develop 1000 hp. at 94 rpm. under a head of 1 1 1 feet. The shaft 
is vertical. 

180. The Head 

For the tangenUal turbine, the available head at the plant is not the 
head under which the turbine is said to operate. In . Fig. 183 the plant 



head, H, is the difference in devation between the surfaces of headwater 
and tail-water. A considerable part of this is lost by fricUon in the pipe 
hne, and a small part, s, is lost by the necessity of setting the wheel above 
the level of the tail-water during flood flows. That which is left exists as 
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vdodty head and pressure head in the pipe at entrance to the nozzle, 
and is considered to be the effective head, h, under which the turbine 
operates. A part of it, (1 - cff)h, is lost in passing through the nozzle, 
but inasmuch as the nozzle is considered a part of the turbine, it is proper 
that the head charged against the turbine should be computed in this 
manner. Accordingly, 

Effective Head - A - ^ ^ , 

2g w 

V and p being average values for velocity and pressure at the nozzle 
entrance. Obviously it would be unfair, in computing the efficiency of 
the turbine, to charge against it the head, z since no feasible method 
exists for utilizing any part of the latter. 

181. The Jet 

By Art. 79 the jet velocity is 



Cv having a value dependent upon the nozzle construction. For the needle 
nozzle it varies with the position of the needle, having a maximum value 
of approximately 0.98 when the needle is fully withdrawn and decreasing 
somewhat as the needle advances toward the closed position. Were the 
head, h, constant, this variation in would cause a like percentage 
change in the jet velocity. As a matter of fact the head changes with the 
needle-setting due to the changes produced in velocity and friction head 
in the penstock by the needle movement. For a forward movement, re- 
ducing the discharge, the head tends to build up and c, decreases. The 
effect of each on the jet velocity being opposite in nature, the latter tends 
to have a certain amount of stability, although it becomes impossible to 
maintain a constant jet velocity under all conditions of operation. 

182. Action of the Jet on the Buckets 

Figure 184 shows a horizontal section through one of the buckets taken 
on a plane passing through the axis of the jet. The bucket moves in a 
circular path, but for the present purpose we will assume its path to be 
a straight line, coincident with the jet’s axis, and that its velocity, », is 
constant. Two succes^ve positions of the bucket are shown, together 
with the path of the water as it flows over the bucket’s surface. The path 
of the water, rdative to the bucket, is shown in dotted lines. The water 
leaves the, bucket with a relative vdodty, v^, whose direction is tangent 
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to the bucket surface at the point of ent. The ang^e between vs and the 
jet’s axis, conunonly called the bucket angle, is deagnated by 0, Due to 
the combined motion of the water over the bucket and of the bucket 
through space, the actual path of the water is that shown by the full lines, 
the water leaving the bucket with an absolute velocity, Va, at an an^e, 
a, with the jet’s axis. It is to be noted that 1^2 is the vector sum of va and 
u; that the absolute path of the water has an easier curvature thaii the 



surface of the bucket, and that the angle, a, through which the water is 
deflected, is much less than the bucket angle, /3. 

The velocity of the water in the original direction of the jet is reduced 
from Fi to ^2 cos a and the component, in this direction, of the pressure 
exerted by the jet on the bucket is 

P, = M'iVi - Vacosa). 

This component is the force which causes the bucket to move with uni- 
form speed against the resistance supplied by the load on the turbine. 
The value of M' is that mass of water which each second of time passes 
over the bucket. The total of the separate forces simultaneously acting 
on each live bucket can be obtained from the above equation if we change 
M' to M, since the combined masses flowing per second over the active 
buckets equals the mass, M, discharged per second by the nozzle. We 
have, therefore, ^ 

P, - ^ (F, - Va co8«) (172) 

g 

as the value of the turning force applied to the wheel and, since it moves 
u feet per second, becomes the work done in one second or the'.^ouier 
input to the shajt. It is greater than the power output from the shaft 1^ 
the amount kst in bearing friction and by windage. 
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In Fig. 185 are three typical parallelograms of vdodty which 
mi^t be obtained for a given bucket an^e and jet velocity by varying 
the q>eed. u. For an increase in u, there will be a decrease in i '2 ^ce the 
latter dqrends upon u. The diagrams show in each case that 

F 2 cos a >= tt + i '2 cos j9, 



Fig. 185 


cosine /3 being negative since j9 is larger than 90 degrees. Substituting this 
value in equation (172) and multipl}dng jP, by u, we obtain 

Power Input to Shaft = — [(Fi — «) — i »2 cos^Jm. 


iYi — u) is the relative velocity at entrance afld, were the flow friction- 
less, it would equal i’ 2 . Under such conditions the above equation would 
become 


Power Input to Shaft = — (Fj — «) (1 — cos j8)«, 

g 


an expression common in many textbooks. Expieriment shows that is 
less than (Fi — «). For well-designed buckets having a thin-edged split- 
ter and surfaces well polished, ti 2 may be as large as 0.95 (Fi — «), but 
it rapidly decreases in value with inferior design and rough surfaces, be- 
coming as small as 0.75 (Fi — «), or even smaller. 

If we let »2 = (Fi — «), the power equation becomes 


Power Input to Shaft 


— (Fi -«)(1 -kcosp)u, 
g 


(173) 


'For buckets well designed and finished, k may be taken as about 0.90. 
It doubtless varies with V 2 , itself, and consequently with the wheel speed, 
but unless wide changes in u are considered, it may be treated as a con* 
stant. 

The equation was derived for certain assumed conditions which are not 
actually existent, and the value it gives probably differs somewhat from 
the true value. It was assumed that the buckets move with a speed, u, 
in a straight line coincident with the jet’s axis.’ The fact that they follow 
a curved path, and each bucket is constantly changing its inclination to 
the jet, introduces comjdicated relations wrluch are mathematically diffi- 
cult, if not imposable, to express. For exam{fle, the reladve vdocity at 
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entrance to the bucket has been assumed as Vi - u and constant for all 
positions of the bucket. A little thought will show that this value can be 
true only when the bucket reaches a point so that its velocity is really 
parallel to the jet. At all other times the velocity, u, makes some angle, 
ai, with V I and the relative velocity is the third side of the vector triangle. 
Obviously ai varies as the bucket moves. Again, the value of u at the 
point of entrance is not constant, due to the fact that the curving path 
of the bucket causes this point to shift along the edge of the splitter. 
Similarly the bucket velocity at the point of exit is continually varying 
for the same reason. In spite of these and other departures from assumed 
conditions, equation (173) fairly well represents the power input to the 
shaft, and shows clearly the influence of all the various factors upon this 
power. 

183. Speed for Maximum Efficiency 

For a given jet velocity and bucket angle, equation (173) shows that 
the input to the shaft varies with the wheel speed. If m be zero, or equal 
to Fi, the power is zero, while at intermediate speeds the power depends 
upon the ratio of u to Vi. The speed which makes the power input a 
maximum may be found by noting that (Vt — «) h must attain its maxi- 
mum value simultaneously, since the other factors in equation (173) are 
constants or, as in the case of k, may be assumed so. Placing the first de- 
rivative of (Ft — u) « equal to zero, we obtain 

Fi - 2« - 0 

oi 



The power output from the shaft depends upon the loss by bearing fric- 
tion and windage. Experiments indicate that the first varies approxi- 
mately with the speed, the latter about as the cube of the speed. Figure 
186 shows the variation in the several losses as the wheel speed, u, changes. 
Hie hydraulic losses, bucket friction and residual kinetic energy at exit, 


decrease to a minimum as the speed increases from zero to 


F, . 

— , increasing 


with the speed from there on. This is proved by equation (174). The 
mechanical losses increase with the speed, and it is evident that the power 
output will be a maximum when the speed is such that the sum of the 
hydraulic and mechanical losses is a minimum. This occurs at a qieed 

somewhat less than ^ ..since a slight reduction from this value causes 
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little change In the hydraulic losses and does decrease the mechanical 
losses (see Fig. 186). The best speed varies with details in the design o£ 
each wheel, but in general it is such that u varies from 0.44 to 0.48Fi. 
An average value is therefore 0.46Fi. 

As stated in Art. 178, it is convenient to express this speed in toms of 



Speed 

Fig. 186. Variations in Power and Losses with Speed 


the operating head, h, using the relation, u = d>y/2^. Assuming an av- 
erage value for Fi of 0.98 V2gA, we have 

u = 0.45^^. (175) 

In practice the value of ^ ranges from 0.43 to 0.47. (hice the value of ^ 
is determined for a wheel, equation (175) fixes the linear speed at which 
it should be run. 

184. Efficiency 

The efficiency, e, of all turbines is the ratio of the pow^ derived fimn 
the shaft to tlmt supplied by the water at mtry to the turbine. These 
two powers differ by the sum of all hydraulic and mechanical losses. 
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The hydraulic efficiency, is the ratio of the power utilized by the 
runner to that supplied by the water at entry to the turbine. These two 
powers differ by the amount of the hydraulic losses. 

The mechanical efficiency, e^, is the ratio of the power obtained from 
the shaft to that put into it, the latter being the power utilized by the 
runner. In the case of a tangential turbine, the two powers differ by the 
amount lost in bearing friction and windage. 

Evidently the efficiency of the unit is the product of the hydraulic and 
mechanical efficiencies. The better the mechanical efficiency, the nearer 
does the ove^ll efficiency approach the hydraulic efficiency. 

The power utilized by the tangential turbine being given by equation 
(173), and the power input to the nozzle being Qwh, the hydraulic effi- 
ciency is 




Qw 


(Fi — u) (1 ~ i cos j8)« -r Qwh. 


Since 


Vi *= c»\/ 2gh and u = 2gh, 


e* = 2(<^c« - (i -k cosjS). ■ (176) 


The equation emphasizes the four conditions conducive to high effi- 
ciency, viz., smooth, well-designed buckets, a large bucket angle, a good 
nozzle, and correct wheel speed. It also shows that the hydratdic efficiency 
is independent of the head, h- Tests and theoretical considerations have 
^own that the mechanical efficiency varies slightly with the wheel speed 
and therefore with the head. In general it improves with the head but, 
except in the case of a large increese in head, the improvment is so slight 
that we are warranted in assuming the overall efficiency to be constant 
so long as remains constant. 

Assuming ^ » 0.45, Cv 0.98, k = 0.95 and 0 = 170°, the hydraulic 
efficiency is 92 per cent, agreeing closely with best modem practice. If 
the mechanical efficiency be 0.97, the net efficiency is 88 per cent. 

Equation (176) is general in its application and not restricted to best 
speed conditions or any special needle position. If the coefficient, Ct, re- 
mains fairly cemstant over a wide range of needle movement, the hydrau- 
lic effid^cy should likewise be fairly constant and the overall efficiency 
also. Actutffiy the nozzle coefficient does decrease as the needle closes, 
the change b^g more rapid as final closure is approacheti. At small noz- 
de openings, the mechanical losses are so large in relation to the total 
power input as to result in a rapid decrease in overall efficiency as the 
need l** doses. A typical curve showing the rdation betweoi efficiency and 
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power ou^t appears in Fig. 187, and its flatness over a wide load range 
is noticeable. This characteristic is one of the valuable features of a tan-, 
gential turbine. The nuudmum efficiency is usually found at a needle 
setting somewhat less than for nozzle wide open. This is intentionally 
made so in order that the efficiency will be high at normal load and the 
turbine still have an overload capacity. In this turbine, as in the reaction 
type, the load corresponding to the point of maximum efficiency is desig- 



load. 


185. Turbine Laws and Constants 


If two or more tangential turbines of like design are constructed, differ- 
ing only in uze so that all homologous linear dimensions have a common 

ratio, they will be foimd to have the same values for ,k and and 

a 


hence the same hydraulic efficiency (equation 176). Tnts indicate that 
their overall efficiencies will differ but little and, for present puixwses, 
may be assumed alike. 

Uuii Speed . — For each wheel the speed, n, in revolutions per minute, 
will be 


n 


7 ^ 

uD 



if U be the diameter in inches. Evidently 1840^ is a constant for all wheds 
of like des^, if relates to best speed. For a ninner having a diameter of 
one inch, operating under a head of one foot, the equation shows that its 
speed would be 1840^. Such a runner is hi|^y imaginative, but h fur- 
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niahes the name of Unit Speed to the quantity, 18400, which will here- 
after be designated by ««. Therefore, 


Dn 

Since 0 has values from 0.43 to 0.47, 


(177) 


«„ = 790 to 870. 

Equation (177) shows that the best speed for wheels of like design varies 
directly as y/k and inversely as D. « 

Unit Discharge . — For each turbine the rate of discharge will be 


d being measured in inches. For similar needle settings with similar noz- 
zles, c, has one value, and d may be expressed as The value of Q may 

PI 


then be written, « ^ . ,o 

PIr 


Again, for a runner one inch in 4if^eter, under a head of one foot, the 
rate of discharge will be cfs. To this quantity is given the name 

PIT 

Unit Discharge, and it is designated by Q^. Therefore, 

Q - QJ>^Vh. (178) 

Assuming <;» » 0.98 and m « 9, 

Qu - 0.00053. 

If m be '6, 

- 0 . 0012 . 

The latter value represents approximately the maximum value which 
Qu may have. There is no fixed lower limit since m may be made as large 
as desired. 

From equation (178) we see that the discharge from homologous tur- 
bines is proportionid to D^ and y/h, which is'the ordinary orifice law. 

Unit Power.— For each turbine the horsepower output will be Qwhe + 
550. With e practically constant for all homologous turbines operating 
at the same 0, the output is proportional to Q and k. Since Q ■» QJl^y/k 

Output hp. - 
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Again, if J7 be one inch and h one foot, the horeq>ower is ^ , to be known 

O.O 

as the Unit Power and designated by Therefore, 

hp. - (179) 

For Qu •= 0.0012 and e »= 0.88, 

Pu = 0 . 00012 . 

The value, 0.00012, may be regarded as the upper limit. There is no fixed 
lower limit, since m (hence Qu) may be as large as desired. 

Specific Speed . — The quantities, »u, Qu and Pu, are known as the tur- 
bine constants. In addition to these is a fourth one derived as follows: 

If in the equation, hp. <= we substitute for D its value from 

equation (177), we obtain 

u n 2^* 

hp. *= Pu^*u 2 > 

71 

or 

WuV/'u - 

The equation states that for all turbines of hoipologous design, the value 
of «V^. -r- is a constant. To n^y/Pu is given the name Specific Speed 
and the symbol If we imagine a turbine to have such a dimaeter that 
under a one-foot head it delivers one horsepower, then its speed, n, will 
equal n,. Therefore, 

(i«.) 


Assuming *= 865 and Pu " 0.00012, both of which are approximate 
limiting values, 

n, = 9.5. 

This may be regarded as the approximate maximum value winch n, may 
have, using a single nozzle. The Caramanta unit (Art. 179) built by the 
Smith Company had an n, value of 14.3 for two nozzles, which is equiva- 
lent to about 10 for one nozzle. Runners which use bolted buckets that 
require wider spacing on the wheel have a maximum value of ap{»oxi- 
matdy 6.0. A common value for such construction ranges from 3.5 to 
4.5. 
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Tlie dq>eiidrace of n, upon the value of ^ may also be shown as follows: 

a 


n. - 

0.0 


Substituting for Qu its value, 


0.0438c, 


tn 

n, = 1840 


2 » 


tn ' 


.0438c,c 


8.8 


If for m be substituted y , 
d 


». = (129.5«\/c,c) (181) 

This shows «, to be largely dependent upon ^ , since 0, and e can van' 

d 

within only comparatively narrow limits. If ~ 0.46, = 0.98 and 

€ “ 0 . 88 , 

d 

n. « 55.4 


If *7 be 9, «, is approximately 6.0. If — be 6, is a little more than 9.0. 
d d 

The only way by which this value may be exceeded is b> the use of 
multiple nozzles. Since the power obtainable from a single turbine is pro- 
portional to the number of nozzles used, n» increases as the square root of 
the number. In giving the value of w, for a turbine having more than one 
nozzle, it should be stated whether the value is for one or all nozzles. 
The Salt River turbines (Art. 179) have an w, value of 3.3 per nozzle, or 
8.1 for the six nozzles. 

186. Recapitulation 

The foregoing article may be summarized as follows: 

For all turbines of homologous design, operating at the same relative speed 
and gate {needle) setting — 

— 1 ^/~h 

n varies as Va and — , or « * , where «« *» 1840^. 

I 

Q varies as VA and D*. or () — where ■« 0.0438c, 
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Hp. varies as A* and D^, or hp. • PuD^^, where i*» ” /r • 

l5«o 

«, - HuVK m 

Hydraulic efficiency, en, independent of k and D. 

Overall efficiency, e, practically constant for moderate range in head, 
improving slightly for large increases in head. 


Numerical values of Uu, Qut Pu and n« may be computed for any given 
value of 0 and for any gate opening, and are common to all turbines of 
that design so long as they operate at the given ^ and gate. They are ob 
tained from tests during which the discharge, power and efficiency are 
measured at the de»red ^ and gate. Usually the stated values corresi>ond 
to the speed of maximum efficiency and the gate of maximum power. 

The above laws and constants are valuable in computing the perform- 
ance of a given wheel at any head, and in determining the size and speed 
of any given design to meet specified conditions of power and head. 

It will appear later that the same laws hold for all reaction turbines and 
that each such turbine has definite values for Hu, Qu, Pu and 

187. Illustrative Examples 

(1) The Caribou turbines develop (per runner) 15,000 hp. at 171 rpm. 
under a head of 1008 feet. Their diameter is 155 inches, and each uses 
165 cfs. Compute the constants: 


Du 155 X 171 
“ 31.« 


835 


835 

1840 


0.455 


Qu 


Q 165 

iPVk " 155* X 31.8 


0.000216 


, hp. 15,000 

“ “ iPhVh " 155* X 1008 X 31.8 

_ 17 1 X 122.5 


0.0000195 


n, - 


or 


HuVFu - 835 Vo.0000195 « 3.7. 
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(2) If these wheels were to be used under a head of 1200 feet, ifhat 
would be their s{>eed, power and rate of discharge? 


n 

hp. 

Q 



(3) What size of whed, having the same design as the Caribou, would 
be used to develop 8250 hp. under a 900-foot head? What would be its 
proper speed ruid what its rate of discharge? 


8250 = PuD^kVit - 0.0000195Z)® X 27,000 
D - 125 inches 
nuVh 835 X 30 


125 


200 rpm. 


Q = 0.000216 X 125* X = 101 cfs. 


(4) If the Caribou wheek were used under a 2500-foot head, what 
power would they develop, what would be their proper speed, and bow 
much water would thqr require? 

- For these wheels, » 835, Qu 0.000216. and P« » 0.0000195. 
Therefore — 


hp. » 0.0000195 X 155* X (2500)* - 58,500, 
or, more simply, 

/2500\f 

hp. - 15,000 X f — j = 58,500 
Vk 835V'25o6 


155 


269 rpm. 


or 


Q - 0.000216 X I5S* X Viw - 2Wcfik 


or 
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(5) Can tangratial turbines be used to devdi^ 20,000 lq>. at 200 rpm 
undo: a 700>{oot h^? 


_ 200V 20,000 

TOOV VTOO 


7.86. 


This value of n, is possible using either one or two nozrJes. If the power 
be divided between two turbines of a double overhung unit, the value of 
per turbine will be 5.6. 

PROBLEMS 


1. A turbine is to develop 2400 hp. under a head of 900 ft. Assuming c, » 
0.98 and an efficiency of 88 per cent, what would be the diameter of the jet and 

what the rpm. of the wheel if a value of 14 were employed for “ ? 

a 


Ans. 4.56 in., 390 rpm. 

2. The following data are for a 96-mch turbine; 

h « 1210 ft « 0.98 B * 160® k - 0.87 

d « 7 in. ^ 0.47 e * 0.835 

Compute: (a) Po#er input to shaft, (b) The rpm. (c) Horsepower output. 
(i{) The head utilized by the buckets, (e) The mechanical efficiency of the 


runner* 

Ans, (a) 8800 hp. (b) 312 rpm. (c) 8400 hp. 
id) 1060 ft (e) 0.96. 

3. A tangential turbine is supplied with water from a 6-inch jet under an 

effective head, A, of 900 ft. K ^ » 0.46, * 0.97, k * 0.90 and B « 160®, 

compute the horsepower input to the shaft. Ans. 4100 hp. 

4. ^ Pelton wheel develops 15,000 hp. under an effective head h of 1000 ft. 

Compute the approximate value of P, d and rpm. Assume e « 0.85, and P-j- 
d « 12, Ans. D « 10.7 ft. ;d «= 10.7 in.; rpm. — 204. 

5. A 12-inch nozzle, attached to a 30-inch pipe, furnishes water to a tan- 
gential turbine. The pressure at the nozzle being 400 lb. per sq. in., Cv « 0.97 
and Cc “ 0.70, compute 

(a) the energy in the jet 

(ft) the approximate diameter of the runner and its rpm. 

Ans. (a) 13,000 hp. 

6. An impulse turbine is to operate at 300 rpm. under a head of 625 ft. What 
is the smallest diameter it can have, consistent with present practice? What 
maximum diameter of jet can be used? If 90 per cent of the jet energy can be 
delivered by the shaft, what possible power can it develop? 

7» A turbine has a diameter of 78 in., a speed of 300 rpm. and a bucket angle 
(p) of 165®. The diameter of the noakle is 8 in*, and Cv and Cc are 0.97 and 0.80, 
respectively. Compute the power uq>ut to the shaft, assuming k » 0.85 and 
^ 0.46. Ans. 4450 hp* 
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8. A certain turbine has the following data: 

D m 65 m. rpm. « 300 A - 600 ft. c, - 0.98 

d - 5.8 in. /J = 165“ k - 0.80 c. - 0.80 

Compute 0, e*, Q and the power input to the shaft. 

Ans, ^ = 0.43, Ck 0.835, 

I Q <= 35.4 and hp. » 2020. 

9. A certain power plant is equipped with tangential turbines each of which 
has the following data: 

hp. = 100 rpm. = 350 ^ = 0.45 

e = 0.82 h = 225 ft. c, = 0.98 

Penstock diam. at nozzle => S in. 

p 

Compute Q, D, d and - at base of nozzle. 
w 

What is the value of n,? 

Ans. Q * 4.78; D - 35.5 in.; d = 2.72 in.; - = 222 ft.; n. - 4.0. 

w 

10. An impulse turbine develops 7400 hp. at 200 rpm. under a head of 814 
ft., giving an efficiency of 80 per cent. For the nozzle ^ 0.97, and ^ is 0.45. 

(а) Compute the rate of discharge. 

(б) What is the wheel diameter, and the value of ~ ? 

a 

(c) Compute Qu, Pu and n,. Ans, {a) 100 cfs. {b) 118 in.; 13.1. 

{c) 0.000248, 0.0000225 and 3.94, 

11. A single overhung tangential turbine in India is rated at 1 5,000 hp. under 
a 1675-ft. head at 300 rpm. 

(a) Compute the specific speed. 

(4) If Pu be 0.000020, what is its diameter and what is tne value of «„? 

(c) If the mechanical losses (windage Jind bearing friction) be 300 hp., what 
force is being exerted by the jet against the buckets? 

i4»s. (a) w, = 3.44. 

(4) D = 104.5 in.; n„ = 765. 
{c) 61,700 lb. 

12. It is desired to develop 5000 hp. on a single turbine at 200 rpm. under a 
700-ft. head. The available flow is 71.5 cfs. A turbine which meets these speci- 
fications has a value of 4* equal to 0.455. 

(fl) Compute e, n*, D and — , assuming Cv for nozzle is 0.98. 

a 

(4) Compute n«, Qu and 

Ans, e » 0.88; n, 3.9; D * 111 m.; 
D 

-r « 14; n* » 837 rpm.; 
d 

0. - 0.00022 cfs.:/’. 0.000022 hp. 
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IS. It is prapoied to develop 84,000 hp. at 164 ipm. under a head of 1220 ft. 
E wbeds of the same design as those used in the Balch plant of the San Joaquin 
light and Poirer Company (Art. 179) are to be used, how many double over' 
hung units will be required and what will be their diameter? 
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188. General Description ' 

As pointed out in Art. 177, the modem reaction turbine may be classi- 
fied either as a mixed-flow or axial-flow turbine, according to the direc- 
tion taken by the water while passing through the runner. 




FM. 188. OrigmalFraadsTMiiiie 


The nuzed-flow, or Francis, turbine is much the dder the two types, 
bang a modification of the first efedentinwaidrflowturtanedfBBgnedly 
Fiands in 1849, and distinctly an American product. The de^ of its 
runner varies with the in^noaed conditions of head, power and ipeei, as 
may be seen in F%. 201. 
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The axial'flow, or propeller, turbine is of comparatively recent origin, 
the first having been manufactured in this country in 1916 from deugns 
pr(qx>sed by Nagler in 1913. In Europe a similar deagn had bera pro- 



Fig. 189 


posed by Kaplan of Czedmsiovalda, but it was not manufactured until a 
later date. A runner of the Nagler type is shotm in Fig. ^S. A somewhat 
different design by Moody appears in Fig. 213. 

To Kaplan bdongs the cr^t for conceiving a propel turbihe with 
mooaUe Uades (Fig. 207) udiose posi^n may be vari^ enth. the load on 
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the turbine and hence with the rate of discharge. As will be seen later, 
this permits a high efficiency to be maintained over a wide range of 
operating gate or load. It also permits a runner, deagned for a given 
head and rate of discharge, to work efficiently under much lower heads 
with lowered rates of discharge. 

The mixed-flow and axial-flow turbines differ mainly in the design of 
the runner and its position relatively to the guides. They both have cer- 
tain common features which may be mentioned and described with the 
aid of Fig. 189. ITie drawing is a half-sectional elevation of an 18,000 hp. 
mixed-flow turbine designed and built by Allis-Chalmers Mfg. Co. to 
operate under a head of 430 feet at 375 rpm. Because of the high head, 
the water is brought to the turbine through a steel penstock and deliv 
ered to a spirally shaped steel casing, C, which surrounds the turbine 
proper. Such casings are commonly made of cast steel, plate steel, con- 
crete, or steel and concrete, depending upon the pressure to which they 
are subjected. From the casing the water flows between widely spaced 
stay-vanes, S, which primarily serve as supporting columns to carry the 
weight of the non-rotating parts of the turbine to the power-house foun- 
dations. They also direct the water from the casing to the turbine guides, 
G. With plate steel or concrete casings the stay-vanes are cast integral 
with top and bottom rings, and the whole is called the speed ring. (Fig. 
190). The name is somewhat a misnomer and results from the fact that 
the water begins to increase its speed at this point. In low-head plants 
the casing and speed ring are generally omitted and the water then flows 
directly to the guides from the open flume in which the turbine is set 
(Fig. 172). From the speed ring the water enters the guide case, which is 
fitted with a series of guides, G, whose function is to give to the water a 
whirling motion as it passes to the runner, R. They also act as gates by 
which the rate of flow through the runner may be regulkted to meet' 
changing demands for power. For this latter purpose they may be ro- 
tated on the trunnions or spindles, D, by means of levers, E, which are 
connected to the shift-ring, F, by proper linkage. The shift-ring is con- 
centric with the shaft and is rotat^ ^ ofl-pressure pistons actuated in 
turn by the speed governor. The ruimer is kQred to ^ main shaft and, 
while passing through it, the water is guided l^y the runner Uades and 
by the surfaces P and B which are the crown plate and rtmner band, te- 
qpectivdy. From the ruimer the ffi)w is directfy into the top of the draft 
tube, T. 

Since there must exist a clearance i^iace between the ruimer and -the 
gtude case, it is possible for water to occupy the spaces. A, above the 
crown plate and below the band. Through the lower dearance q;iice water 
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may actually flow to the draft tube unthout entering the runner. To 
minimito this leakage loss, the clearances are made small and specially 
deseed to hinder flow. 

Ab(K^ the runner is a bearing for steadying the shaft. It is usually of 
babbitt metal lubricated by oil, but in small turbines is often made of 
lignum-vits (hard wood) and lubricated by water. For all vertically set 
turbines the weight of the rotating parts, including the armature of the 
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generator, is generally carried by a specially designed suspension bearing 
placed at the top of the shaft and supported on the generator frame. The 
various mechanical parts mentioned are to be seen in many of the accom- 
panying illustrations and should be identified by the reader. 

The draft tube is used with all efficient reaction turbines, as it pomits 
the placing of the turbine above the tafl-water level without sacrifice of 
head, and adds to its efficiency. Preferably it should be straight with flar- 
ing sides (Fig. 191(a)), since such a form is conducive to hig^ efficiency. 
Tte water pressure at the top of the tube depends upon the height above 
tafl-water and upon the amount by which- the vdodty is reduced in 
passing through the tube. A large reduction requires a l<mg tube as it is 
impossible to nudce the tube flow full throughout its length if the angle 
at flare bie too abrupt A long, straight tube requires costly power-house 
foundations or tail-race excavations, and for it is often substituted tm 
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ofthe dbow t)rpe having a quarter turn as shown in Fig. 191(6). Its axial 
length may be as great as desired but the vertical height is krai low. 
Under conditions of normal dUcharge, the water from the turbine enters 
the tube in a direction paraDel to its axis and the quarter-bend does not 
serioudy interfere with smooth flow thro^igh the tube. At part load, how- 
ever, when the discharge is decreased, water from the turbine enters the 
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tube with a spiral motion which, in combination with the bend, produces 
a most unsatisfactory condition of flow. Beyond the bend the water tends 
to follow along one tide of the horizontal tube to the tail-race, allowing 
water from the tail-race to flow back along the other tide as indicated in 
Fig. 191(6). Under such conditions efficient operation is impossible. 

Figure 191(c) shows another type of tube designed to turn the water 
from a vortical to a horizontal direction without cauting the conditions 
just described. It consists of a short vertical tube and a longer Imiizon- 
tal one, both divergoit, connected by a collecting chamber containing a 
flat, circular {date or table. From the tiiort tube the water impinges w 
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tile flit plete, ioiie ovw it in a radial direction, and passes tiitoti(^ Itn 
animlar opcitii^ around its edge to the collecting cfaambo:. From the last 
it p«nes tiiroui^ the horizontal tube to the tail-race. Under reduced dis- 
charge ocMiditioiis, the qural motion of the water continues to exist as the 
flow peases over the flat plate, but the velocity of the ^iralling diminishes 
nvoii% as the edge of plate is approached, and the flow through the 
annular ^lace into the collecting chamber is comparatively free from 
vortices. This tube was the invention of W. M. White of the AUis-Chai- 
mers Mfg. Co., who gave the name of hydrauami to that portion of the 
flow above the flat plate. 

A similar device (Fig. 191(d)), designed by L. F. Moody, substitutes 
a conical core for the flat circular plate and provides a spiral collecting 
chamber so derigned as to continuously decelerate the flow as it passes 
on to the horizontal portion of the tube. Both of the above designs have 
been widdy used and have givm excellent results. 

189. Fundamental Conceptions 

As the water flows to the guide case of a reaction turbine, it contains 
energy in all of its three forms. The potential energy is computed with 
reference to the tail-water level, the point of final delivery. For high 
qierating i^dency the turbine should utilize as much of the total energy 
content as is possible, but it is evident that the water leaving the bottom 
of the draft tube must contain kinetic energy which cannot be recovered. 
It has pressure-energy also, due to the depth, n, to which the end of the 
tube is immorsed in the tail-water, but its potential energy is negative 
(datum at tail-water) and numerically equals the pressure-energy. The 
total energy is therefore equal to the kinetic energy. By flaring the draft 
tube this may be made small in value. The energy which the water has 
(u the top of the tube, and therefore at exit from the ruimer, is equal to 
that which it has at the bottom of the tube if we neglect the alight loss in 
the tube and remember that the datum of reference is the tad-water 
levd. This shows that the energy has been extracted from the water bjr 
the time that it leaves the runner. The difference between the enei^ 
content at entrance to the guides and that at exit from the runner i* 
equal to the meigy utilized by the latter plus that lost between the two 
pdnts. Tim losses should be kqpt at a miiumum. 

As it passes the guides, the water acquires a whiding motiem about 
dult as n editor, lOiKi therefore a mometU ef wkslrl or an angular mmno^ 
turn, la the runner this nuunent of whirl is gradual^, 

and a rehCflQaaiy torqw is produced hr the shaft. The amoinit fA td^que 
tispitub tpm the timmoment of ednri. When^9^eiatlp«i^^ 
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efficiency the runner ddivers the water to the draft tube with no 
ituunent of udiiil, and the flow is axially into the tube. 

ISK). Torque and Power 

'As far as fundamental relations are concerned, the ej^resskuas for 
torque and power delivered to the ffiaft by the passing water are the 
same for all types of reaction turbines. In deri\'ing them, however, it is 
convenient to use a diagram drawn to illustrate the guide and runr 
ner of a purely radial, inward-flow turbine similar to the original design 
of Francis (Fig. 192). 

The water is shown leaving the guide case with a vdodty Vi and enter- 
ing the runner at an an^ oj with the tangent to the runner. The ang^e 



is determined by the position of the guides and is assumed to be the angle 
which the tangent to the guide tip makes with the tangent to the runner. 
Since the water in passing through the runner loses much, if not aU, of 
its whirl, its velocity at exit will be nearly radial in direction, maldng 
an angle 02 with the runner-tangent. The subscript 1 will be used through- 
out this discussion to represent the point where the water leaves the guides 
and enters the runner, and the subscript 2 will designate the point of 
exit from the runner. Both Vi and V 2 are absolute velocities. Due to the 
motion of the runner, the water at entrance has a vdodty refo/we'to 
the runner, its direction and magnitude being such that is the vector 
sum of vi and the velocity of the runner. To avoid a suddlfo change in 
vdodty as the water enters the runner, the blades of the latter are so 
shaped at oitrance that a tangent to their stuface at this pmnt cdnddes 
wiith the direction of vi. Evid(mtiy but <me positicm of the guides will 
satisfy this condition. The an^e between and vi is desisted by 0i. 

‘Due to tiw gradual loss cd whhling nmtion in passing tiiltN^ the tun* 
an, the nruter Idlowi some such path as is indicated by die dotted line 
dad' aiifVi^ at pdnt with, an absolute velocity V$ whfch mdMs an 
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an^e ota with the runner-tangent. The shape of the blade at this point is 
such that Va is the vector sum of ua and the relative velocity va. The 
direction of the latter is assumed to be tangent to the tip of the blade. 
The angle between ua and va is designated by Pa- 
li M he the mass of water leaving the guides each second with a ve- 
locity Vi, the stream is capable of producing a dynamic force MVt, ac- 
cording to principles discussed in Art. 166 et seq., and the component 
of this in the direction of the runner- tangent is ilf cos ai. The momrat 
of this component about the shaft is MVi cos aiti and is therefore the 
turning moment which the water is capable of exerting upon the shaft 
as it passes point 1. Similarly, at exit, the stream is capable of producing 
a force in the direction of the runner-tangent equal to MVa coi aa, and 
a turning moment about the shaft of M Va cos aafa- The radial compo- 
nents of MVi and MVa have no moments about the shaft and need not 
be considered. It is evident that the turning moment which the stream is 
capable of producing has changed from MVi cos aifi to MVa cos aara in 
passing through the runner, and that the torque applied to the shaft by 
the water is the difference of these two moments. Accordingly we may 
write: 

Torque = M(Vi cosoifi — 72COSa(3r2). 

If we substitute s for V cos a, we obtain 

k Torque = M{riSi — raSa). , (182) 

This is a simple equation, easily remembered. The torque is dependent 
upon the mass of water flowing per second through the turbine and upoh 
the reduction in s, the tangential component of the velocity of whirl. 

A fundamental proposition in mechanics is that the power to be ob- 
tained from an applied torque is the product of the torque and the angu- 
lar velocity, u, of the body to which it is applied. The power obtainable 
from the above torque is therefore 

and, ^ce 

\ 

we may write 

Equatkau (182) and (183) are omrect for all types of xeaction turlnnes 
rinoe tlwy were derived solely from a conrideration of the change in the 
mmaatC of whirl, upon wdiich each type depends for its torque and power. 


Power >■ M(i>(f i 5 i — f2r2) 

“ f 1 “ f2 ’ 

Power * MiuiSi — msts). (183) 
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It is to ^ particularly noted that the power obtained by use of equa- 
tion (183) is the power input to the shaft, and is larger than the power out- 
put by the amount lost in shaft friction and in overcoming the drag which 
water in the ^ces, A (Fig. 189), and in the clearance around the band, 
exerts on the runner. 


191. Head and Efficiency 

The head, h, under which the turbine is considered to operate, is that 
which the water has as it enters the turbine casing. Not only has it ve* 
lodty head and pressure head, but it has potential head above the tail- 
water level. Where* no casing is used, as in Fig. 172, the head is the verti- 
cal dist^ce from headwater to taO-water. In both cases the potential 
head is included in the total head because the draft tube, which is de- 
agned to utilize this head, is a part of the turbine. 

If the flow-rate through the.turbine be Q, the power input is Qu/h, and 
the power output is Qwhe, e being the overall efficiency. The power input 
to the shaft has been determined as M{uiSi — U 2 S 2 ) and its ratio to 
Qwh is said to be the hydraulic efficiency of the turbine, e*. Evidently the 
value of the latter is 


or 


e* 


eh 


Qw 


(«ifi — U 2 S 2 ) Qufh 


(UiSi - U2S2). 


(184) 


From this it is seen that the head utilized by the runner is 

A' = i iuist - U 2 S 2 ). (185) 

g 

The mechanical efficiency of the turbine is the ratio of the power ob- 
tained from the shaft to the power input to the same. As pointed out in 
the last paragraph of the previous article, the two powers differ by the 
amount lost in shaft friction and in overcoming the drag of dead water 
on the outside surfaces of the runner. These losses are considered as 
mechanical losses. Evidently the efficiency e of the turbine is 


192. Velocity and PreMure Relations 

The equations in the preceding article are applicable to all reaction tur- 
bines. They involve 5i and 52 , whose respective values are Fi cos at and 
Vt cos 02 . Reference to Fig. 192 shows that for both points the value ci 
t may be obtained fnun 

s — a — » cos (180® — fi). 
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wihicb» ttoc«. 'co8 (180*’ — 0) equals — cos j9, may be writtea 

i = M + D cos /5. (186) 

lliis expression does not directly involve either V or a, hence b useful 
when either of these quantities b not known, llie value of v may be ob- 
tained from the equation of continuity, 

Q =» AiVi “ A 2 V 2 — fli®i “ 02i>2- 



FiO. 193. Shop Asaemblx o{ 35,000 hp High-Head Turbine. Oak Grove Plant of Portland 
Electric Power Co., Oregon. Spe^ 514 rpm. Head 850 feet. Specific Speed 21.0. 
(Courtesy of Pelton Water Wheel Co.) 


The several ateas are computed pn planes normal to the direction of the 
accompanying velocity. Thus Ai is the total area of the guide passages 
taken normal to Vi, and A 2 , Oi and og ^re each the total area of the run- 
ner passages taken normal to V 2 , ri and vj, respectively. For a turbine of 
given design these areas may be measured and the vdocities calculated 
for the given discharge. 

Ftmn the time the water enters the guide ring unUl it leaves the run- 
ner, its pressure b continually decreasbg. At entrance to the runner it 
has fallen by reasem of tibe friction loss in the guides and the acedmadon 
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which has taken place. In p>assing through the runner it falls because of 
Made friction and the conversion of energy into useful work. To relate 
the velocities and pressures at points 1 and 2, Bernoulli’s theorem may 
be applied, noting that head (or energy per pound) has been transferred 
to the runner. 

^ + + + ^ (uiSi - ttiS2) + h/, 

2g w 2g w g 



■■ V' V . ‘ 1 ■ 



Pig. IW. Medium-Speed Runner of Oak Grove Plant. Portland Electric Power Co., Oregon. 
(Courtesy of Pelton Water Wheel Co.) 

the last two terms representing head utilized and head lost in the runner 
passages. The equation may be put in a more usable form by the substi- 
tution of values obtained from a consideration of the trigonometrical 
properties of the velocity triangles at (he two points. 

At entrance — 

Fi* = «i“ 4- i»i® -1- 2uiVi co&Pi 


At exit — 


Ji - + vi cosdi. 

Fj* » «a* + Hj® + 2«a»2 cos da 


ia “ «a + »iCOsdi. 
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TIm Mibstitatkm of these values gives 

2g 2g w ^ 2g 2g w 

This is sometimes referred to as Bernoulli’s theorem for a rotating casing, 
and it ^ould be particularly noted that the velocities used are relathe to 
the moving runner. By simple tranq>oution we obUun 

The second parenthesis term is called the centrifugal head and will be 
plus or minus in value according to whether the flow is toward or' away 
from the center of rotation. This particular form of the equation has no 
advantages over (187), which is more ea^y remembered. The theorem is 
perfectly general in its application. If, for example, a pipe through which 
water is flowing be rotated about a fixed center, it is possible to relate 
the velocities and pressures at successive points in the pipe if the speed 
of rotation be known. 

In the case of the turbine, is not only the pressure at runner-exit but 
also that at the top of the draft tube. A later article gives the theory of 
the tube and means for expressing P 2 in terms of the height Z 2 above tail- 
water level. 

The head lost in runner-friction, h/, is a fimction, k, of the relative ve- 
locity through the runner and, since this changes from point to point, 
either the velocity at entrance or at exit may be used. Common practice 
is to employ the latter and write 


The value of k must be determined from experiment. It diSets consider- 
ably with the shape and extent of the blade surfaces. 

Illustrative Example . — k turbine operating at 566 rpm., under a 
head of 131 feet, discharges 35 cfs. It has dimeninonal and other data as 
follows: 


fi - 1.0 ft. 


fj — 0.6 ft. 


■« 16* 


A\ • 0.538 sq. ft. Oa 0.80 sq. ft. k » 0.20 


h - 123* 
^ - 65.5 ft 


St - St. 

Compute the torque, power, head utilized, hydnulk effidouy and the 
pressure at exit 
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SohiHons: 

Fi - 65 ft. per sec. 

At 0.538 

Q 35 

■■ 43.8 ft. per sec. 

03 0.80 

5i * Vi cos ai => 65 X 0.961 » 62.4 ft. per sec. 

566 

Ui =» — X 2ir = 59.2 ft. per sec. 

Ov 

«3 B 59.2 X 0.60 » 35.6 ft. pet sec. 

S 2 j!^ «2 + »2 cosjSs * 3S.6 + 43.8(— 0.545) ■- 11.7 ft. per sec. 


Torque - — (1.0 X 62.4 - 0.6 X 11.7) - 3760 ft. lb. 
Power - (59.2 X 62.4 - 35.6 X 11.7) 


32.2 


223,000 ft. lb. per sec. » 406 hp. 


A' — (59.2 X 62.4 - 35.6 X 11.7) - 102 ft. 

€k — “ 0.78. 

* 131 


To find P 2 : 


» Fi* + «i* — 2«iF| cos at 

- 4210 + 3490 - 2(65 X 59.2)(0.961) 

- 328. 


By equation (187), 


2 « 


5.1 ft. 


e « 59? .. . 43.8’ 35?^ p 

5-1 - Zr:? 05.5 - — - 777 + “ + 0 
64.4 64.4 64.4 w 


^ - 0 1 ft. 


p - 0.04 Ib.^xr sq. in. 


193. Theory of the Draft Tube 

The draft tube u only an application of the diverging tube discussed 
in Art. 82. Wm its axis horizontal, the pressure at its small end would 
be less than at exit and, with it set vertiosUy, the pressure is still less by 
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reucm ot the distance which the small aid is above the taH-water. Eqpiat* 
ing the heads at points 2 and 3 (Fig. 19i(o)), we obtain 

From this, the height zg necessaiy to obtain a given value of ^ is 

(189) 

“ w 2g 2g ' 

Were the tube made cylindrical without flare (i.e., Vg » Fs) and the 
friction loss neglected, the pressure head at the top would be less than 
atmospheric by the distance zj above tail-water. With such a tube a tur- 
bine would not lose the head zg because of the equal reduction in pressure 

head at the nmner-exit. By flaring the tube, the value of — is still further 

y 3 y 3 

reduced by the amount, — (equation 188), and the rate of dis- 

charge increased. This adds to the power supplied to the turbine. The 
flaring also reduces the exit velocity, as was pointed out in Art. 189, and 
so improves the efliciency of the turbine. 

Theoretically, Z 2 may be made sufficient to produce a pressure head of 
34 feet, but in practice it is not fearible to exceed a value of — 25 feet. 
Lower pressures give opportunity for water-vapor to form, and trouble 
may arise by the liberation of air contained in the water. 

For many years it was noticed that runners set at hi^^ elevations 
above the tail-water often showed rigns of “pitting” after a period of 
operation. Portions of the nmner showed holes or cavities in the metal, 
and in some instances blades were almost entirely eaten away. It was 
first thought to be an oxidation of the metal by* free osqrgen, liberated 
from the water at points of low pressure, but investigatioa has shown it 
to be a mechanical action. 

Whenever the pressure at a point falls to or bdow tne vapor-prenure, 
masses of the vapor are form^ and move along with the stream. If a 
section be reached where the pressure increases, these masses collapse 
and Isy so dding pve rise to pressures of great intenrity. If the action takes 
place in dose proximity to the blades or sides of the draft riibe, partides 
of the metal ate giadudly tom awav bv it. Expoimedts at the Massadm- 




Pto. IM. TOflOO hp Tuibiiie <rf the NIegan Falb Power Conqiany. ^leed 107 tpm. 
214 feet. Specific speed 34.6. Equipped with White hydiaacoae draft tube. 
(CourteQr of Mi»<3>aliners M%. Co.) 


J7» 
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setts Institute of Technology indicate that no metal can kmjg withstand 
this action and, after a peri^ as ^rt as 100 hours, steel {date that was . 
{wevknuly anooth was found to be viably roughened. Hie action is 
qioken of as caoUaUon. To prevent its occurrence the pressure niust be 
k^t at all times above the va{>or-pressure. If the {iressure at the top of 
the tube be conaderably less t^n atmospheric, it follows that the region 
of Low pressure must extend up into the runner passages. Should the pres- 
sure fall below the vaixir-pressure, conditions are favorable for cavita- 
tbn and pitting may take place. 

For a draft tube with straight axis, the nngle of flare can be made 
safely as large as 8 or 10 degrees. In some instances flares as large as 12 
degrees have worked well, and tubes with a central, cone (Fig. 19i(d)) 
may have much larger an^es. Too much flare causes the stream-lines to 
leave the sides of the tube before reaching its end, 'and the full reduction 
in velocity cannot be obtained. 

For a turbine of given design, the height to which it may be set above 
the tail-water decreasfe as the total head under which it operates is made 
to increase. Since the velocity at any {mint in the turbine varies as the 
square root of the c^)erating head, it follows that Vz at exit increases 

with the head. Equation (188) shows that Zg must then decrease ^ ^ 

not to fall below a given value. Extremely high heads would therefore 
cause Z 2 to be so small as to preclude the possibility of a substantial re- 
duction in velocity within the tube. To meet this difficulty, a special de- 
sign of runner is used with high heads, from which the exit velocity Vz 
Is relatively low. Values of the draft head, zz, as large as 25 or even 27 
feet have been used, but generally were accompanied by excessive pitting. 
In general, little or no pitting has taken place when Z 2 did not exceed 
18 feet. 

194. Conditions for Best Efficiency 

Evidently maximum efficiency will be obtained when conditions of de 
sign and o{)eration are such that the head (or energy) lost is a mi n i m u r u. 
Taken in the order of their occurrence, the various losses are due to — 

(a) Casing friction. 

(b) Friction and turbulence in the guide case. 

(c) Turbulence as the water enters the runner. 

(d) Friction in runner passages. 

(e) Turbulence at entrance to draft tube. 

(f) Friction and turbulence in the draft tube. 

^) Kinetic mergy in the water as it leaves the draft tube. 



CONDITIONS FOR BEST EFFICIENCY asi 

The ca^g, numer passages and draft tube are made smooth and without 
abrupt idianges in sectional area. Changes in direction whUe in th^ 
parts are accomplished gradually, and the surfaces of the guide vanes are 
carefully contoured so as to produce little disturbance. The loss men- 
tioned \mder («) will not occur if the velocity V 2 at exit from the runner 
be made equal to that at the top of the tube. This condition is very nearly 
realized in good design. 



Fio. 196. Cut-Sted Runner for the 70,000 hp Turbines of the Niasara Falls Power Com* 
pany. Nominal diameter 176 inches. Over-all diameter 183^ inches. Weight 100,000 lbs. 
(Courtesy of Allis-Cbalmers Mfg. Co.) 


To avoid loss by turbulence upon entering the moving runner, it is 
necessary that the angle ns determined by the velocity vectors be 
the same as that which the tangent to the blade at this point makes with 
«i (already menticmed in Art. 190). For given values of oi and Vi, only 
one value of »i will bring about this condition. The values of ai and Fi 
are not fixed, however,, ^ce the guides function also as gates to control 
the flow under varying conditions of load, and therefore change their 
portion. Evidently there can be but one position which will produce 
tangential entry for a runner of given design and speed. Generally this 
corre^nds to the normal rate of discharge or to the normal load on the 
runner. Other portions correspond to overload or part-load omditions, 
and it is customary to have the highest efikienqr accompany normal 
loading. 
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Tutniog for the momeot to conditions at the runner*eiit, it can be 
seen that fovoiaUe c<aiditions of £k>w will esdst in the tube, and loss if} 
minimized, if the water leaves the runner with no whirl. This wSl be 
brott^t about if the absolute velocity Fa be normal to % so that oa 
equals 90 degrees. If Fa be made small, the velocity Fs at the tube’s exit 
can be kept at a low value with a tube of moderate length and flare, and 



Flo. 197. 54,000 hp Turinne of Conowingo Devekqmient on the Susquehanna River, Fk. 
Equipped with Moody q>reading draft tube and 27-foot butterfly valve. ^>eed 81.8 
ipm. Momud head 89 feet. Specific speed 69.6. (Courtesy of I. P. Morris Corp.) 


loss (g) will be minimized. By making ftj as large as pomible for given con- 
ditions of discharge, Fa will be kept small. Excessive values of /9a restrict 
the discharge area, aa, but values up to 160 degrees are employed. 

The above discussion may be briefly summarized by stating that the 
qieed, productive of best efficiency, should be that speed which will cause 
tangential entry, and at the same time make, aa equal to 90 degrees. 

Reference to Fig. 192 wUl show that the direction of Fa for a given 
angle, fii, is determined by the relative lengths of the vectors, Ha and v^. 
Vector Is fixed in direction by fla ruid in magnitude by Q and oa, but 
Ka depends upon the whed speed, «i. The value of the latter to make aa 
equal to 90 degrees and bring about tangential mitry wiU be detennined 
in the following article. 
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195. Speed for Tenfentiel Entry end Perpendicttlar QS'Flow 
From the vdodty pemlldogram at ^trance, by use of the law of shiea 


we obtain 


i»i sin 0?i -• «i) 
Vi " sin/Si 


With 03 at eait equal to 90 degr^, the value of st becomes zero, giving 

h - — = - — cosoi 

g g 

% 

as the value of the head utilized. Replacing ^ by eiji, the value of Vi 
becomes , 

V.. 

Ui COSOi 

which substituted in the first equation gives 

V. sin (fii - «i) 

H am X : — r 

Ml cos oi sm 


Solving for ui and introdudng the factor, 2, in both numerator and de- 
nominator, 

. X V^. (190) 

^ 2 sm /3i cos O] 


This equation is of importance in that it shows 

(a) that the best speed depends upon the value of ai and Pi and there- 
fore can be altered by changing these values. 

(b) that every runner has a best speed that varies with the square root 
of the head under which it runs. 

(c) that the best speed may be expressed, as in the case of the tan- 
gential turbine, by , — - 

«i - ^V2^. 

The value of d wies from about 0.58 to 1.0 or more for the mixed-flow 
turbine and from about 1.0 to 2.0 or more for axial- or propeller-type tur- 
bines. If its value be determined for a givmi runner by computation or 
test, the best qwed may be readily determined for any head. 

196. Runner Design as AflSeeted by Speed apd Capsdty 

The head and the available rate of flow vary widely ammig power 
plants. Generally speaking, large flow-rates accompany low heads and 
rdativriy small rates of flow are available at hi^ heads. The qteed also 
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under a high head is inherently high, »nce «i « 2gh and ^ is limited 
in its range of values. Under a low head the speed likewise is low, and if 
an operative speed is to be maintained that is not abnormal, a runner 
with a low value of 4> must be used under high heads, and a runner with 
a high value of ^ under low heads. Runners are classified as low, high or 
medium speed according to their value of 4>. 

Because of difference .in flow-rates, low l . .. ? '*• 

heads usually require runners of large water . 
capacity and high heads require runners of f; 
low capacity. The terms high and lew are 
used in a rdative sense only without regard 
to actual rates of discharge. Accordingly 
runners may be again classified as being of 
high, low or medium capacity, and the term 
may refer to either the discharge-rate or the 
power output since the latter is a function 
of the discharge. The result of these various 
conditions of head, speed and capacity is 
that numers of low speed and capacity are 
generally demanded under high heads, while 
runners of high speed and capacity are 
necessary under low heads. The speed re- 
quirements can be met by alterations in 
design, giving to ai and /3i such values as 
will yield the desired The capacity re- 
quirement is similarly met by altering the 
design to produce large or small passage- 
ways through the guides and runner. How 

this can be done is shown in Fig. 201, which 

shows partial sections, both paraUel and of Grace Plant Turbines, 
normal to the shaft, through four types (CourtesyorAUis<;iialfflersMfg.c:o.) 
-of runners. For ease of comparison, it is 

assumed that the four types have the same diameter, D, and operate 
under approximately the same head. Drawing (a) shows a runner much 
resemblbg the original Francis wheel, having restricted flow areas and 
such values for ai and di ^ make ^ low in value. It is essentially a 
runner of relatively low speed and capacity. In (5) is shown 
a runner having a slightly larger capacity and, under the same head, 
it would devdqp a larger power. Its value of ^ is also conaderably 
larger.- It rqireseats a turbine of medium speed and capacity. Runner 
(c) is an extreme type embodying large capacity and a high value of It 


Fig. 200. 76-Inch Bronze Runner 
of Grace Plant Turbines. 
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is ea|>ecuilly adapted to low beads where laqie powers and hi^ speeds 
can onfy ^ obtained by large flow-rates and by keqiing «i (beofe 

as high as possible. The runner (d) is the propdler type and is the 
most extreme development of the high-speed, bi|^-capadty turbine. Its 
use is confined principally to low-head plants, and it will be discussed 
later. 

The chief differences in the first three types should be carefully noted. 
The vertical height, 3, of the guide passages, hence the total height of 
the runner, increases as the capacity increases. The blades also extend 



Fio. 201 


nearer the shaft in the successive designs, and the water undergoes a 
greater change in direction while in the runner. This is necessary if the 
water is to be guided smoothly mthout excessive turbulence into the 
mouth of the draft tube. If runner (a) were to have its dimension 3 in- 
creased without a change in the blading, the central space within the 
runner would be too small to discharge the increased quantity. It is neces- 
sary to change the design of the blading so that it will discharge the 
greater part of the water in an axial direction. 

The sections made on a plane normal to the shaft show the influence 
of speed alterations upon the shape of the blades at entrance. The ve- 
locity diagrams are constructed with equal values of Fi, indicating ap- 
proximately equal heads. The hig^ rotative speeds shown in (6) and 
(c) cause the rdative vdodties, vi, to make a larger angle fit with the 
lim-tangent, and the blading must be changed to obtain tangentud entry. 

In our theory so far, we have dealt with a purdy inward radial-flow 
ruenm: in which the direction takmr by the water is confined to a plane 
normal to the shaft. Sudi a runner is tro longer used, alAough the one 
shown in .(a) approximates it. All the types shown, howevor, may Imve 
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thdr vdiodty diagrams drawn at entrance and exit, and a little thought 
will show that our fundamental theory and equations are appUcable to 
each. Some difficulty may be met in fixing upon the proper values for 
>*8; tt8> H and Va, as well as for aa and fia, since the exit edges of the blades 
extend over a considerable radial distance, and these quantities vary for 
individual stream-lines. The same difficulty b found at entrance to the 
high-q)eed ruimer, as the entrance edge of the blade is usually cut back 
at the crown as shown m (c). At both points it is necessary to use average 
values for the vectors in the equations which have been deduced. This is 
particularly true of the propefier runner, where both the entrance and 
exit edge of the blade are radial in direction. The action of the water 
upon this runner is not essentially different from that upon runners of 
lower q>eed and capacity, but it is more difficult to analyze. Progress in 
the design of this runner has been made largely by careful analysis 
coupled with e:q>erunental testing. 

In conclusion it is to be emphasized that the terms high and low are 
relative only. A high-q)eed runner operating under a low head may have 
actually a low rpm., but its peripheral speed, »i, will be high for the head 
it is under, and its rpm. will be much greater than would be maintained 
by a low-speed ruimer designed to give the same power under the same 
head. The 10,800 hp. turbines of the Cedar Rapids Plant of the Mon- 
treal Light, Heat and Power Company have a speed of only 55.6 rpm. 
under a head of 30 feet, but thqr have a ^-value of 0.80, indicating that 
they are high-q>eed turbines. 

197. Rate of Discharge 

Because the turbine is but a special form of orifice, the exit velocity 
from the draft tube may be written, 

Va - c’Vlfh. 

A 

From this and the relation, Fa “ X -7^ , we obtain 

Aa 

Fi 

Fi-cv^. (191) 

The rate of dischargC in terms of Ai therefore is 

Q - cAiVlih. (192) 

Analy^ and experiment show that c varies, for a given head, with the 
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speed of rotation, generally decreasing in value as the speed increases. 
This may be eq>lained by noting that the runner exerts a centrifugal 
action on the water within it, which increases with the rotative spe^, 
and tends to oppose the flow of water into the runner. 




PMt 








Fio. 202. 3570 hp Turbine of Porto Rico Ry., Light and Power Co., with Cast-Steel ^roU 
Case. Head 155 feet. (Courtesy of S. Morgan Smith Co.) 

For the speed which insures tangential entry and perpendicular dis- 
charge (i.e., the speed of best eflidency), the va^e of c is eaaly deter- 
mined as follows. In Art. 195 it was showif that for this condition ui 
should hav^ the A'alues, 

Vi sin 0?! - oi) 
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and 


«i 


ehgh 


Vi cosat 

Equating these values, there results 


'■ - 4 , ■ — X 

^ 7 cin — /V. ! rnft /v. * 


' 2 sin (jSi — «i) COS ai 
Evidently c has the value, 
c 


^ J ^ 

y 0 ein (R. _ 


sin 


2 sin (^t — aj) cos at 


(193) 


(194) 


This value holds only for the speed of maxinuun efficiency, for which 
^ has the value. 




4 


eK sin {fi x - a,) 
2 sin cos ai 


(195) 


as shown in Art. 195. At any other speed (or value of 4>), or for any [Msi- 
tion of the gate other than that corresponding to maximum efficiency, c 
will have a different value. Turbines generally operate at a constant fixed 
speed, but the head variation at the plant causes 4> to vary also. 

Equation (194) has little practical value other than showing c to be 
independent of the head. It also shows that turbines of high capacity have 
large values of c, because of the large values of ai and 0 i necessary in 
these turbines. Numerical values of c commonly range from 0.60 to 0.85 
for mixed-flow turbines and exceed 1.0 for turbines of the propeller type. 


198. Efficiency 

In Art. 191 a very general expression for the hydraulic efficiency was 
found to be ^ 

Ck = -T (“1^1 - "a**)- 


The following values may now be substituted: 

Ml « d»y/2gh 

Si * Vi cos ai = cy/lgh cos ai 
«a “ X ~ X — 

Xj - «s + 52 cos 02 • tt 2 + — ^1008 02 = «2 + 4^ C\/2fA COS 02 

C% 

» <pV2pt X - + —.cV2gh cos /%. 

fl 02 
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Making these substitutions, we obtain 

«* - 2^(cos oi - - • — cos ft) - 2«* (- (196) 

fi oa yfu 

If aa •* 90^*, then uaSa 0 and the equation becomes 

«» “ 2^cosai. (197) 

Equation (196) applies to any reaction turbine, regardless of the ^>eed 
or position of the gate. 

Equation (197) holds only for the speed and gate of maximum effi- 
ciency, for which tangential entry and perpendicular off-flow are obtswed. 



Percent of Normal Load 

Fio. 203. Efficiency-Load Curves for Three Types of Turtunes. 

They are deduced here for the sole purpose of showing that the hydraulic 
efficiency is independent of the head. 

The mechanical efficiency (see Art. 191) changes with the head, in- 
creasing slightly as the head increases. Tlie change is small, however, 
and, uifless the head be greatly increased, nuiy be neglected. It follows 
that the overall efficiency is practically constant for moderate changes in 
head. 

The dependence of es upon c, at and At, which vary with the gate 
opening, shows that the overall efficiency varies with the gate. Loss 
turbulence at entrance to the ruimer increases rai»dly as the gate moves 
away from ths portion of maximum efficiency, as does the loss at mitiance 
to and within the draft tube. The decrease in discharge at low gates 
changes the value and direction of Va, so that it no longer is the same in 
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value as the vdodty in the upper part of the tube. The result is a loss 
by sucklen change in vdodty. The qnial motion due to loss of perpen- 
dicular off-flow increases the loss within the tube and at exit. 

Figure 203 diows ^dency curves for several types of reaction tur- 
iwes operating at the q>eed of maximum effidency. Efficiency is plotted 
against load carried, the latter being expressed as a percoitage of the 
normal load. Each curve shows the falling in effidency at part-load 
and over-load. They indicate that in general the maximum dflciency of 
medium-speed turffines is slightly better than for turbines of high sp^. 
The curve for high-speed turbines falls off more rapidly at part-load than 
for turbines of lower speed, indicating that high-speed turbines arc less 
suited to conditions of widely varying load. For purpose of comparison, 
the curve for a tangential turbine is also drawn, showing the relatively 
better performance at part-load. 

199. The Axial-Flow or Pn^llcr Turbine 

It has been shown how the demand for high speeds and capadties under 
low heads led to the devdopment of the mixed-flow type of turbme. The 
higher the rotative q>eed is made, the less the torque need be to furnish 
a given power, since power is the product of torque and angular velodty. 
With lessened torque the runner may be made of lighter construction 
and, per horsqMwer developed, less water used. The increasing of the 
speed therefore results in a saving of materisd and in keeping the diameter 
small. Hig^ q)eeds require smaller dectric generators, and the units may 
be spaced at shorter intervals in the power-house, saving much in the 
cost of the entire plant. Under extremdy low heads, not even the high- 
q)eed Francis runner has the q>eed and capadty necessary for low-cost 
production of power. In its devdopmoit, however, eng^eers discovered 
that the cutting-back of the radial tips of the runner caused the speed of 
maximum effidency to be raised (see Fig. 201(<;)). Following out this 
idea, a runner was obtained whose blades consisted of the lower portions, 
only, of those comprising the ordinary high-speed, high-capadty Frands 
runner. Due to the lessmed torque, there exbted no good reason for 
keeping the runner band, and it was omitted, thereby diminating the 
water friction of the outside of the band. It was also found that using 
fewer blades increased the discharge, due to decreased runner friction and 
increase in area of the passages. In this way a nmer was obtained having 
a lew Uades and mt^ resembling the ship’s propeller. Its profile was 
somewhat bdl-shaped, but experiment soon diowed that the separate 
blades could be built with straight radial axes without sacrifice in effi- 
ciency. In practice, both forms are still used, but the blade with approxi- 




Fio. 204. 13,500 hp Turbine for Louisville Plant of the Byllesby Engineering and Manage* 
ment Corp. (Courtesy of AUis-Chalmers Mfg. Co.) 
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matdy straight axis is more common (Fig. 201 The relative qieed 
of {mqpeUer turbines is from 50 to 100 per cent faster than oi the 
mixed-flow type, while maximum efficiency is but a Ettle less. At part- 
load the efficiency is found to decrease rafudly with the gate. 



Fia. 205. 179-Iiich Cut-Steel Runner for the 13,500 bp Turbinei of the Byllesby Knaincer- 
ing end Msaagement Coip. Head 37 feet. Speed 106 rpm. Specific speed 135. 

(Courted <rf AUis-Chafanen Mfg. Co.) 

The deagn of the guide apparatus renuuns practically unchanged, but 
the several illustrations show that the runner is placed well below the 
gifldes, leaving a large space immediatdy above it. Water from the guides 
enters this ^ce with the usual whirling motion from udiich the torque 
in the ^haft is obtained. If the deagn and i^ieed of the runner ^ve per- 
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pendicular off>flow, the water ejaters the tube with no whirl. Since the 
torque is proportional to the change in the whirl, a torque may be pro* 
duc^ even if the water leaves the guides with no whirling motion, as 
would happen with guides set in radial planes. In this case, it would be 
necessary for the rutmer to initiate the whirl in the water, and that the 
tube be designed to reduce the whirl as much as posable before the water 
enters the taS-race. Better efficiency, however, can be obtained by in- 



itiating the whirl in the guide apparatus and reducing it to zero in the 
numer. 

The previous theory of this chapter is applicable to this nmner but, as 
in the case of the miz^-flow rutmer, it is difficult to assign proper average 
values to the several velocities at entrance and exit. For example, «i and 
«2 vary widely over the different portions of the entrance and exit edges 
of the blade, as do the other vectors. In the ^ce above the runner, the 
water is in a state of free vortex, whiriing about the shaft and simultane- 
ously approaching the runner. A water particle leaving the guides and 
nearing the shaft increases its velocity of whirl. This follows from the 
fact that it is giving up none of its energy (slight loss by friction neg- 
lected), and its mmetU of whirl or lorque therefore remains unchanged. 
This being so, its velocity of whirl must increase as the center of whirl 
is approached. Along a radial line, therefore, the velocity of whirl is a 
maximum near the shaft and decreases as the distance from the shaft, 
increases. If the entrance edge of the blade lie approximately radial, Ki 
will Vary widdy over its loigth, as will the entrance tmgie tt\. The analy* 
sis of the vectors at entrance therefore becomes complicated. To reduce 
ihe whid of all the streamlines to a low value and to cause at aH 
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points the exit edge to be alike and small, requires most careful de- 
signing of the blades. The hi^ linear ^eed of the blades results in very 



FMi.a07. 42,500 bp TttiUiie At Safe Hubof OB tlieSiiMiuebulitt River, Pa. HcmI $3 feet 
^ieed 100 tpm. Ruiiiier<diaiiieter 218 iadiea. Specific qteed ISO. 

(Courteqr of S. Morgan Smith Co.) 

hig fr rdative velocities of the water over their surfaces, and the friction 
loss is large. In general the wntTimum effideniy possiNe is somewhat less 
than for wheds of lower qpeed, but the advantages gained by the hij^ber 
speed offset this loss. 
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It has aiteady beoi stated that the part-load ^Kdency of the pr(q>^«r 
tuili^M: b leas for those of lower q>eed. This is due largdy to die 
turbiileiice produced at entrance and to the loss of perpendicular off- 
flow at exit. Kaplan of Caechmlovakia conceived the idea of m a king 
the Uades movable about a pivot in the shaft, thereby making it possible 
to rotate them so as to produce tangential entry for a wide amount of 



Flo. 208. Section through Sefe Harbor Rant. (Courtesy oi S. Morgan Smith Co.) 


gate movement. For such a runner the efficioicy will decrease but slightly 
as the load decreases from normal to 30 or 40 per cent of normal, lypical 
efficiency curves for propdlers having fixed and movable blades are shown 
in I^. 206, and the difference in part-load efficiency is noticeable. For 
purpose of comparison, a similar curve for a hif^-qieed Francis turbine 
is also shown. 

The invention of the propeller turbme ai^ the movable blade were 
notaUe achievements in turbine develofunent. Not only on the movahle- 
Uade nuuwr be used with good effidmcy undw wide fluctuations ia.hetd 
bthoeat in low-head plants, but the indusiott of one cur more such units 
in a plant of several units idlows a hi(^ operating effidenqr to be maia- 




Fig. 209. Vertical Turbine with Adjustable Blades and Fixed Guide Vanes. 
(Courtesy of I. P. Morris Corp.) 


ton moving in the cylinder of a servomotor. The piston is acttiated by oO 
pressure furnished by the speed governor. It connects by a rod, inside 
the main shaft, with small cranks fastened to the inner ends of the blades. 
As the rod moves up or down, the blades are rotated. The governor also 
controls the. position of the guide vanes, and the rotation of the blades 
is simultaneous with the movement of the guides. 

The I. P. Morris Division of the Baldwin-Southwark Corporation has 
proposed a new turbine emplo>Tng the Kaplan runner but uang stationary 
guide vanes. Figure 209 is taken from a catalogue issued by the company 
and Aows the general construction. The ^peed ring, guide case, ipite 
and top cover are omitted and replaced by a saws of fixed 
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vanes placed in a radial direcdon above the runner and suppordi^ a 
steady-bearing at the center. The usual mecha n i sm for c^ieratii^ the 
ninnn-blades is contained in the main shaft ahd hub of the runner. By 
eliminating the expensive gate mechanism, the construction is rin^)lified 
and ches^pened. An efficiency curve, B, for such a runner is reproduced 
from the same catalogue, together with two other curves (Fig. 210). One 
of the latter, A, is drawn for a Kaplan turbine using movable guides, 



Fig. 210. (Courtesy of I. P. Morris Corp.) 


the other, C, for a runner having fixed blades but movable guides. The 
efficiency curve, B, is remarkable as indicating very high efficiencies at 
part-load. 

200. Laws and Constants 

If two or more reaction turbines are made simOar in design, differing 
only in size so that all corresponding linear dimensions have a common 
ratio, their best speeds, discharges and powers under any head will be 
given by the relations 

n = n„-, 

Q - 

and 

hp. - PuD^h*. 

These same equations were derived for rimilar tangraitial turbines (Arts. 
185 and 186), and were based upon the fact that the numerical values of 
e, tk and e are practically t^ same for all such turbines that diffei 





LAWS AND CONSTANTS 


399 


only in size. This fact is true also of reaction turbines as dliown by the 
theory just presented (equations 194, 195 and 196). The equations them- 
selves, therefore, are equally applicable to reaction turbines. Due to the 
wider range in values of ^ found in the several types of runners, ftu has 
limiting values more divergent than in the case of tangential turbines 
and approximately as follows: 

For Francis turbines « 1050 to 1800. 

For propeller turbines 2500 to 4200. 

An e:!q)ression for the value of Qu may be derived that clearly shows the 
influence of design on capacity. Obviously, turbines of large capacity 
have correspondingly large values of Qu. 

For each turbine the rate of discharge may be expressed by 



the parenthesis quantity representing the gross peripheral area of the 
runner at entrance, F, the radial component of Fj, and B the height of 
the runner passages at entrance. The quantity * represents the per cent 
of the gross area not occupied by the edges of the blades. Since F, » Fi 
sin ai == c sin and B may be expressed as mD, there results 

Q >= 0.175c»ta: sin aiD^h 
or 

Q » Qul>^h^. 


The influence of the factors c, m, x and ai on Q„ is clearly seen. Turbines 
of large capacity have relatively large values of ai and m. Their value of 
£ is also large, since c increases with ai (Art. 197), and x is large by reason 
of the fact that fewer blades are used in such runners in order to reduce 
hydraulic friction. 

For Francis turbines, Qu •= 0.001 to 0.05. 

For propeller turbines, Qu * 0.015 to 0.025. 

The value of in the third general equation was shown to be (Art. 185) 





The value of e in modem turbines ranges from 80 to 94 per cent, the 
higher values generally being found in large turbines. If e * 0.88, the 
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valtie of P» is if e be 0,80, P* equals P« generally has values be- 
tween these limits. Its extreme range may be stated as 

For Francis turbines, P« * 0.0001 to O.OOS. 

For propeller turbines, P* = O.OOIS to 0.0025. 

A fourth relation pven in Art. 185 as applicable to tangential turbines 
of similar design was 

«Vh^ 


n. 


n^y/Pu 


1.1 


This must also apply to similar reaction turbines since they have like 
values of »» and P,,. To n, was given the name specific speed, it being the 
speed of a hypothetical runner having the proper diameter to give one 
horsepower under a one-foot head. Its range in value according to present 
practice is approximately as follows: 

For Francis turbines, n, » 10 to 110. 

For propeller turbines, » 1 10 to 200. 

It is to be noted that »• involves both the elements of speed and power. 
Turbines of low speed and low capacity will have low values of n„ while 
high values of n, attach themselves to turbines of high speed and large 
capacity. In this way the specific speed becomes an index of the class to 
which the turbine belongs. 

201. Measurement of the Diameter 

The use of the laws and constants involves the diameter of the runner, 
and turbines are often rated according to this diameter. In the case of 
the original Francis runner (Fig. 188), this was measured at the point of 
entrance and accordingly was the overall diameter of the runner. With 
the development of the mixed-flow runner and the cutting back of the 
blades at tiiis point, it became necessary to fix more definitely the point 
of measurement. Some makers specified the diameter at the top of the 
entrance edge of the blades, while others measured it either just above or 
below tht band. A fourth method, and one now generally adopted, is to 
measure it at mid-height of the entrance edge of the blades, as indicated 
in Fig. 201. It cannot be followed, however, in the case of the propeller 
runner, and common practice has been to use the overall diameter of this 
runner as the nominal one. More recently it has been proposed that for 
aU reaction runners the nominal diameter be the over^ diameter of the 
discharge area. This method seems an excellent one, as it affords a more 
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accurate comparison of runners by means of thdr numerical constants. 
Obviouriy the value of the latter depends upon the choice of the nominal 
diameter and, in stating such values, the method of measuring the diam- 
eter ^uld be clearly indicated. 

The limiting values of the constants given in Art. 200 were computed on 
the basis that the nominal diameter of the Francis runner is measured at 
mid-hei|^t of entrance, and that the extreme diameter is the nominal 
diameter of the propeller runner. 


202. Illustrative Examples 

Example 1. — The turbines installed ait the Boulder Power Plant on the 
Colorado River have a rated capacity of 115,000 hp. at 180 rpm. under a 
head of 475 feet. Their rated discharge is 2350 cfs. and the nominal diame- 
ter 132 inches. The constants have the following values: 


Qu 


Dn 1 32 X 180 _ 

Va V475 


1090 -I- 1840 = 0.592) 
Q _ 2350 

~ 132* X 21.8 ' 


0.0062 


Pu 


hp^ 


11_5 <)00 _ 

132* X 475'x'2r.8 


0.00064 


n. = n„VP„ = 1090 X 0.0252 - 27.4 


These values are close to the lower limiting value given in Art, 200, in- 
dicating a low-speed, low-capacity turbine. Its actual rpm. is not low 
and its power is enormous; but the speed and power are low for so high 
a head. ' 

Example 2. — A rather unusual development exists on the Rock River 
at Dixon, Illinois, where propeller turbines, 138 inches in diameter, de- 
velop 800 hp. and discharge 1100 cfs. at 80 rpm. under the small head of 
7 feet. For these turbines. 


nu 

Qu 


138 X 80 

V7 

1100 

138* X V? 


4180 
- 0;0219 


Pu 

n. 


800 


0.00227 


138* X 7 V 7 
4180V0.00227 - 19' 
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The turbine is obviously of hi^ speed and capacity, a necessaiy cmfse: 
quence of the very low head. 

Example 3. — At Safe Harbor, on the Susquehanna River, the head is 
55 feet and the turbines each develop 42,500 hp. If turbines similar to 
those in the previous example had been used, what would have be» thdr 
diameter, speed and discharge in order to develop this power? 

Solution . — ^Since the specific speed of the turbine is 199, the q)eed to 
develop 42,500 hp. under a 55-foot head can be found from 


or 


199 = 


«V42.500 

55V^7l5 ' 


« = 145 rpm. 


The unit speed of the given design being 4180, we may write 
4180 = —p = , 

Vh 7-42 

from which „ _ 

5 = e.f)’//’ - 0.0210 X 214’ X VM = 7440 cfs. 


The turbines actually used at Safe Harbor were of different design and 
had a diameter of 218 inches, discharging 8200 cfs. at 109 ipm. 

203. Conditions of Operation 

The modem turbine is ordinarily made to mn at a constant speed re- 
gardless of fluctuations in head, and variations in loading. In general the 
head varies with the flow of the stream, decreasing in most cases as the 
rate of flow increases above normal. This is because the water level be- 
hind the dam does not rise as rapidly as the levd of the tail- water (Art. 
176). In seasons of low flow, also, the head may decrease if the demand 
for power requires more water than the stream is furnishing. Under this 
conation, the level of the pond or reservoir back of the dam gradually 
lowers. If the speed of operation remains constant, the value of ^ changes 
with the head, varying inversely as y/h. Operating at the wrong value 
of the turbine decreases in power and efficiency. 

It is seldom possible to operate a turbine under a constant load. This 
is especially true in the case of electrical generation where the load may 
vary considerably from hour to hour. Variations in load are accompanied 
by changes in the position of the gates. For a given wheel speed there is 
but one gate position that secures tangential entry (Art. 194), and at all 
other portions the resulting entrance loss lowers tire operating efiBidency. 
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A turbine is usually designed to develop its maximum ^dency at a 
load less than the greatest it is capable of carrying. Hus load we have 
defined as the normal load. Loads above or below this are designated re- 
qrectivdy as overloads and pari loads. Generally an overload capacity of 
10 to 25 per cent is provided. The load of maximum capadty is /nil load. 
The gate at which the full load is 
obtained when operating at the 
normal p, is the JuU gate. 

204. Turbine Characteristics 

Because of changes in head f 
and gate during operation, it be- 
comes of interest to the engineer 
selecting a turbine to know what 
will be the effect of these changes 
upon the power and efficiency of 
such turbines as he may have 
under consideration. Since this 
can be determined only from 
actual tests, the builder usually 
furnishes such test data in the 
form of a series of graphs similar 
to those shown in Fig. 211 or 
Fig. 212. The tests may have 
been made upon turbines smaller 
than those to be used, but we i 
know that the laws and con- | 
stants given in Arts. 186 and 200 $ 
may be used to relate their per- 1 
formances. ^ 

The curves of Fig. 211 show 
the variation in power, discharge 
and efficiency as the speed and 
gate opening vary. Speed is repre- 
sented by the abscissae, and separate curves for each gate opening indi- 
cate the effect of speed changes. The percentage amount of the gate open- 
ing is indicated on each curve. Power and discharge at any speed are 
dq>ettd»it upon the head, and to eliminate this variable from the diagram, 
the power and discharge data are reduced to values corresponding to a one- 
foot head. For a head of one foot, the value of 0 is directly proportional 
to the revolutions per minute, hence it is permissible to plot revolutions 



rpm under l<Fool Heed 
Fig. 211 
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per minute under a head of one foot in place of values of 4- Oiaframs 
constructed in this manner are useful in computing the pmformance of 
another turbine of like design, since the effect of changes in head and 
diameter is given by the general laws of Art. 200. 

A more comprehensive diagram may be constructed as shown in Fig. 
212. For each portion of the gate the various observed powers are {dotted ' 
against the corresponding speeds, both being reduced to a one-foot head. 



Fig. 212 Characteristics of a 53>Inch Francis Turbine. One-foot head. 
(Courtesy of S. Morgan Smith Co.) 


These points are shown in the diagram, a dotted curve being used to om- 
nect the powers obtained at any one gate. The curves may be labeled to 
indicate the particular gate (not done in this diagram). If the computed 
efficiency, corresponding to each plotted {)ower, be written down beside 
the point, it is possible to connect points having equal efficiencies (or 
interpolated values) and so obtain the full-lined iso-effidency curves. 
Disc^rges are not plotted, but may be obtained for any dedred 8|>eed 
and {x>wer from the relation, Q hp. X 550 •«- we. 

The nominal specific speed of a turbine is generally computed for the 
s{)eed of maximum effidency and for the maximum load. It is obvbus 
tlut n« may have a wide range of values if computed for part-loads. In 
the diagram the speed of maximum effidency is 27.25 i{Mn. The maximuro 
power at this spe^ is 3.95 and the nominal value of ii« is 

M. - 27.2SVS - 54.2. 
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The nonnal load is 3.45 hp., and the corre^xMiding n, is 27.2SV3.4S, 
or S0.6. For any other power, the value of the q>eed necessary to give 
this same «•. may be computed, and plotted pt^ts having thb «« may 
be joined by a curve. Similarly, other values of n« may be assumed and 
curves drawn to represent them. This procedure was followed in Fig. 212 
where the curves are designated by Kt, a symbol sometimes used instead 
of H,. 

The diagram may be used to determine the performance of the tur- 
bine under a wide range of speed, head, gate opening and diameter, as 
the following example will show. 

Example . — A turbine is to be selected that will develop 5500 hp. at 
normal load, under a head of 150 feet at 360 tpm. 

These data indicate a specific speed at normal load of 


» JI60V5SM 
150Wl50 


50.8, 


which is that of the 53-inch turbine whose characteristics appear in Fig. 
212. A study of a turbine of like design will be made, therefore, in order 
to ascertain its suitabOity for the assumed curating conditions. 
Diameter . — For the 53-inch turbine under a one-foot head, 

^ 53 X 27.25 - 1445, 

k* 


which must also be the value for the proposed turbine, of diameter D, 
operating at its normal speed and head. Accordingly, 


or 


Z? X 360 
Vl50 


1445, 


D s 49.2 inches. 


Maximum Power.— Fot the 53-inch turbine, the maximum power at 
normal speed under a one-foot head is found from the diagram to be 3.95 
hp. The corresponding efficiency is 82 per cent. For the 49.2-inch turbine 
undo: a 150-foot head. 

Max. power - 3.95 X X'lSO* » 6250 hp. 


Hus rq>resents an overload capacity of 13.6 per cent, which is less than 
is usually allowed. 

Effideuey at Part-Load.— The efficien<y at the nonnal load of 5500 bp. 
it teen to be 89 per cent, and the efficiency at the maximum load of 6250 
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I 9 . has just been found to be 82 per caA. A load of 6000 bp. coneqwnds 
to a load of 3.78 hp. on the S3-inch torldne under a one>foot bead. This- 
is obtained as follows: 

6000 X X - 3.78. 

\49.2/ 150* 

Loads of 4000, 3000 and 2500 hp. will be found to correspond to loads 
of 2.52, 1.89 and 1.58 hp., respectively. On the diagram these loads are 
found to correspond to efficiencies of 86.5, 84.7, 80.5 and 78.0 per cent. 
Loads and efficiencies are therefore as follows: 


Load 

Efficiency 

6250 hp. 

82.0 per cent 

6000 “ 

86.5 “ 

5500 “ 

89.0 “ 

4000 “ 

84.7 “ 

3000 “ 

80.5 “ 

2500 “ 

78.0 “ 


Performance at Reduced Head . — ^Let it be assumed that at times the 
head falls to a low value of 130 feet. A speed of 360 ipm. at this head cor 
responds to a speed of 29.3 rpm. for the 53-inch turbine imder a one-foot 
head. This is obtained as follows: 

.pm, - 3«0 X ^ X - 29.3, 

For this speed the diagram gives a maximum power of 3.96 hp. at 83 per 
cent efficiency, indicating that for a 49.2-inch turbine under a head of 
130 feet, the maximum power will be 

3.96 X X 130* = 5050 hp. 

Loads of 4000, 3000 and 2500 hp. at 130-foot head will be found to cor- 
reqwnd to loads of 3.14, 2.35 and 1.95 bp. on the diagram. At a ^)eed of 
29.3 rpm. the diagram shows that these loads would be carried with effi- 
ciencies of 86, 81.7 and 78.5 per cent, respectivdy. Loads and effidendes 
are therefore as follows: 

Load Efficiency 

5050 bp. 83.0 p6r cent 

4000 “ 86.0 V 

3000 81.7 “ 

2500 “ 78.5 “ 
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TheM data, as well os data obtained for operation under the normal 
taay be plotted to give separate load-^Kciency curves. If desired, data 
for interpolated heads may be computed and plotted, so that the char- 
acteristics may be known for ail antidpated operating conditions. 

It will be noted that the required diameter of 49.2 inches was used in 
all calculations. Most turbine manufacturers carry in stock complete 
patterns for thdr various designs, a>vering a wide range in dzes. It is 
quite unlikdy that a diameter of 49.2 inches would be among the pat- 
terns, and probably the nearest size would be 48-inch. The builder would 
doubtless make any desired size at an increased cost. If the 48-inch size 
were used at the speed and head designated, it would be slightly defident 
in required power. Its characteristics could be determined in the same 
manner as followed for the 49.2-inch. 

205. Selection of Turbines 

It has long been the practice of turbine builders in this country to 
carry in stock several distinct designs of turbines, or at least the patterns 
from which to build them. A large variety of sizes in each design is usually 
avaQable, and from these it is often possible to select a turbine to satis- 
factorily meet the desired operating conditions. 

If the speed and capacity under a given head are fixed, the computation 
of the corresponding specific speed will show which particular design of 
a builder’s line will meet the requirements. Each builder can furnish 
characteristic curves for his separate designs, from which the values of 
the constants may be readily determined. Certain values of n, may not 
be included in any one maker’s line, but among the various makers it b 
usually posable to find at lesst one who can furnish the necessary tur- 
bine. If not, then the turbine must be built to order, or a change made 
in the desired speed or the capacity, or in both. If a design be available, 
and satisfactory from the standpoint of having the right »«, then from 
the characteristic curves its performance at part-load and under change 
of head may be studied as was done in the preceding example. 

While it is the general practice of builders to cany stock designs or 
patterns in order to meet the demand for small and medium-sized tur- 
Ifines at low .cost, the majority of the large turbines constructed during 
recent years have been of ^)ecial design. In- such cases it is only neces- 
sary to turn the specifications over to the builders and ask for bids. 

In nearly all cases it is desirable to m ai n ta i n as high a ^>eed as ^ac- 
ticable in order to reduce the size and cost of the turbme and its genera- 
tor. Hie amalW these units are, the closer they may be placed in the 
power-house, whidi a substantial saving in construction costs* 
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Tlie greater the speed for a gtvra power, the greater beonnes the value 
of »«, and the pioUem is to sdect a specific speed that will be high and 
at tlMi same time safe. Experience, has shown that pitting of the riuum 
(see Art 193) has often occurred with high values of 



Fig. 213. 1500 hp Propeller Turbine of Moody Type, for Moreau Mfg. Co. Diameter 115 
inches. Speed 120 rpm. Head 15.5 feet. Specific speed 151. Equipped with Moody 
spreading draft tube. (Courtesy of I. P. Morris Corp.) 


Professor Lewis F. Moody offers the following formula for determining 
the mfudmxun safe value (An, in terms of h, the pven head: 


n. 


5050 
h + S2 


+ 19. 


It is based tqxm data obtained from a large numbo: of turlunes tint haw 
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g^ven satisfactoty perfonnance, without pitting, over a ponod of years. 
A amilar equation, 

632 


has been proposed Iqr W. M. White of the Ailis-Chalmers Mfg. Co., 
which agrees quite well with the Moody equation and is simpler. Both 
equations are limited in use to the Francis type of runner. The White 
equation also agrees dosdy with a curve of values offered by Professor 
Angus in his Hydraulics for Engineers. 

The method of computing the necessary diameter of a turbine has 
already been shown in the example worked out in Art. 204. In making 
preliminary plans and estimates it is sometimes desirable to obtain the 
approximate diarrteter without the use of the data and computations 
that such a method requires. For this purpose the author proposes the 
relation, 

«, - 1910P,® 
or 



applicable to Francis turbines only. With the value of thus obtuned, 
use may^ made of the equation, 

hp. - 

to obtain the necessary diameter. The above relation between and F« 
was obtained by the logarithmic plotting of data obtained from a large 
number of turbines that have been constructed. Most of the data were 
taken from Water Power Engineering, by Professor H. K. Barrows. The 
, relation is necessarily approximate but agrees closely with present prac- 
tice. 

The example used in Art. 204 may be used to illustrate the method. 
There it was desired to compute the diameter of a turbine to develq> 
5500 hp. at 360 ipm. under a head of 150 feet. The corre^nding value 
of was found to be 50.8 and, from the characteristic diagram shown in 
Fig. 212 of a 53-inch turbine having this »«, a diameter of 49 inches was 
found satisfactory. Without such a diagram we might proceed as foUows: 

By the author’s equation. 



0.00133. 
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and for 5500 1^)., 

5500 - 0.6o133X)*(150)* 

2? - 47.5 Inches. 

This is vtjy close to the value previoudy obtained. 

From rather limited data the writer has attempted to relate n, mid Pu 
for turlnnes of the propeller type, with the following result: 



The equation differs from that proposed for Francis turbines, mainly be- 
cause of the different method followed in measuring the diameter. The 
writer briieves that it can be used for Frauds turbines, also, if their over- 
all diameter at the point of discharge be taken as their nominal diameter, 
as was explained in Art. 201. 

Reacrion wheels of the Francis t 3 q>e have been used up to heads of 
nearly 1000 feet, the highest head so far being that at the Oak Grove 
Plant of the Portland Railway Light and Power Company in Or^n. 
Here a ring^e unit of 35,000 hp. operates under a head that varies from 
850 to 930 feet. Two views of the turbine are shown in Figs. 193 and 194. 

The propeller turbine was originally intended to produce high q>eeds 
and large capadties under very low hrads. For years its use was restricted 
to heads of 30 feet or less, but it has bem devdoped until successful in- 
stallations have been made at heads of a{^roximately 100 feet. The 
largest units of this type in the world are at Bonneville, Oregon, on the 
Columbia River. These have the movable-blade runner and are rated 
at 60,000 hp. at 75 ipm. under a 50-foot head. The diameter of the run- 
ner is 291 inches, and the q)ecific speed is 138. 

206. Other Notable InstalUtions 

In addition to the turbmes alreacfy' moitbned, there are othoa that 
are remarkable dther because of rise or capadty. 

For some years the 70,000 hp. Francis turbines in plant No. 3C of the 
Niagara Falls Power Company were the largest, in capadty, of all tiur- 
bines in this country (Figs. 195 and 196). They operate at 107 rpm. under 
a head of 213 feet, uuhcating a ^>edfic speed of 34.7. The nominal diam- 
eta is 176 inches. 

The 56,000 hp. turbines in the Conowingo plant on the Susquehanna 
Rivor are the largest Frands turbines buQt, haring a marimum diame- 
ter of 222 indxes. They operate at 81.8 rpm. under an 89-fbot head and 
have a q)edfic q)eed 70.8. 
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Also of 56,000 li^. are tlie Frands turMnes at Lower Flfteoi Mfle Falla 
on the Connecticut River. The head is 170 feet, and at 138.5 rpm. the 
specific speed is 62. 

The turbines at Wheeler Dam in Alabama are notable ezan^les of 
the fixed-blade propeller type. They ddiver 45,000 hp. at 85.7 rpm. under 
a head of 48 feet and the corresponding specific speed is 143.5. 

PROBLEMS 

1. A turbine operating at 200 rpm. under a head of 100 ft. uses 483 ds. Other 
data are as follows: 

fi - 2.8 ft. «i - 30“ /Ji - 107“ Vi - 57.8 ft. per sec. 

fi - 2.22 ft. a* - 90“ ft - 157“ 

Compute relative vdodty at entrance, the value of power input to draft and 
hydraulic efficiency. At$s, ^ » 0.73: 5000 hp.; 91 per cent. 

2. Compute the power applied to the shaft, and the h)rdraulic efficiency, of a 
turbine having the following dimensions and conditions of operation: 

ai o 18“ ri - 3.0 ft. At -• 3.5 sq. ft A - 65 ft rpm. ■■ 150 

fit -• 165“ ft “ 2.0 ft. - 4 sq. ft. ^ - 140 ds. 

Am. 920 lq>.; 89.3 per cent 

3. Compute the power applied to the shaft, and the hydraulic efficiency, of a 
turbine having the foUowing data: 

at -25“ 0.70 At - 0.80at Q - 140 cfs. 

fit - 155“ c - 0:75 ft - 0.88ri A - 64 ft 

i4fu. 880 hp.; 86.4 per cent 

4. A Francis turbine, 48 in. In diameter, discharges 159 ds. under a head of 

350 ft. at 410 rpm. If ai be 18 degrees and At - 1.36 sq. ft., compute the 
torque and power apfdied to die shaft. Assume popendicular ^-low at exit 
What will be the hydraulic efficiency? Am. 68,600 ft lb.; 5350 hp.; 

84.6 per omt 

5. The discharge of a turbine was found to be 1400 cfs. when operating at 
the speed which produced perpendicular oS-Oaw. It had the following dimen- 
sions: 

At - 25.8 sq. ft ; n - 3.0 ft; at - 27“; fit - 100“ 

Compute (a) lq>. iqqtlied to shaft; (A) hydraulic efficimcy if A were 95 ft; (c) 
the ipm. Am. 12,500 hp.; 83.2 per cent; 168rptb. 

6. An inwaid-floiw turbine has the following data: 

vt 25 ft per sec. ts ■■ 55 ft per sec. 

fiw3.0ft ri«2.5ft 

Pi m 27.5 lb. per sq. iit ipm. ■■ 240 
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Cemimte the protMiNe pressure head at exit fmaa the nituKr if 4 0.2» aiid 

ti • ai. Aar. —10.5 f^ 

7. A Francis turbine has data as follows: ri ■"4.67 ft.; n ■ 4.0 ft; At* 

5.9 sq. ft; oi ■ 6.8 sq. ft; ai ■ 12”;' fit ■ 165°; 4 0.20; Q ■ 115 cfs.; ipm. 

■ 58.2; ^ ■ 0. Compute the rdative velocities at entrance and exit, the head 
w 

lost by friction in the runner, and the pressure head at entrance. 

Ans. Ti ■ 4.1 ft. per sec.; ft ■ 16.6 ft. pa sec.; 

lost head ■ 0.86 ft; — ■ 6.5 ft 
w 

8 . At 240 ipm. a turbine discharges 40 cfs. The pressure at entrance to the 
runner is 27.5 lb. per sq. in., and at exit 11 lb. per sq. in. bdow atmospheric 
pressure. Other data are: 

at *90° ri » 3.0 ft Oi ■ 1.6 sq. ft 

fit ■ 160° ft ■ 2.5 ft. Si ■ St 

Compute the head lost by friction in the runner and the value of 4. 

Ans. 2.2 ft.; 4 ■ 0.052. 

9. A straight flaring draft tube has top and bottom diameters of 20 in. and 
30 in., respectively. The water velocity at the top is 10 ft. per sec. where the 
elevation b 15 ft. above the level of the tail-water. Assuming a loss in the tube 
equal to one-half the velocity head at exit, compute: (a) the pressure head at 
the t(q>; (6) the total head at the same point with reference to the tail-water as a 
datum; (c) the total head at exit; (d) power in water at top and at exit; (e) 
power lost in the tube by friction. Aar. — 16.1ft.;0.46ft.;0.31fL; 1.14hp., 

0.77 hp.; 0.37 hp. 

10. A vertical, conical draft tube has a length of 21 ft., a top diameter of 3 ft , 

and an outlet diameter c£ 5 ft. At full load the discharge is 141.5 cfs. The exit 
end of the tube is immersed 2 ft. below the tail-water level. Assuming the lost 
head in the tube to equal the velocity head at exit, what pressure may be 
expected at the top of the tube? What power will be in the discharge at this 
point? /fiLT.— 10.5 lb. per sq. in.; 26 hp. 

1 L A nuker’s catalogue gives the following data regarding a 72-inch turbine. 
Unda a head of 40 ft. its power will be 2828 hp. at 117 ipm., and its dischaige 
will be 780 cfs. Compute values of P«, and n». 

Ans. ■ 0.725; - 1333; P. - 0.00214; 
Qu ■ 0.0236; nu ■ 61.6. 

12. The Turner’s Falls tuibines are rated at 10,000 hp. and 97 zpm. under a 
head of 59 ft. 

(a) Cranpute Hm, Q» and P« if the efficimcy be 85 per cent and the (flam* 

eterlUin. 

(4) Compute P« by tile approximate equation in Art. 205 and check againat 
the value found in (a). Ans. (a) n» ■* 59.5; «• *. 1440; 

- a0176; P. ■ 0.0017. 
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IS. The Kaplan turbines at Safe Haibor on tlwSiiaquehaiinaRivtt are rated 
St 42,500 hp. at 109. 1 ipm. under a 55-foot head. 

(a) If tlwir diameter be 21S in., compute and /*«. 

(5) Check the above value of P. by using the ii« — P. relation given in Art. 
205. Atu. (a) Mt •“ 157; «» 3270; 

Pu - 0.0023 

14. The turbines at Station No. 3 of the Niagara Falls Power Company are 
rated at 37,500 hp. at 150 tpm. under a 214-foot head. Their nominal diameter 
being 132 in. 

(a) Compute the values of n«, P« and n,. 

(5) Compute P. by the approximate method of Art. 205. 

Am. (a) fi. - 1355; P. - 0.000687; 
n, s 35.5. 

(5) Pu - 0.00060. 

15. A 30-inch turbine uses 91.3 cfs. when run at 222 tpm. under a head of 16 

ft. Its efficiency is 81.2 per cent. What would be the hp. of a 42-inch turbine 
of the same design if run at the same <t> Under a head of 25 ft.? What would be 
its tpm.? Ans. 517 hp.; 198 rpm. 

16. It is deared to develop 6500 hp. at 250 rpm. under a head of 150 ft. 

(a) Of the several turbines listed ^low, which one most nearly satisfies these 
conditions? 


Turbine 

Hu 

n. 

1 

]066 

25 

2 

1288 

30 

3 

1380 

40 

4 

1288 

50 


(b) What value of rpm. would make this turbine exactly fitted to the other 
imposed conditions? 

(c) What diameter would be needed in (6)? 

(d) Check diameters obtained by approximate method of Art. 205. 

Ans. (b) 260 rpm.; (c) 65 inches. 

17. A turbine is to be selected to devdop 3600 Iqi. at 600 tpm. under a head 
of 400 ft. 

(a) What type of wheel is indicated? 

(b) Assume that a certain 24-inch runner of stock design gives 0.182 hp. at 
47.8 tpm. under a 1-ft. head and uses 2.07 cfs. Would a runner of this design 
fulfill the s^Milated ccmditions? If so, what diameter would be necessary? 

18. The characteristics of a 45-inch turbine indicate a discharge of 54.1 da 
and 4.92 lq>. at 34.7 rpm. under a 1-ft. head. 

(a) Ccmipute the constants. 

(b) How would you dassify it as to speed? 

(c) What diameter d the same deugn should give 1375 Iq}. under a 100-ft 
head? 
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(d) At niiiat q>eed should an 18>indi nmner of the same daign tun under a 
64-ft. head, and what would be its discharge? 

Aim. (a) n, - 1565; «. - 77; P. - 0.0024; Q, - 0.0267; 

(c) 24 in.; (d) 695 xpm., 69.4 cfo. 

19. A certain plant has six turbines, each 40 in. in diameter, operating at 360 
tpm. under a 100-foot head. They are alike in design and in all respects amilar 
to the 53-inch Smith turbine whose characteristics are shown in Fig. 212. 

(a) On a certain day at 2 p.h., four units are in qieration, all carrying their 
fuU load. What hp. is being devdoped, what is the total water discharge, and 
what is their efiiciency? Aim. 8980 hp.; 967 cfs.; 82 per cent. 

(5) At 3 P.M. the plut load increases to 13,300 hp. If under the new load all 
six turbines divide it equally, what will be the total discharge and what the 
efficiency? Aim. 1380 cfs.; 85 per cent. 

20. Using the characteristic curves for the 53-inch turbine shown in Fig. 212, 

compute the hp., discharge, efficiency and rpm. of the same turbine under a 
head of 36 ft. at nomat load. Aim. 745 hp.; 205 c£s.; 

89 per cent; 164 rpm. 

Assume that a seasonal change in the river-flow causes the head to drop to 
25 ft. At the same gate and speed as before, what will be the power and 
ciency? Aim. 368 hp.; 79 per cent. 

If the gate be now opened to its maximum position, as indicated by the 
dotted curve at the t(^ of the diagram, what power and efficiency will result? 

Aim. 490 hp.; 81 per cent. 

21. A test of a 30-inch Francis turbine at 0.85 gate gave the following results 
under a head of 17.10 ft: 


Xpm. 

Efficiency 

Hp. 

193 

0.841 

142.5 

205 

0.864 

147.8 

209 

0.870 

148.5 

212 

0.869 

149.0 

213 

0.866 

147.8 

214 

0.860 

147.7 

216 

0.853 

146.5 


(a) What would be the hp., efficiency and discharge <A a 48-inch turbine (d 
same dengn at 0.85 gate under a bead of 50 ft at 230 ipm,? 

Aim. 1880 hp.; e » 0.855; Q - 387. 
(i) At what rpm. should the 48-inch turbine be run to obtain maximum 
efficiency at the above gate, and what would the efficiency be? 

Ans. 223 rpm.; 87 pm cent 

22. A iflant contuns three 56-indi turbines operating at 218 ijun. under a 
normal h^ 70 ft When running at tlus head, two units at 0.8 gate furnish 
the power demanded. 

(a) Conqmte this powm and the ffischarge of eadi unit 
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(5) During hif^-water periods the head falls to 49.5 ft If undCT this tnwH 
three units be operated, uffiat mariroum poww can they furnish and what 

amount of water will each unit use? 



Test data <m a 28-inch turbine of same design funush the following values for 

a 1-ft. head: 



Gate ^ 

Bp. 

Ejjiciency 

0. 8 0. 79 

2.03 

0.85 

1.0 “ 

2.18 

0.82 

1.08 “ 

2.18 

0. 77 

0. 8 0. 86 

1.90 

0.80 

1.0 

2.26 

0.84 

1.08 ‘‘ 

2.28 

0.80 

0.8 0.94 

1.58 

0.69 

1.0 « 

2.20 

0.80 

1.08 “ 

2.35 

0.79 



Ans. (a) 9500 hp.; 700 cfs. 



(5) 9800hp.; 737 cf8 

23. A 31-inch turbine when tested at 0.75 gate showed the following results* 

Pu 

Efficiency 

nu 

0.001425 

0.777 

1000 

0.001525 

0.830 

1100 

0.001580 

0.866 

1200 

0.001620 

0.890 

1300 

0.001655 

0.903 

1380 

0.001618 

0.902 

1400 

0.001515 

0. 872 

1500 


(a) What would be the hp. and efficiency of a 42-inch wheel of like design 
dnder a head of 49 ft., turning with a speed of 225 ipni. and opened at 0.75 gate? 

(5) What would be the tqp. of this 42-inch whed if the head on the plant 
dioiq>ed to 45 ft. and the gate were kq>t at 0.75? 

Ans. (a) 992 hp.; 90 per cent 
(b) 855 hp. 



CHAPTER XIV 


Centrifugal Pumps 




207. General 

If a reaction turbine, placed below the level of the tail-water, should 
be rotated in a reverse direction by power applied to the shaft, the flow 
through it would be reversed and water continuously raised from the 
tail-race to a higher level. A low efficiency would probably result from 
the fact that the runner and guide case were not designed for a reversed 
flow, and large losses would occur in the runner and at exit from it. Such 
a reversed turbine illustrates in a general way the operation of the so- 
called centrifugal pump. Were the level of the tail-water below the tur- 
bine runner, it would be necessary that all passages between the tail- 
water and the turbine casing be previously filled with water if the turbine 
were to operate as a pump. Even with modified design, the nmner would 
be unable to pump the air which would otherwise fill these passages. 
Similarly, we shall find that the centrifugal pump must be filled or primed 
before it can operate. The essential difference between the centrifugal 
pump and the reaction turbine is that the water in the turbine gives up 
energy to the runner and creates a torque m the rotating shaft, while the 
water in the pump receives energy from the impeller that was created by 
the torque of the rotating pump shaft. It will be seen later that the theo- 
ries of the pump and the turbine have much in (x>mmon. 

The principal parts of a centrifugal pump are the impeller with its 
shaft, and the casing which surrounds it. The liquid is admitted to the 
impeller, in an axial direction, through a central opemng in its side called 
the eye. Passing through the channels of the impeller, the liquid is dis* 
charged into the surrounding casing and flows to the discharge {uper 

The pump received its name from the fact that centrifugal action is 
depended upon for the discharge of the liquid from the rotating ino^peller. 
In Chapter III it was shown how the routum 'of a liquid mass resiflts io 
a pressure rise throughout the mass, the rise at any pmnt being propor- 
tional to the sqxiares of the angular velocity and the distance of the point 
from the axis of rotation. If the q)eed of the pump’s iiiq>eller be suffidentl|y 
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high, the presnire in the liqdd at the outer periphery may be made to 
exceed the static pressure of the water in the surrounding casing, and 
ft>w in an outward, radial direction will take place. At the eye of im- 
priler a partial vacuum will be created, and atmoiq>heric pressure will 
force liquid thtou^ the supply pipe to ^place that b^g discharged froih 
theimpdler. 

The main object sought in the design of the pump is to increase the 
pressure in the liquid being handled, and to keep at a minimum the head 
losses which tend to occur at various p(mts. While traversing the impel- 
ler, the water receives the pressure increase, but it leaves the impeller 
with a high velocity which represents a large amount of kinetic energy. 
If good efficiency is to be obtained, this high vdocity must be gradually 
reduced to the lower vdocity in the discharge pipe, and the kinetic energy 
converted into pressure energy. The manner in which this is accomp- 
lished differoitiates the A^rious types of pumps. 


208. Types of Pumps 

Broadly speaking, centrifugal pumps may be divided into two classes: 

1. The turbine pump. 

2. The volute pump, with or without a vortex chamber. 

In the turbine ptimp the impeller is sur- 
rounded by a series of guide vanes 
which by their divergence furnish 
gradually expanding passages for the 
water to follow after leaving the im- 
peller (Fig. 214). In these passages 
the water loses vdodty and gains in 
pressure. The vanes are fixed in posi- 
tion at such an an^e as to reedve the 
water without shock as it leaves the 
impeller. From the vanes the flow is 
into the surroundmg casing which may 
be circular, and concentric with the 
inq>dler, or volute-shaped like the scroll 
case of the reaction turbine. Fitted with 
a diJfusU^ riag, as the guide vanes and 
thdr mdosed channds are called, the 
pun^ very much resemUes a reversed turbine and is known asa turbine 
pump. WhoBwdlderigned, thediSusoriscapaUeof converting as much as 
75 per cent d the kinetic energy in the impdler-discharge over into pres- 
sure energy. Uke the guide vsnes d the turlnae, the vanes of the diSvM|or 



Fio. 214. Siagle^Suction TurbSiie Pump 
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will be cometfy set or diaped for but one rate of disdiarge at a givcm im- 
pdler qieed. For other discharges, a less by diock or turbukace wUl ocoir 
at ratrance to the difihisor, resulting in a lowered efficiency. The cost <rf 
the turbine pump with its diffusor is materially greater than that of the 
ihore ample vohUe pump and, b^use of this fact and its lowered effi- 
ciency under variable conditions of speed and discharge, ft is not com- 
monly used in this country. 

The wAuk pump (Fig. 215) has no diffusing ring, and the water from 
the impeller enters the casing whose shape provides, to a limited extent, 



Fig. 2t5. Single-Suction Volute Pump 


the means for a gradual reduction in vdodty betweoi the impeller and 
the point of discharge from the casing. The sectional area of the caang 
generally increases rmiformly from the nose at o to the point of connec- 
tion with the discharge nozzle. This results in a imiform velocity through- 
out the casmg, because the rate of increaang the area is directly propor- 
tional to the distance from a around the discharge periphery of the im- 
pdler. If rightly designed, the casing velocity may be m^e aiq>rozi- 
matdy that of the water leaving the impdler, although it is commonly 
less. Were it possible to equalize the two, there would still occur a loss 
at this point due to the more or less abnq>t change in diiectiwi which 
the water undergoes. If the vdodty in the casing is kq>t down to the 
value of the vdodty in the discharge pipe, thjere be c on d d e r able loss 
ivip to the difference between the casing vdodty and that iff the wata 
discharged from the impdier. A cmnpromke deagn is often used bi wMch 
the cadn^ is gradually enlarged to produce a omeqMmdiiV reduction fa 
vdodty as the discharge nozsle is approached. 
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An imiHxtvmaat over tlie simple vdiute casutg consists in placing be- 
tween the impdler and the volute an annular ^ce known as the vortex 
or wMrlpod chamber. It is usually formed as a part of the casing, with 
side walls that are parallel or nearly so (Fig. 216), and serves as a diffusor 
without guide vanes. Into it the water from the impeller enters with a 
whirling motion, and a single particle follows a spiralling path while 



Fio. 216. Volute Pump with Vortex Cbunber 


passing through it. Since no work is done on the water while in this cham- 
ber, its energy remains constant save for the slight loss by fricdon. The 
torque which the water is capable of producing therefore does not change 
as it passes the chamber, and its vdocity of whirl must vary inversely 
as its radial distande from the center. The reduction in velocity bdng 
accompanied by a rise in pressure, the chamber performs a double service 
and adds to the effidenry of the pump. If the velocity upon leaving the 
chamber and in the casing is to be t^t in the discharge pipe, a vortex 
chamber of large diameter is necessary, adding materially to the cost of 
construction. Usually It is made much smaller than wodd be necessary 
to meet this requirement. 

209. Stngle-’ and Moltf-Stage Pumps 

In a sini^tage pump a sini^e impeller is used to devdkip the pressure 
necessary to produce toe required dbcharge against the given h^. The 
pcacticsl Kmi ting Imad against itoich a sing^ kqidler may be used is 
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about 300 feet, althou{^ in a few instances this has been greatiy exceeded. 
For hi|^ heads it is not economical to use a sin^dc impdder, since either 
a very high rotative q)eed must be used or an impeller of lUrge diameter. 
In cither case, high mechanical stresses result and poor efficiency is ob> 
tained because of disk friction and leakage losses. Because of the dear* 
ance ^ce necessary between the impeller and the surrounding cadng 
(Fig. 215), wat^r which has passed through the impeller may flow in 
limited quantity back to the suction side, thereby decreasing the pump's 



Fio. 217. Single-Stase, Double-Suction, Volute Pump Diiectly Connected to Etectric Motor. 
(Courtesy of Goulds Pumps, Inc.) 


effidency. This is known as the leakage loss. Under very high heads this 
loss becomes a quantity of importance due to the great differmice in pres- 
sure between the discharge and suction sides of the impeller. For high 
heads it is customary to use two or more impellers in series, so placed 
and connected that the water discharged wiA increased pressure from 
one ii]g|>eller flows to the suction opening of the second, and so on. The 
quantity pumped is the quantity passing a single impdler, but the total 
pressure head created by the impdlers is the sum of the pressure heads 
developed by each impdler of the series. Such a pump is known as a 
multi-stage pump, the several impellers and thdr connecting passages 
bdng contained in a sin|dc casing. Piunps .udng ten stipes have been 
built, but it is better mechanical construction to limit the number of 
stages to five or six and use two such pumps in series. 

Fuaps are often furdier classified as dng^e-suctl^ or douUe-suCtioii 
pumps according to whether the impdler recdves wtbtr un oo^ sicto 
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on botli. skies (Figs. 215 and 218). For handKnig laige quantities of liquid 
against low heads, it is mwe econcmdcal to use a doable.suctkai impdlv, 



Fig. 213. SecUonal Vkw, Sngle-Stage, DouUe-Suction Volute Pump. 
(CGurtet^ of (ioiikit Pumpt« Inc.) 


drawing the liquid from a common suction pipe. Such an impeller may 
be considered as the equivalent of two sin^e^uction impellers jdaced 



Fio. 219. Sii^snd 0oul)le<*SiactMNi nopeOem. (Couiteiy of Fiederkk Iran^ Co.) 

bqdt to back. Hie bead deuAiped it is pmcticaOy the same as that 
^ devdoped by a shig^oauction bnpeOer of the sasM chaoeter and run ^t 
the same rotative ^eed, but its dischai^ is the combined dischaiges 
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of both i^tt. It has the advantage of bong hydnulica% balanoed 
against aide thnist, which in the sini^e impdlo: is a troubIes(»neiactcnr.- 

Inqidlets are open or dosed according to idiether or not they have side 
{dates, or shrouds. The dosed imi>e!ler provides bett» guidance for the 
Uquid and is more effident. The opoi impdler is useful in the pumping 
of liquids contuning suqiended solid matter, sudi as wood pulp, sewage 
and water containing sand or grit (Fig. 224). It is less liable to dog when 
handling such materials. For pumping water, the gain in efficiency ob- 
tained uang the dosed im{>eller goierally comi)ensates for its in- 
creased cost 

210. Axial Thnut and Balancing 

Where double-suction impellers are used, the symmetry of the flow 
leads to almost perfect balancing of the impdler. In pumps udng single- 
suction impellers this is not so, and means must be provided for balandng 
the impeller against the axial thrust, which would otherwise cause it to 
be displaced from its intended central position in the casing. The thrust 
arises from two causes. First, the water in flowing through the impeller 
exerts upon it an axial thrust in the direction of inflow, due to the change 
in momentum as the water is turned from an axial to a radial direction. 
Except in the case of pumps of large cai>adty, this thrust is compara- 
tivdy small. The second cause of thrust is the difference between the 
water pressures on the two outside faces of the impdlm:. Unless dedgned 
to be hydraulically balanced by these pressures, it will be found that the 
pressure on the suction dde of the impeller will be much less than on the 
opposite dde, and a thrust will be created toward the suction side. Sev- 
erd methods for hydraulically balancing these pressures are in common 
use, but a detailed description of them is b^^ond the scope of this brief 
treatment. Generally, thrust bearings are us^ in conjunction with these 
methods because the impeller cannot be balanced hydraulically at ai' 
rates of discharge. 


211. Input to Pump 

It has been stated that the pump in many refgiecto is similar to a re- 
versed turbine, and it will be assumed that t^ readw is familiar with the 
turbine theory as presented in the previous ch^to*. For convenioice, 
the same system of notation will be emifloyed, and the subscr4>ts 1 and 
2 used in referring to the entrance and exit {mints of the im{>d]er, re- 
qpectivdy. 

In the case of the turbine (see Art. 190) the {Mwer uqmt to the shaft 
n. found to 
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and the head given up the water was accordingjiy 

y - «««»a 

i 

By tl|e same process of reasoning there employed, the power input bom 
the impeller of the pump may be written 

Power Input 

and the value of the head added to the water will be 

^ _ Kata - «iJi 

These expressions at once foUow the fact that the liquid, in passing 
through the impdler, is given a moment of whirl whose value is M (raSa — 
fiSi). This represents also the torque exerted upon the liquid by the im- 
peller, and the product of this torque times the angular velocity of rota- 
tion must give the power supplied to the liquid. 

In both equations, uaSa always be greater than since the 
liquid enters the impeller with little or no moment of whirl. 

Unlike turbines, pumps are usually constructed with no guide vanes 
at entrance to the impeller, and the direction of the liquid’s velodty at 
this point is not definitely known. It is commonly assumed that the ab- 
solute vdodty of the water at the point 1 is radial in direction and there- 
fore has ho moment of whirl. If this be so, or so assumed, then the value 
of 5i must be zero and the equations reduce to 

Power Input ■■ ilf(MaXa) (198) 

and 

k' - (199) 

g 

£xcq>t at very low speeds, it is certain that the water approaches the 
isqpeOer aitrance with a whirling motion, due to the action of the impel- 
ler in setting up a drag in the water. In fact, a spiralling flow has been 
found often to exist for some distance back in the suction jupe of the 
pump. For this reason it is inomiect to assume that uiSi is always zero 
in value but, because this initial whirl is produced by the action of the 
imptfler, we may say that the in^x^er does in^>art to the water aU tito 
moment of whirl which it has as it leaves the impdler. Equations (198) 
and (199) theMfcMre correctly «q»es8 the power and head in^Nurted Iqr 
the impdler. 



424 


CENTRIFUGAL PUMPS 


212 . L t mt t 

The loBSes occurring during qiention may be grouped as l^draulk 
losses, mechanical losses and leakage loss. 

The hydraulic losses, in their order of occurrence, arise from 

(a) Friction in the intake connection. 

(b) Shock at entrance to and exit from the impeller. 

(c) Friction in the impeller. 

(d) Friction in the casing. 

(e) Friction in the discharge connection. 

For any given blade ang^e, 0t, and q>eed of rotation, a study of the ve- 
locity relations at entrance (Fig. 220) shows there can be but one rate of 
disc^rge that will insure tangential entry. Usual operating conditions 

call for variations in the rate of discharge, 
and shock loss at entrance is generally 
present. 

We have already seen that the loss at 
exit from the impeller is caused by the 
more or less sudden change in the water’s 
velodty as it enters the casing. 

The mechanical losses arise from 

(a) Disk friction between the impdler 
and the water which fills the clear- 
ance spaces between the impdler 
and casing. 

(() Bearing friction. 

An unsatisfactory afreet of these losses is our iiuibility to express with 
any great degree of accuracy their magnitude under variable, or even 
constant, conditions of operation. Flow conditions are less favtmible than 
in the case of the turbine, due mainly to the fact that the flow is radially 
outward from the center, necesdtaring the use of dioergiug passages. The 
flow through the turbine is radially inward toward the carter, allowing 
the use of converging passages. From our study of the diverging tube and 
the converging nozxle (Chap. VI) we know liiat the Utter is by far the 
more Orient in conservirrg head and energy. 

It is abo to be noted that less guidance is furnished to the flow in the 
pmnp, not only at entrance to and tnt from the iiiqrdler, but in the Utter 
itsdf where conqrarativdy few vanes or Uades are used. Better guidanire 
here would result from an iiuareased number of vanes, but the mermsed 
friction loss would c^set this gain. 
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213. Head Developed by the Pomp 

Equations (198) and, (199) give tike power and head imparted by the 
unp^«. The power to drive the pump must be greater by the amount erf 
powm lost in mechanical friction. The head devdqked by the pump, 
vduch must equal the head agunst which the pump <q>eiates, will be less 
than that ftunished fay the impeller, by the amount of head lost in hy- 
draulic friction within the pump. This loss varies considerably, even at 
constant speed, with the rate of discharge, and the head developed is a 



very different thing from the head, k\ given by equation (199). Never- 
thdess, certain helpful information may be obtained from a study of the 
relation between A' and the rate of discharge. We will assume a constant 
rotative qieed. Equation (199) may be written 

- («8 + »s cosft), (200) 

i i 

makiikg use of the value of St derived in Art 192. Since Va is the relative 
vdodty, it is proportional to the rate of discharge. Three typical cases 
arise, according to whether ds is equal to, grfater, or less than 90°. The 
equation is that of a straight and if ds is equal to 90°, the value of 
h' is constant, r^aidless of the rate of discharge. If ds bs greater than 
90°, conne fit is negative and h' decreases with increase m Q. Similariy, 
if ds be leas than 90°, A' increases with Q. The head-discharge relation for 
these three cases is graphically shown in Fig. 221. 
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Of greater interest and importance, however, is the rdati<m between 
Q and the head actually developed by the pump. Ihis too will be:aRected 
1^ the angle |3a, but because of the hydraulic losses which now have to 
be considered, the graphical plotting of this relation for a givoi pump 
will result in a curved line whose general shape d^nds upon the way the 
losses change with the rate of discharge. If ^2 he equal to 90°, the head 
developed may be nearly constant for the smaller rates of discharge, but 
will decrease rapidly as the larger rates are reached (Fig. 222). If /Sj be 



Discharge 
Fio. 222 


less than 90°, the curve may rise slightly at low rates of discharge, but 
will fall rapidly thereafter. For values of ^2 larger than 90°, the head gen- 
erally decreases rapidly with increase in the rate of discharge. The above 
statements are true only in a general way, and exceptions to them arc 
to be expected. It is true, however, that increasing the value of ^2 tends 
to produce curves with increasing droop as the fate of discharge increases. 

The head-discharge curve is frequently spoken of as the pump charac- 
teristic, and is of value in determining whether or not a certain pump is 
adapted to given conditions of operation. Thus, for instance, a pump with 
a steeply falling characteristic would be de^able in pumping out dry- 
docks where the head constantly increases. With such a pump the rate of 
discharge would decrease as the head increased and there Would be no 
danger of overloading the driving motor. Where little variation in total 
head is encountered and the discharge rate fluctuates, a pump having 
a flat characteristic is desirable. The power demand from su4t & pump 
naturally increases with the discharge. Usually the designer provides 
that, for a pump of this sort, the power required shall be a maximum at 
or near normal capacity. Variation in head or capacity from ncnmdl can- 
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not then result in overloading the driving motor. B^mid normal capacity 
the decrease in head takes place at a rate faster ttian does the increase 
in discharge, and the powor required falls off. Below normal capacity the 
increase in head takes (dace at a less rapid rate than does the decrease 
in discharge, and again the power demand falls off. This is a valuable 
feature of the pump having a fairly flat characteristic up to normal 
capacity. 

' A pump having a rising characteristic is generally used when the actual 
lift is of small and constant amount, and the friction head large aiul 
variable with the rate of discharge. This would be the case of a pump re- 
quired to supply a long pipe-system where the demand for water varies, 
but a constant pressure is desired. 

214. Efiicieiicies 

The efficiency of the pump will be the ratio of the waterpower output 
to the power input from the prime mover driving the pump. By water- 
power output is meant the power, or energy per second, actually deliv- 
ered by the pump and represented by Qu)k. The efficiency is therefme 

^ 

Power Input 

In analyzing pump performance, use and mention are often made of the 
hydraulic, the mechanical and volumetric efficiencies. 

The hydraulic efficiency may be defined as the ratio of the power ac- 
tually delivered by the pump to the power imparted by the impeller, 
and therefore may be written as 

QwA h 
** “ QwV “ K 

The voliunetric efficiency is the nido of the quantity of water dis- 
charged per secoiul from the pump to the quantity passing per second 
through the impeller. These differ by the rate Qi at which water from the 
impeller leaks through the clearances between‘the impdler and casing, 
and finds its way back to the ^e of the impeller. This efficiency may be 
written q 

'’’Q + ft' 

The mechanical efficiency is the ratio of the power actually ddivered 
by the impeller to the power supplied to the shaft by the prime mover 
Accordingly, ^ (Q -1- Qi)wl/ 

" Power Inmit 
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Hie ovnall efficaency will then have the value 


i/X 


{Q + Qi)wlf 


or 


K Q + Qi Power Ii^t ' 
Qwh 

Power Input ’ 


as was first obtained. The efficiency that can be attained with a given 
pump depends upon its speed and rate of discharge. If a constant speed 
be maintained, the efficiency will depend i^n the rate of discharge. It 



Fig. 223. Doubto'^iictioii Impeller for Single-Stage Pump. 

(Courtesy o( Aliis-Chalmets Mfg. Co.) 

will increase with the discharge up to a certain point, and thereafter 
gradually decrease. This may be seen frcnn the effidracy curve shown in 
Fig. 231, which graphically dejncts the results obtained bom a test. The 
discharge and head corre^nding to the point of mailmum effidency 
give the cmiditions for normal operation of the pump at the tested speed. 

A similar vuiation in effidency widi discharge will be found at any 
other speed, the maximum occurring for a definite oomlnnatum of head 
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and difldiaise. Tbe q>eed inodudng the highest maximnni efficiency will 
be the rated ^>eed of the pump, and the discharge and head for vdiich 
the efficiency was obtained will determine the pump’s normal rating. 

The m a xim u m ^dency possible at any speed generally increases with 
the speed up to a certain speed, and then ffiminishes. Pump effidendes 
vary from about 50 per cent up to about 90 per cent. In general pumps of 
large capadty ipve the higher effidendes because of the relatively low 
percentage of power lost in mechanical friction and because of the lower 
hydraulic losses in the passages of the larger pumps. 



Fio. 224. Open-Type Inipdler with Shaft Assembly. 
(Courtesy of De Laval Steam Turbine Company) 


215. Shut-off Head or Head of Impending Delivery 

If, during the running of the pump, a valve on the discharge line be 
gradually dosed, the discharge and the power output fail to zero. The 
work of the prime mover becomes that required to turn the pump against 
bearing and water friction. The head devdoped now exists in the form 

of pressure and, by the law governing rotation, should equal — • Some 

pumps by actual test are found to develc^ this head at shut-off, but it 

a** #2® 

usually ranges from 0.85 — to 1.15 — according to the dedgn of the 

^ump. In all pumps a small flow takes place through the impdler at shut- 
off, due to the leakage of water through the dearance spaces back to the 
^e of the inipdler. This leakage pves rise to a vdodty df discharge, V», 
from the impcUa, t^>tc8enting a certain amount of kinetic energy. Some 
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of the latter will be ccmverted into pressure head in the cadng, tending 
to augment the devdoped head. If the water in the casing rotates, as it 
may, the head will be further increased by its coitrifugal action. Hie 
flow through the impeller, however, gives rise to a frictional loss within 
the impdler which tends to reduce the head developed. The net result 

is that the shut-off head may be greater or less than — according to 

whether the conversion of velocity head into pressure head exceeds or is 
less than the head lost in the impeller. It is generally found that if be 
equal to 90", the two are about equal and the developed head is approxi- 

mately — • If ^2 be less than 90°, Vt is large and the head may be as 




much as I.IS ^ • For values of ^2 greater than 90", V 2 is relativdy small 

and the effect of friction in the impdler is to reduce the diutoff head to 
l<2* 

values as low as 0.85 ~ • 

2g 

The head at shutoff must alwajrs exceed the static head to be pumped 
against, otherwise pumping could not begin upon the opening of the dis- 
charge valve. 


216. EflFect of Speed Variation 

From the triangle of vectors at exit from the impeller, we have the 
relation 

F 2 ® “ « 2 * + — 2 U 2 V 2 cos (180" — ft), 

or 

F 2 ® = « 2 * + + 2«293 cos ft. 


From this we obtain 

U2V2 cos ft 




Again, from equation (200) we have 


h' 


- («2* -f M2»2 COSft) 

g 


in which the above value of U 2 V 2 cos ft may be substituted, giving 


«3 


2« 2g 2g 


( 201 ) 


The head h developed by the pump we have seen to be less than by 
the amount lost in the impdler, and by shodt or turbulence at its exit 
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If the first loss be expressed by i ^ and the second by k' . the head 




devdc^>ed may be expressed as 




2 « 





The equation contains the three velocity vectors at point 2 , whose values 
bear certain geometric relations, one to another, when the pump is oper- 
ating at best speed. 



Fig, 225, 3-Stagc, Single-Suction, Direct-Connected Funip. 
(Courtesy of Goulds Pumps, Inc.) 


If the speed be changed, it is a warrantable assumption that the best 
efficiency will result if the vectors be maintained in their previous rela- 
tions. This requires that V2 and Va be proportional to since the vector 
triangles would then remain »milar. If the discharge of the pump be 
controlled so as to accomplish this, the above equation shows that the 
head developed will vary as the square of the speed. Since Q is propor- 
tional to »2, it will vary directly as the speed. It follows that the water 
horsepower will vary as the cube of the speed. Summarized, we have 

h varies as n®, 

^varies as 
whp. varies as n®. 

These relations rest on the assumption that the efficiency is constant 
at all q)eeds so long as the vector rations at discharge are unimpaired 
Tests show a considerable variation in, efiidency with ^)eed. 
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In an actual installation, the disduurge can be proportkmal to tbe qieed 
(mly when tbe bead on tbe pump is mainly tbe fiiction bead in tbe di^ 
charge pipe and tbe lift is small. Then the friction head varies with tl^ 
square of the discharge and, rince tbe pump head varies with tbe square 
of tbe speed, it follows that the discharge vsiries with the q>eed. If the 
lift constitutes the bulk of the head, the head will change but little with 
the ^>eed and the discharge will increase or decrease faster than the ^teed. 

It is common practice to use the same pump for different heads by 
varying the speed, and the discharge and speed may be approximately 
computed by the above relations. 

Illustrative Example.— A certain Goulds pump actxul t^ de- 
veloped a head of 82 feet when discharging 2000 gpm. at 1750 rpm. The 
efficiency was 87 per cent. If the speed be changed to 1450 ri»n., the 
head and discharge by the relations jt>st determined would be as follows: 

‘—a’-"- 

1450 

~Q m 2000 - 1660 gpm. 

An actual test of the pump at this :q>eed showed a discharge of 1680 
gpm. against a 56-foot head, and an efficiency of 87 per cent as before. 

For a speed of 1150 rpm. the rules give a discharge of 1315 gpm. and 
a head of 35.4 feet. The test showed 1280 gpm. at a head of 35 feet. The 
efficiency was 83 per cent. 

The agreement is remarkably close, and the discrepancy at 1150 rpm. 
is due to a change in efficiency. 

217. Effect of Varying the Impeller Diameter 

In the previous article it was shown how different conditions of dis- 
charge and head could be met by changing the .<peed. Another method is 
to change the diameter of the impeller, using the same pump casing. 
Frequently the change is effected by turning down the impeller in a lathe 
and, if the reduction in diameter be slight, the efficiency will change but 
little. 

Assuming, as in the previous article, that the vector relations at exit 
from the impeller must remain geometrically rimilar if the best effiden^ 
is to be realized, we may reason as follows: 

For a given speed of rotation, the vector 'ttg will vary directly as the 
diameter, and the head as the square of the diameter. If the distance 
between shrouds at exit remains unchanged in reducing the diameter, 
the exit area will vary with the diameter. The value of will be ptojpot- 
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tional to u^, hence to the diametor, and the discharge will vary with the 
diameter squared. The water hors^wer will then vary as the fourth 
power of the diameter. 

Sununarizing — 

k varies as D*, 

Q varies as D*, 
whp. varies as D*. 

These rdations must be regarded as approximate because of the possible 
change in effidency. 



Fto. 226. 3<Stage Bwkr Feed Punq> with Split Case. (Courtesy of Frederick Iron and 

Steel Co.) 

Frequently where the change in diameter is slight, the change in area 
at exit is neglected and Q is assumed to vary as D, and the whp. as XT’. 

Illustrative Example. — The pump referred to in the previous artide 
delivered 20(X) gpm. at 1750 ipm. against a head of 82 feet. The diameter 
of the impeller was 10.5 inches. By substituting an impeller 9 inches in 
diameter, the head and discharge at the same speed should be 

Q - 2000 X (jlj)* - 1470 gpm. 

A test oi the O-inch iiiq>eller gave 1470 gpm. at a*64-foot head and 1580 
gpm. at a 01-foot head. The agreement of theory and test is not as dose 
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as it fras when considering the case of a change in speed, and the dia* 
crqpancy is due mainly to a 5 per cent drop in efficiency. 

218. Pumps of Homologous Design 

If pumps of like design be built, varying only in size, so that they are 
homologous in all respects, their performances are easily related by 
theory. 

The heads, we have seen, will vary as u^, or as the square of the 
diameters. The rate of discharge will vary as V3 and as the discharge area 



Fio. 227. Sectional View of Single-Suction, Multi-Stage Pump. 
(Courtesy of De Laval Steam Turbine Co.) 


of the impeller. If the pumps operate at their best q)eeds, V2 will vary 
with M2, or as the diameter. Since the discharge area will vary with the 
square of the diameter, it follows that the rate of discharge must vary 
•vrith the cube of the diameter. The power output would then vary as 
the fifth power of the diameter. Therefore, 

• h varies as Z>* 

Q varies as Z)® 
whp. varies as D*. 

The relationship between h, Q, power output and the rotative speed, n, 

we have already shown to be , . 2 

■' h varies as »■* 

Q varies as n 

whp. varies as v 

Combining these relations and expressing them equationally, 

h « JiW 

Q - 
whp. ■» 


(«) 

(i) 

(c) 


PUMPS OF HOMOLOGOUS DESIGN 


i3S 


k, k\ and k^ being numeric^ constants, conunon to all the pumps so loi^; 
as they operate at their best speed. Equation (a) may be written 


Substituting this value of n in (i) and {c), we obtain 


Q - W 


whp. = PuLr^h*. 

If we combine equations (202) and (203), eliminating D, 


which may be written 


V . 


_ny/Q 


( 202 ) 

(203) 

(204) 


The physical concept of n, may be obtained by noting that it is the speed 
at which one of the series would run if its impeller diameter was such as 



Fig. 228. Rotating Element of a Single-Suction, 5-Stage Pump. 
(Courtesy of AUis-Chalmers Mfg. Co.) 



to discharge 1 cubic foot per second against a 1-foot head. It is directly 
comparable to the specific speed of the turbine and is detignated as the 
qiedhc speed of the pump. If we express Q in gpm., 



(2051 


The four equations correspond to those derived for a series of homolc^ous 
turbines, and !»«, Qu and are constants for the series of pumps if oper- 
ated at the speed of maximum efficiency. The equations are very help- 
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fid in selecting a pump for given conditions of operatum. If the qieed, 
head and discharge are fixed, the specific qieed is likewise fixed, and it 
is at once known whether or not a given deagn of pump is suitable. If it 
is, then from equation (202) the required diameter may be obtained. 

Again, if the best q>eed and head are known by test for one of a series 
of pumps, equation (202) will determine the best speed and head for a 
piunp of the same series but of different diameter. 



Fig. 229. 48-Inch Screw-Type Impeller for Drainage Pump. 
(Courtesy of Worthington Pump and Mach. Corp.) 


The value of n« ranges from about 500 to 12,000 or more, depending 
upon the type of impeller. For impdlers of the genera] design so far dis- 
cussed, the range is from 500 to about 5000. Impellers, similar in design 
to the propdler type of runner used in turbines (see Fig. 230), are fre- 
quently employed to ^ve large capacities at high speeds. For such im- 
pellers, n, may have values ranging from 5000 to 12,000. 

Single mixed-flow impellers should not have values of n, less than about 
650, or greater than 5000, if good efficiency is desired. Very low values of 
»t indicate large impellers of narrow width, which are characterized by 
large losses due to disk friction and hydraulic losses within the impeller. 
Imprilers having values of n, in excess of 5000 indicate relativriy high 
capacities, necessitating very wide impellers in which the guidance of 
the water is relatively poor. The best efficioicies are obtained with values, 
of n, between 1200 and 4000. 

The value of », for a number of impdUers on a sin^^ shaft (multi-stage 
pumps) is to be computed by uring t^ head and discharge devdi^ied by 
a angle knpdler. The spetffic qoeed, correqxmding to a given set of 
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operating conditions, therefore enables one to determine the number of 
stages into it is desirable to divide the total head in order to get 
good e£5dency. 

Example. — ^Assume that it is desired to pump 2000 gpm. at 1750 
rpm. against a head of 800 feet. 




17S0>/2000 

800i 


520. 


This is too low a value for good effidenc>', and we will assume the head 
to be divided into four stages of 200 feet each. Then 


I750v^000 

200 * 


1475, 


which is a value compatible with good ^dency. If three stages be used, 
equals 1200, which still is large enough to produce reasonably good 
effidency. For two stages of 400 feet each, the value of drops to 870, 
which is possible, but ^e effidency will be low. The cost of a multi-stage 
pump increases with the number of stages used, and-in selecting a pump 
for the above conditions, it is necessary to balance increased cost against 
the higher efficiendes obtained by increadng the number of stages. 

219. Pump Characteristics 

The curve showing the relation between the head developed and rate 
of discharge, at constant speed, has already been referred to as the pump’s 
characteristic. Curves showing the variation in effidency and power with 
head, at a constant speed, are likewise characteristics of the pump, and 
of equal importance. In general, characteristic curves may be used to re- 
late any two or more of the variables, head, speed, diseWge, effidency 
and power. From such curves the performance of the pump over a wide 
range of operating conditions may be determined. 

Figures 231 to 234 illustrate various characteristics drawn from test 
data of a 6-inch, sinj^e-stage Goulds ptimp having a double-suction un- 
peller 10.5 inches in diameter. (It is customary to dedgnate pump sizes 
in terms of the diameter of the discharge connection, whereas in turbines 
the dze is usually expressed the diameter ci the runner.) 

Figure 231 shows the performance of the pump at a constant qpeed of 
1750 rpm. The usual curves of head-discharge, effidency and required 
power are drawn. From them complete information regarding the pump’s 
performance at this speed may be obtained. Tlds particular pump was 
also tested at speeds of 1450 and 1150 rpm., and similar curves could be 
drawn tor eadi speed. 
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Figure 232 shows the characteristics of the pump at different speeds, 
the curves bdng drawn for the conditions of maximum ^cienqr only. 
Since three speeds only were tested, the curves are af^roxamate at speeds 
much less than 1150 rpm. 



Fig. 231. Characteristic Curves for 6-Inch Single-Stage, Double-Suction Pump. Spee4l 
1750 rpm. Impeller diameter 10.5 inches. (Data by Courtesy of Goulds Pumps, Inc.) 



Speed in RPM 

Flc. 232. Characteristics for a 6-Inch Sin^c-Stage, Double-Suction Pump. Showing con- 
ditions for maximum efficiency at different speeds. (Data by Courtesy of Goulds Pumps, Inc.) 

In Fig. 233 are shown the head-discharge rdations at the three tested 
^peedS; and iso-eflSciency curves are drawn covering the normal operating 
range. 

A fourth diagram (Fig. 234) illustrates how the pump's performance at 
constant speed may be shown if equipped with impellers of different 
diameter. The speed chosen was 1450 rpm., but similar diagrams could 
be coiutructed for the other tested speois. 
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^ch chancteristics as illustrated cau^ usually be fomidied by the 
manufacturers, and give full information regard^ performance over a 
wide range of conditions. 



Fio. 233. Head and Efficienqr Curvea for Tlitee Different Speeda. Six>Inch Single-Stage 
DouUe-Sttction Piunp. (Data by Courte^ of Goulda Pumpe, Inc.) 



Capacity in GPM 

Fio. 234. Head and Efficiency Curvei for 6-Inch ffingle-Stage, Double-Siiction Punui. 
^peed 14S0 rpm, and impdleia of different diameter uted in aame caaing. (Gourteay 
of Goulda Pumpa, Inc.) 

220. Centrifugal versus Reciprocating Pumpa 

The centrifugal pump offers many advantages not found in the redp- 
rocating pump, and has grown greatly in popularity during recast years. 
Operating at high rotative speeds, thQr may be direct^ connected to 
steam turbines or electric motors which in thanselves are most sffidant 
at high Qieeds. They have no reciprocating parts, are cmnparativ^ free 
from vibration, and contain no valves requiring constant inspection and 
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mamtenance. Unlike tlje redprocating pump with its positive piston <&• 
placment, the centrifugal pump suffers no damage if ^ flow stopped 
by the sudden plugging of the discharge pipe or by the dosing of a '^ve 
in the line. Its simple and rugged construction ktepn maintenance costs 
at a minimum, and its first cost is generally less thm for a reciprocating 
pump of the same capadty. It can handle, with fair effidency, water 
can 3 dng large amoimts of suspended solids and gritty material, and is 
much used in dredging operations where mud, sand and even good-sized 
stones form a part of the discharge. An effidency of 95 per cent, or bet- 
ter, has been reached with redprocating pumps, whereas the maximum 
for centrifugal pumps has been about 90 per cent. At low heads, however, 
and with low capadties, the redprocating pump has an effidency gener- 
ally less than that of the centrifugal pump. 

221. Installation and Operation 

Where pumps are set above the level of the supply, the pressure will be 
less than atmospheric at the inlet, and may be determined from 



obtained by writing Bernoulli’s theorem between the reservoir and the 
pump inlet. Here z is the height of the inlet above the supply, v is the 
velodty in the inlet, and hf represents the head lost by friction in the 
foot valve, strainer and suction pipe. 

Assuming that ~ and hf each have values of 1 foot, the pressure at in- 
let would be 14.7 pounds pe;* square inch below atmospheric pressure if 
z were made about 32 feet. No pump could operate under such conditions 
because of the rapid vaporization of the water at this low pressure, and 
the filling of the pump with water ^npor. The equation shows that for a 
giv^ rate of flow the pressure at the inlet varies inversely as z. It is 
commonly agreed that z should never exceed 22 feet, and experience has 
shown that W dependable operation it should not exceed 15 feet with 
water temperatures between 50® and 100® F. For higher temperatures, z 
must be decreased with increase in temperature, becoming zero at about 
ISO® F. With water hotter thui 150® F., it-is necessary to provide posi- 
tive pressure at the pump’s inlet. 

Because of its inability to handle air, a centrifugal pump must be 
p^ed before operating. This may be done in several wa 3 rs. If the suc- 
tion pipe has its apea end below the pump’s levd, it may be fitted with 
a foot valve which opens to permit the flow of water up the i#e, but 
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doses as soon as the flow ceases, leaving the pump and {npe filled with 
water. So equijqMsd, the pump is always ready to start The valve is often 
fitted with a straino', and the water passages are made large in order to 
minimise entrance loss. 

When a foot valve is not used, the pump may be primed by doang the 
discharge valve and exhausting the air from the pump and suction pipe 
by means of a steam ejector or other form of air pump. Water from the 
suiq>ly will then rise and prime the pump. The discharge valve should be 
kept closed while starting the pump, and not opened until the speed has 
been brought up to normal. In this way the load is brought upon the 
pump gradually. 

In like manner, before stopping the pump, the discharge valve should 
be dosed slowly with the pump running at normal speed. 

Centrifugal pumps are comparativdy free from troubles. What few 
arise are generally found on the suction side of the pump, and are due 
to leaky joints and stuffing boxes. 


PROBLEMS 


1. A 24-inch impeller rotates at a speed of 2000 ipm. and the relative velocity 
of the water at exit is 25 ft. per sec. The value of pt is 165°. 

Compute (a) the magnitude and direction of the absolute vdocity Vt. 

(b) the magnitude of its tangential and radial components. 

2. An impdler, 12 inches in diameter, discharges water at the rate of 2244 
gpm. when running at 1200 rpm. The blade angle at exit, fii, is 150° and the 
exit area, at, is 0.2 sq. ft. Assuming the hydraulic losses in the impeller and at 


.»* 


Vt* 


its exit may be expressed by 3 — • and 0.35 — , respectively, and n^lecting 

2g 

other losses, compute (a) the value of the head developed by the pump; (b) the 
approximate value of the shut-off head. A ns. (a) 41.3 ft.; (b) 55 ft. 

3. The discharge of a pump is 673 gpm. at 1300 ipm. The impeller has a 
diameter of 7.5 in. and a discharge area, at, of 0.0765 sq. ft., the latter being 
computed normal to the directi<Hi of the relative vdocity at exit. The value of 
fit is 155°. Assuming radial entry and a leakage loss amounting to 2 per cent of 
the discharge, compute the head imparted by the impdler. Ans. 74.8 ft 

4 . A pump ddivers 500 gpm. at 1700 rpm. agdnat a head 60 ft and 
requires 15 hp. for its operation. If the speed were reduced to 1420 rpm., what 
would be its probable discharge, developed head and required power? 

Ans'. 418 gpm.; 41.8 ft; 8.75 lq>. 

If the impdler, vdwse diameter is 8 in. , be replaced by one of 6-inch dnmetert 
and the qpe^ be maintained at 1700 rpm., what would be the resulting capadty, 
head and required power? Ans. 280 gptn.; 33.7 ft; 47S 1^ 
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5. .Fjxun tLe test curves shown in Fig. 233, compute the probable increase hi 
discharge due to an increase in speed from 1450 tpm. to 1750 rpm., the head 
remaining constant at 70 ft. What would be the efficiencies corre^xHidiag to 
the two speeds? 

At what speed must the pump run to deliver 1200 gpm. against a head of 50 
ft.? What horsepower will ^required? 

6. In Fig. 231 are given the characteristics of a 6-inch pump with a 10.5-inch 
impdier running at 1750 rpm. If a 10-inch pump of strictly homologous design 
be operated at 900 rpm., what should be its capacity and head? 

Ahs. 60.5 ft.; 4750 gpm. 

7. It is required to pump 1600 gpm. against a head of 200 ft., using a motor 
whose speed is 1 150 rpm. Will a 2-stage pump be more efficient than one of 
single-stage? 

8. How many stages would be necessary for a pump to deliver 220 gpm. 
against a head of 400 ft. at 3600 rpm., assuming the impellers to have a value 
for n, of 2000? 

9. A pump is to deliver 1000 gpm. at 1200 rpm. against a head of 900 ft. 
Assuming the minimum possible value of n, to be 500, how many stages will be 
required? How many would be required if n, were to be made about 1300, and 
would this be a practical pump? 
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The Free Vortex 


222. The Free Cylindrical Vortex. Closed Boundaries 

The effects pnKluced by rotating a mass of liquid about a verticil axis 
were discussed in Chapter III. It was shown that the surface of the liquid, 
if free, assumes the form of a paraboloid of revolution; that the pressure 
at any point is increased by the rotation, the increase being proportional 
to the square of the distance to the point from the axis of rotation; and 
that surfaces of equal pressure, like that of the liquid, form paraboloids 



Fig. 235 


of revolution. The liquid rotates as a mass, and the velocities of points 
on a radial line vary directly with the radial distances of the points from 
the axis. Such conditions are said to constitute a forced vortex, the con- 
ditions being the result of applying energy fiom an outside source. 

Figure 235 shows a closed, ring-shaped vessel filled with a liquid. It is 
being rotated with an angular velocity, w, about its own axis. If the 
vessel be quickly brought to rest, the contained liquid will continue to 
rotate for a time due to its own energy. The vortex is said now to be free 
and we shall inquire into the velocity and pressure conditions at the 
points (1) and (2). Friction wUl be neglected. The flow must be free there- 
fore from turbulence, and particles at these points follow circular paths.. 
For the stream-line passing through (1), 
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at an points in the line. The same is trae for the stream-line passing 
through point (2), but due to centrifugal action the pressure at (2) is 
greater than at (1) by dp. Conadering an elementaiy’ prism of liquid ex- 
tending between the two points, the value of dp may be obtained from 

w tp 

dAdp = dAdr--, 

V being the velocity at {mint (1). From this, 



(207) 


If equation (206) be differentiated with respmet to r, 


2v dv 1 ^ 
2g dr w dr 


0 . 


u 


Substituting for ^ its value from (207), and simplifying, 
dr 


dv V 

Jr'^r 


0. 


Multiplying by dr and dividing by », 


By integration, 

or 

and 


V r 


a= 0. 


log* V ■+ log* r ™ B,& constant, 
log*(w) = B, 
vr = c” = C, a constant. 


The equation shows that along a radial line the product of v and r is 
constant, so that v varies inversely with r. This is just opposite to the 
vdodty variations in a farced vortex. The equation also shows that v 
becomes infinite for r equal to zero. Since this is imimssible, it follows that 
in a free vortex the liquid cannot extend to the center of rotation. 

As for the pressure variation along a radi^ line, we have from (207), 

, V) , dr 
dp — 

dr 

ex 

w C* 
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InUgrattng between finite limits, 


h'~ Pi 

w 


2g V»* f2®/ " 2g Vf i* f jV 


Pi - Pi ^ V 

w 2g 



The form of the imapnaiy free surface that would cone^nd to this 
radial variation in pressure is shown in Fig. 236 by the curve ab. Any 



Fro. 236 


point, ft, on the curve may be referred to the indicated axes by the co- 
ordinates * and y. It will be seen that * has the value, r, and dy = - 

w 

Equation (208) therefore may be written as 


Integrating, 


-dy = ^dx. 
gxr 



(209) 


which is the equation of a h}rperbola. The imaginary free surface is there- 
fore d hyperboloid of revolution. 

The p>osition of the X-axis in the figure may be determined as follows. 
The point, on the imaginary free surface has a linear velocity, e, and 

a velocity-head, — ■ 

Since ^ 


BX = w = C, 
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and from equaUan (209) 


2g 


~y. 


The X-axis thoefore lies above the point, n, a distance equal to the ve- 
locity head at that point. For a point in the liqdd vortex directly be- 
neath n, the total head (Fig. 236) is 


2S 


V) 


H, 


and the X-pxis lies above the chosen datum a distance B. The curve, ab, 
is asymtotic to the axis of rotation and to the X-axis. 


223. Vortex with a Free Surface 

We shall now imagine an open cylindrical vessel, partly filled with a 
liquid, to be rotated at a q>eed sufficient to uncover a portion of the floor 
of the vessel (a forced vortex with surface that of a paraboloid of revolu- 
tion). If the vessel’s motion be quickly stopped, a free vortex will be mo- 
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mentarOy formed and the surface curve will be changed to that of a 
hyperboloid (Fig. 237a). At its center will be the necessary cone of free 
air. Obviously such a condition can exist only momentarily, since in a 
real liquid the loss of energy through viscous shear will cause a subadence 
in the general level. The surface then takes the form shown in Fig. 2376. 
The central air iqrace is replaced by a volume of liquid wluch rotates as 
a forced vortex and ma-ges gradually with the free vortex surrounding it. 
Such compound vortices are often seen m moving streams when a nuss of 
rotating water rises to the surffice. 

224. Free Spiral Vortex 

If upon a free cylmdrical vortex there be superimposed a motion 
toward, or away from, the center, we have what is known as a free spiral 
vortex. Such a ccmdition may be observed sometimes in a ^lindiic^ or 
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faemiq>herical v(«sd from which a liquid is being drawn through an open* 
ing at the center of the vessel’s bottom. The liquid assumes a whirling 
motion, the surface becomes approximately that of a hyperboloid of 
revolution, and a core of air extends downward to the orifice. The path 
followed by any liquid particle is spiral in form, the direction of the whirl 
being usually determined by some initial disturbance in the liquid. 



1 

o 


Fig. 238 


The spiral vortex with a free surface is of 
little importance in engineering, but a free 
spiral vortex formed within closed bound- 
aries is of common occurrence. If the vortex 
takes place between parallel flat surfaces, 
the path of a particle is an equiangular or 
logarithmic spiral. This may be shown as 
follows. 

Figure 238 shows a portion of the path 
followed by a small mass of particles, the 
mass being momentarily at m, and having 
the velocity, v. The center of the vortex is 
at O and the vectors, v, and Vr, are the spin 


and radial components, respectively, of v. The angular momentum of the 


small mass is Mvri, which may be written as 


from which 


Mvri = Mv^ -|- Mvr X zero, 

Mvfi =< 


Since Mvri is constant, v,r is also constant, showing that is inversely 
proportional to r. The rate of flow may be measuied by the product of », 
and the area of a cylindrical surface passing through tn and having its 
center at 0. Denoting the distance between the parallel surfaces by B, 

Q «■ 2 xt B Vt, 

from which it is seen that is constant and Vr varies also inversdy as r. 
With both t), and Vr varying inversely as r, the angle a must be constant 
at aU points in the path of the mass. The path is therefore an equiangu- 
lar, or logarithmic, spiral. 

A common example of the free spiral vortex is found in the flow through 
the vortex chamber of a centrifugal pump (Fig. 216). In passing throu^ 
the impeller, the water forms a forced vortex combined with an outward 
flow; but in the vortex chamber, where no work is bring done on :A« 
water, a free spiral vortex with outward flow is found. 
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Example. — ^Water leaves a lO^nch impdler vrith a velocity of 50 feet 
per second and at an angle of 20 d^rees with a tangent to the impeller. 
The radial width of the vortex chamber bdng 6 inches, what velocity 
will the water have as it leaves the chamber? What an^e will the velocity 
make with a tangent to the periphery of the chamber, and what will be 
the rise in pressure due to the presence of the chamber? 

SO X 5 - » X 11 

V ~ 22.7 ft. per sec. (angle remains 20°) 

, £i _ 2^ H 

64.4 w M.4 w 

^ ^ - 30.8 ft. 

w w 

Pi — pi “ 13 lb. per sq.'in., friction neglected. 

It is seen that the vortex chamber produces a substantial rise in the 
water pressure, and this is the function of the chamber as was pointed 
out in Art. 208. 

Throughout the previous discusrion of the free vortex, the effect of 
viscous friction was neglected. Mmsurements made of the velocity varia- 
tion in a vortex indicate that frictional effects are most pronounced in 
that portion of the vortex where the velocities have theii Ughest values. 
This is what one would expect. 



APPENDIX II 


A JBrief Explanation of the English and Metric 
Systems, Eotk Absolute and Gravitational 


225. Man and Weight 

Much confusion and misunderstanding often surround the use of the 
various systems of units employed in the measurement of force, mass 
and acceleration. The difficulty is due largely to lack of a clear under- 
standing of the terms, mass and weight. If these quantities be defined and 
understood, the establishment of a system of measuring units follows 
easily. 

Mass , — Mass may be defined as the amount of matter contained in a 
body. Regardless of how it be measured, it cannot vary with change in 
location on the earth’s surface. 

Standards for measurement of mass have been set up. At London, care- 
fully preserved, is a piece of platinum which has b^ adopted as the 
standard English unit of mass. Arbitrarily it has received the designation 
of one pound of mass. Used in this sense, the word pound has no implica- 
tion o( force. It simply denotes a definite amount of matter. Similarly, at 
Sevres, France, is preserved a piece of platimmi, a y^uxs which has 
be^ adopted as the French unit of mass. Arbitrarily, diis unit has been 
des^[nated as one gram of mass. Here, too, the word gram has no im|^ca> 
tion of force. 

The mass of any body, expressed in either pounds or grams, may be 
determined by direct comparison with tliese standard masses (or r^qilicas 
of them), using a lever balance. 

Weight . — ^The correct definition of weight is the amount ci pull vddch 
the earth ^erts upon a given body. Since this pull varies with the dktanfg 
of the body from the earth’s center, the weight of the, body will vary with 
latitude and devation. Weight is therefore a force, and we shall see later 
that there ue four units in use for the measurement oi force. For the 
moment, we shall confine ourselves to the discusnon (rf two oi these units. 

The earth’s pull upon the unit of mass, at sea levd and Lat 
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45^, has been adopted as one force unit and has received the name of one 
pound of force. It is a perfectly definite amount of force, but unfortunate^ 
has the same name as the unit of mass. 

Similarly, the earth’s pull on the French unit of mass, at sea level and 
Lat. 45”, has beoi adopted as another force unit and has been given the 
name of one gram of force. It, too, is a perfectly definite amount of force, 
and has the same name as the corresponding unit of mass. 

The earth’s pull is proportional to the acceleration it produces in a 
body falling freely in vacuo, hence proportional to g. If go be the accele* 
ration produced at s^ level and Lat. 45”, and g the acceleration at any 
other locality, the earth’s pull, W, upon a body where the acceleration is 
g 

g will heWo X — I'dWo represents the pull on the same body at sea level 
go 

and Lat. 45”. 

True wdght may be determined by use of a spring-balance which indi- 
cates the varying tension in the spring as the body is moved from place 
to place. Such a balance has its scale divisions marked off to accord with 
pull in standard pounds of force or grams of force as above defined. 

Weight as determined by a lever-balance is not the amount of the earth’s 
pull on the body, save at sea level and Lat. 45°; for, in using a balance 
of this sort to weigh a body, we put on the balancing lever a collection of 
masses, called “weights,” which arc replicas of the standards at London 
or Sevres. Weight, so determined, is the weight as it would be recorded 
at sea level and Lat. 45”. Nevertheless, this is the common method for 
determining weight. 

It might be pointed out that variation in weight with change of locality 
is indeed small. Weight of a body increases approximately one-half of one 
per cent as it b moved from the equator to the poles, and decreases ap- 
proximately one-twentieth of one per cent with each mile of increase in 
devation. Evidently W very closely equals Wo and the slight discrqmncy 
may be ne^ected save in precise physical measurements. 

226 . The Four Systems of Unit Measures 

Nevrton’s second law of motion states, in effect, that a force acting 
i^n a body will produce an acceleration that is proportional to the 
mass of the body and the accderation. Algebraically stated, 

Force K X mass X acceleration, 

in which J? is the constant e}q>res8ing the pn^rtionaliUr. 

To make numerical use of this equatvm, we must select units fot the 
measurement of the three quantities involved. If the units be so chosen 
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that mt unit of force will produce one unit of accderatioa in one unit oi 
man, the value of K wfll 1^ unity and we may write 

F - Ma. 

Two of the units may be chosen arbitrarily and the third derived by ex- 
periment so as to conform with the law which this equation expresses. 

The English Systems. — ^Let us choose the poundu as the imit of mass, 
and one foot per second each second as the unit of acceleration. The force- 
unit we shall derive by conadering the acceleration produced by the 
earth’s pull (gravity) upon any body falling freely in vacuo- at sea level 
and Lat. 45°. This has been found to be 32.174 feet per second «ach 
second. The mass of the body being one pound.^ , so that the earth’s pull 
upon it is one pound of force, we shall have one pound of force producing 
J2.174 units of acceleration in one pound of mass. By Newton’s law. a 

force equal to of a pound of force would produce in this unit of 

mass one unit of acceleration, hence this fractional part of a pound of 
force is the unit we seek. To it is given the name one poundal, and we 
see that 

32.174 poundals « 1 pound of force. 

It is a definite, constant amount of force. For the mass of one poundAf, 
just considered, falling freely at sea level and Lat. 45°, we may write 

32.174 poundals » 1 poundjir X 32.174 ft. per sec.’ 
from which 

1 poundal =■ 1 pounder X 1 ft. per sec.’ 

The rmits we have chosen constitute 

The English Absolute System 
Unit of force -> 1 poundal 

Unit of mass = 1 poundj/ 

Unit of acceleration ■> I ft. per sec.* 

Note. The weight of a body and its mass, in this system of units, are 
numerically equal at sea levd and Lat. 45°. Therefore in using the rel4- 
tion F o Ma, the value of M will be the weight. Wo, of the body at sea 
level and Lat 45°. Previously we have seen that Wo is idways weight as 
determined by a /riwr-balance. regardless of location. 

In estaUisldng the En^irii Absolute System, we arbhrsrily sdected 
the mass and accdtaration units and proceeded to derive the force unit 
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Let us now select the force and accderation units and derive a unit. 
We shall adopt the pound and one foot per second each second as the force 
and acceleration units, respectively. We know that the earth’s pull (one 
pound of force) upon a mass of one pound will produce an acceleration of 
32.174 feet per second each second at sea level and Lat. 45°. The same 
amount of force applied to a mass 32.174 times larger than the pound' 
ma.ss would produce an acceleration of one foot per second each second. 
This large mass is the unit of mass we seek and to it is given the name 
of one English slug. We see that 

1 slug = 32.174 pounds of mass. 

For the mass of one pound, just considered, falling freely in vacuo at 
sea level and Lat. 45°, we may write 

1 pound of force = slugs 32.174 ft. per sec.®, 

from which, 

1 pound of force ><° 1 slug X 1 ft. per sec.® 

These units constitute 

The English Grmitational System 
Unit of force »= 1 poundjr 

Unit of mass » 1 slug 

Unit of acceleration = 1 ft. per sec.® 

It is called a gravitational system because the gravitational pull upon 
a standard pound of mass, at sea level and Lat. 45°, is the unit of force. 
Like the poundal, the pound of force is a definite, imvarying amount of 
force. 

Note. In u^g the equation, F « Ma, the value of M (in slugs) is 
computed from 

M -- 2 ^ 

• 32.174’ 

^nce Wo numerically equals the mass of the body in poundsji# . 

If the weight of the b^y be detennined by a spring balance, its mass 
in slugs may be computed from 



where W is ^ring-balance weight and g is the acceleration by gravity of 
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1 

the leecHiy where the weighing is done. That this is oorrcfct may be seen 
from 

W^WoX^, 

So 

by which 

W Wo Wo „ 

7 "■ " 5mh ■ 

as stat^ above. 

The Metric Systems . — Two systems of metric unit* may be set up cor- 
responding to the two systems of English units just described. The method 
of procedure will be identical with that followed in establishing the Eng- 
lish systems. 

To commence with, let us arbitrarily choose, for the unit of accelera- 
tion, one centimeter per second each second-, and for the mass uiiit, one 
gram of mass which is a thousandth part of the platinum mass preserved 
near Paris. The force unit miiist now be derived from experiment. 

The earth’s pull, at sea level and Lat. 45®, will produce in a freely fall- 
ing body an acceleration of 980.665 centimeters per second each second. 
If the mass of the body be one gram, the earth’s pull upon it at this 
locality is said to be one gram of force, and we have one gram of force 
producing 980.7 units of acceleration in a one-gram mass. A small force 

equal to of a gram would produce one unit of acceleration in this 

unit of mass, and this small force is the unit we seek. It is designated as 
one dyne. Evidently, 


980.7 dynes = 1 gram of force. 

We therefore have 


The Metric Absolute System 
Unit of force =■ 1 dyne 

Unit of mass 1 gramjv 

Unit of acceleration » 1 cm. per sec.* 

Here, as in the English Absolute System, the mass of a body is numeric 
eaOy equal to its weight at sea level and Lat. 45®. 

Let us now select units of force and accderation and derive a mass uitit 
as we did in the English Gravitational System. We shaD choose one gram 
of force as our force-unit, and one centimeter per second each second as 
the accelerati(m-unit The earth’s pull (one gram of force) upon a man of 
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one gram, at sea level and lat. 45®, produces an acceleration of 980.7 
centimeters per second each second. The same amount of force acting 
upon a mass 980*7 times larger than the gram of mass would produce an 
acceleration of ^me centimeter per second each second. This large mass 
is the unit of mass we seek, since our unit of force produces in it a unit of 
acceleration. To it is given the name of one mePric slug. Evidently, 

1 metric slug = 980.7 grams of mass. 

For the one-gram mass, falling freely at sea level and Lat. 45®, we may 
therefore write 

F « Ma 

where 


1 gram of force « slug X 980.7, cm. per sec.^ 
9oU.7 


from which 


1 gram of force * 1 slug X 1 cm. per sec.® 


We now have the units of 

The Metric Gravitational System 
Unit of force = 1 gramir 

Unit of mass = 1 metric slug 

Unit of acceleration = 1 cm. per sec.® 

The system is called a gravitational system because the gravitational 
pull on one gram of mass, at $ea levd and Lat. 45®, is the unit of force. 

W 

For a given body, its mass in slugs (JW ,) is computed from , since 

VoU.7 

Wo numerically equals the mass of the body in grams. 

Sttmhary Tabulation 



English 


Metric 


Gravitational Absolute Gravitational Absolute 


Fotcc 

Maas 

Accekiation 


1 pounds 
1 slug 

1 ft. per sec.* 


1 poundal 
1 poundsT 
1 ft. per sec.* 


1 graffli. 

1 metric slug 
1 cm. per sec.* 


1 dyne 
1 grainjr 
1cm. per sec.* 
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Culver sum Factors 
1 pounds - 32.17 poundals « 453.6 gram^p - 444,822 dynes 
I poundal - 0.0311 poundsp - 13,826 dynes - 14.10 gramsp 
1 slug -> 14.881 metric slugs 
1 loot - 30.48 centimeters 
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S^atural Trigonometric Functions 




1 0.01745 

2 0.03490 

3 0.05234 

4 0.06076 

5 0.08716 

6 0.10453 

7 0.12187 

8 0.13017 

9 0.15643 

10 0.17365 

11 0.10081 

12 0.20791 

13 0.22405 

14 0.24102 

15 0.25882 

16 0.27564 

17 0.20237 

18 0.30902 

19 0.32557 


0.34202 

0.35837 

0.37461 

0.39073 

0.40674 

0.42262 

0.43837 

0.45399 

0.46047 

0.48481 




31 0.51504 

32 0.52092 

33 0.54404 

34 0.55910 

35 0.57358 

36 0.58770 

37 0.00182 

38 0.61566 

39 0.62932 

40 0.64270 

41 0.65606 

42 0.66013 

43 

44 


0.00291 

0.02030 

0.03781 

0.05524 

0.07266 

0.09005 

0.10742 

0.12476 

0.14205 

0.15031 

0.17651 
0.10366 
0.21076 
0.22778 I 
0.24474 

0.20163 

0.27843 

0.29515 

0.31178 

0.32832 

0.34475 

0.36108 

0.37730 

0.39341 

0.40939 

0.42525 

0.44098 

0.45658 

0.47204 

0.48735 

0.50252 

0.51753 

0.53238 

0.54708 

0.56160 


0.00682 

0.02327 

0.04071 

0.05814 

0.07556 

0.09295 

0.11031 

0.12764 

0.14493 

0.16218 

0.17937 

0.19652 

0.21360 

0.23062 

0.24756 

0.26443 

0.28123 

0.29793 

0.31454 

0.33106 

0.34748 

0.30379 

0.37999 

0.39608 

0.41204 

0.42788 

0.44359 

0.45917 

0.47460 

0.48989 

0.50503* 

0.52002 

0.53484 

0.54951 

0.56401 


0.00873 

0.02618 

0.04362 

0.06103 

0.07846 

0.09585 

0.11320 

0.13053 

0.14781 

0.16505 

0.18224 

0.19937 

0.21644 

0.23345 

0.25038 

0.26724 

0.28402 

0.30071 

0.31730 

0.33381 

0.35021 

0.30650 

0.38268 

0.39875 

0.41409 

0.43051 

0.44620 

0.40175 

0.47716 

0.49243 


5(K 

W 

0.01454 

0.01745 

0.03109 

0.03400 

0.04943 

0.05234 

0.06685 

0.06976 

0.08426 




0.18509 

0.20222 

0.21928 

0.23627 
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Absolute pressure, 23 
Acceleration by gravity, 19 
Adhesion, 6 
Adiabatic constant, 17 
Air, properties of, 16 
viscosity of, 17, 18 
weight of, 16 
Air-flow, in pipes, 254 
through orifices, 124 
through nozzles, 144 
through Venturis, 245 
Archimedes principle, 47 
Atmospheric pressure, 16 

Backwater, 307 
Barometer, water, 25 
mercury, 26 
Bends in pipes, 203 
d3mamic pressure on, 321 
head lost in, 203 
Bernoulli’s theorem, 74 
application of, 82 
compressible fluids, 85 
for adiabatic flow, 86 
for isothermal flow, 85 
for rotating casings, 376 
incompressible fluids, 74 
Borda’s mouthpiece, 139 
Boundary layer, in drag phenomena, 
327 

in pipes, 236 
Bourdon gauge, 31 
Branching pipes, 225 
Buoyancy, center of, 47 
Buoyant ^ort, 47 

Capillarity, in' tubes, 7 
Cast-iron pipes: 
deterioration of, 187 
friction factors for, 185, 194 
thickness of, 46 
Cavitation, 378, 379 
Center of buoyancy, 47 
Center of pressure, 37 


Centrifugal pumps, 416 
characteristics of, 438 
double suction, 420 
effect of impeller diameter, 432 
effect of sp^ changes, 430 
efficiencies, 427 
end thrust, 422 
head developed, 425 
head at shut-off, 429 
homologous, 434 
hydraulic efficiency, 427 
installing, 441 

laws and constants, 431-435 
losses, 424 

mechanical efficiency, 427 
multi-stage, 419 
open impellers, 422 
operation of, 441 
power input, 422 
single suction, 418 
specific speed of, 435 
turbine pump, 417 
types of, 417 
volumetric efficiency, 427 
volute pump, 418 
vortex chamber, 419 
Chezy’s formula: 
open channels, 269 
pipes, 221 

Cipolletti’s weir, 170 
Coefficient, of contraction, 105 
of discharge, 105 
of roughness, 270 
of velocity, 105 
of pipes, 236 
Cohesion, 6 
Cole’s pitometer, 241 
Components of pressure, 43 
Compressible fluids, flow of: 
through nozsksy 144 
through orifices, 124 
through pipes, 254 
through Venturis, 245 
Compressibility of water, 4 
Omjugate depths, 295 


464 


INDEX 


Ccmtractipn, sudden, in pipes, 202 
suppression of, 115 
Critical depth, 295 
occurrence of, 298 
Critical velocity, 72 
in open channels, 296, 299 
in pipes, 188 
Current meter; 

measurements by, 308 
Cylinders, stress in, 45 

Dams, as weirs, 173 
design of spillways for, 174 
Density, 3 

Depth of flotation, 48 
Differential gauge: 
mercurial, 31 
oil, 33 

Diffusers, 148, 150 
Discontinuity, surface of, 328 
Divergent tubes, 148 
Divergent flow, 150 
Divided flow in pipes, 225-233 
Draft tubes, 335, 368, 377 
Drag, on spheres, 326 
on flat plates, 328 
Dynamic force of streams, 318 
Dynamic similarity, see Similarity. 

Energy, and head, 77 
gradient, 212, 289, 291 
specific, 289, 295-298 
Enlargements in pipes, 199 
Entrance loss, 
pipes, 137 

re-entrant tube, 140 
short tube, 138 


Float gauge, 312, 313 
Flotation, 48 
Flow, laminar, 71 
turbulent, 71 
Fluids, definition of, 2 
properties of, 2 
Francis weir experiments, 157 
Freeman's nozzle experiments, 143 
graphical method for pipes, 233 
Friction factor: 

in terms of Reynolds number, 193 
values cf, 184-187. 194 


Friction loss, in pipes, 181 
in orifices, 106 
in nozzles, 106 
in short tubes, 137 
its nature, 81 
Froude number, 96 
in experimentation, 173 / 

Gases, equation of state for, 16, 17 
Gas-flow through 
nozzles, 144 
orifices, 124 
pipes, 254 
Venturis, 245 
Gate-valve, 207 
Gauge, Bourdon, 31 
differential, 31 
hook, 164 

Gauging rivers, 308-314 
Globe-valve, 207 
Gradient, pressure, 210 
energy, 212, 289, 291 
Gravity, acceleration by, 19 
A.P.I. and Baum6, 14 
specific, for mercury, 30 

Hazen and Williams formula, 224, 226 
Head, and energy, 77 
elevation, 75 
pressure, 24 
total, 76 
velocity, 75 
Hook gauge, 164 
Hose, friction loss in, 186 
Hydraulic jump, 300 
Hydraulic radius, 221, 268 

Immersed bodies: 
buoyancy of, 47 
drag on, 324 
flow around, 324-329 
Impube wheel, 341 
Inertia force, 92-98 
Isothermal, process, 17 
flow in pipes, 254 

Jets, energy of, 142 
force of, 318 

Joukovsky, water hammer eqseriments^ 
253 

Jump, hydraulic, 6tX) 
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Kinematic viacosity^ 10 
of air, 18 
of oils, 13 
of water, 10-12 
Kutter’s formula, 269 

Laminar flow, 71 
in boundary layers, 236 
in open charmels, 287 
in pipes, 190 
Loss of head: 
at discharge, 198 
at entrance, 137, 140, 197 
at valves, 207 
by bends, 203 

by gradual enlargement, 201 
by pipe friction, 181-187 
by sudden enlargement, 199 
in nozzles, 106 
in orifices, 106 
in short tubes, 137 
in Venturis, 246 

Manning’s formula, 274 
Mercury, barometer, 26 
differential gauge, 32 
specific gravity of, 30 
Metacenter, 51 
Meter, current, 308 
Venturi, 243 
Modulus of elasticity, 6 
Momentum, principle of, 88 

Non-uniform flow, 290, 306 
Nozzles, flow in, 136 
head lost in, 106 
meter-, 144 
needle^, 343 
on pipes, 235 

Oil, gravity of, 14 
expansion of, 15 
viscosity of, 14 
Open channels, 267 
advantageous sections, 277 
backwater in, 307 
Bazin’s coeflicient for, 271, 273 
Chezy’s formula for, 267 
conditions at entrance, 287 
conjugate depths, 295 
critkd dq>th, 295 


Open channels (Con/.) 
critical velocity, 296, 299 
energy gradient, 289, 291 
flow-measurements, 308 
Horton’s values of a, 270 
irregular sections, 282 
jump in, 300 

Kutter’s coefficient for, 269, 272 
laminar flow in, 287 
Manning’s coefficient for, 274 
minimum energy in, 295 
non-uniform flow in, 290, 306 
specific energy, 289, 295-298 
transitions in, 304 
uniform flow, 267, 283 
varied flow, 290 

variation in pressure with depth, 288 
velocity distribution in, 287 

Orifices, flow through, 103 
circular, 103-111 
coefficients, 105-112 
effect of velocity of approach, 118 
falling head, 126 
flow of air through, 124 
head lost in, 106 
in pipe lines, 119 
reaction of jet from, 323 
rectangular, 112 
square, 112 
standard, 103 
submerged, 116 
suppressed contraction, 115 
under low heads, 113 

Piezometers, 29 et seq. 
connection of, 35 

Pipes, bends in, 203 
branching, 225 
coefficient of, 236 
compressible fluids in, 254 
critical velocity, 188 
deterioration of cast4ron, 187 
divided flow, 225 
economic diameter, 220 
energy gradient, 212 
flow diagram for, 219 
flow through, 180 
friction factors, 184-187, 194 
hydraulic radius, 221 
laminar flow in, 190 
lost head in, at entrance, 137, 197 
at exit, 198 
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Pipes, lost head b (ConiJ) 
by bends, 20^ 

by change b diameter, 194-203 
dbows, 206 

by pipe frictbn, lBl-187 
by valves, 207 
nature of, 180 
measurement of flow in, 237 
by pitot tubes, 237 
by salt-velodty, 247 
by Venturi meters, 243 
pressure-gradient for, 210 
pumping through, 214 
required size of, 216, 219 
Reynolds number and /, 193 
rough, 195 

Schoder’s formulas for, 225 
siphons, 213 
stress in walls of, 45 
summits in, 212 
turbulent flow in, 71-73 
velocity distribution b, 236 
water-hammer in, 248 
Williams and Hazen formulas for, 
224, 226 

with nozzles, 235 
Pitometer, Cole’s, 241 
Pitot tub«, 237 
Press, hydraulic, 12 
Pressure, atmospheric, 25 
center of, 37 
components of, 43 
gauges, 29-35 
gradient, 210 
mtensity, 21 
of water vapor, 25 
on surfaces, 35 
transmission of, 18 
Pumping: 
suction lift, 441 
through pipes, 214 
work done b, 215 
Pumps, sec Centrifugal 

Radius, hydraulic, 221, 268 
Rapid flow, 295 
Reaction of jets, 323 
Resistance of immersed bodies, 324 
Raynoids ezperiments, 188 
Reynolds number, 42 
b pipe flow, 193 
b caperimentation, 92, 98 


' Rivers, flow b, 306 
measurement of, 308 
Rotatbg liquids, 62 
free surface of, 62 
pressure in, 63, 65, 67, 44f 
Roughness, b pipes, 187, 195 
b open ^annels, 270, 273 
relative, of pipes, 196 

Salt-dilution measurements, 
Salt-velocity measurements, 247 
Salt water, weight of, 4 
Separation; in divergent tubes, 151 
m drag phenomena, 328 
b pipe bends, 203 
Ships, stability of, 51 
Short tubes, 136 
Similarity, conditions for, 91 
limitations of, 98 
principle of, 91 
Siphons, 213 
Sluice-gates, 131 
Specific energy, 289 
Specific weight, 3 
Spill-way design, 174 
Stagnation point, 327 
Surface tension, 6 

Tables: 

Areas of circles, 461 
Bazin’s coeflicient, la, 273 
broad-crested weir coefficients, 173 
capillary rise m tubes, 8 
coefficients, of contraction-loss, 203 
of divergmg tubes, 149 
of expansion of oils, IS 
of standard orifices, 110-112 
of valve-bss, 207 

friction factors for pipes, 184-187, 194 
Horton’s values of », 270 
Rutter’s coefficient, 269 
Manning's coefficient, 274 
metric and English units, 450 
specific gravity, of mercury, 30 
trigonometric functions, 457 
vapor pressures, 25 
viscosity, of air, 18 
of oU^ 13 
of wat^, 10-12 
Temperature, absolute, 16 
effect on viscosity, 10 
TVan4|Mlt»pi,8M 










